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PREFACE. 



We have endeavoured in the present work to combine some of 
the modem developments of Higher Algebra with the subjects 
usually included in works on the Theory of Equations, The 
first ten Chapters contain all the propositions ordinarily found 
in elementary treatises on the subject. In these Chapters we 
have not hesitated to employ the more modem notation wher- 
ever it appeared that greater simplicity or eomprehensiveneas 
could be thereby obtained. 

Kegarding the algebraical and the numerical solution of 
equations as essentially distinct problems, we have purposely 
omitted in Chap, VI. numerical examples in illustration of the 
modes of solution there given of the cubic and biquadratic 
equations. Such examples do not render clearer the conception 
of an algebraical solution ; and, for practical purposes, the 
algebraical formula may be regarded as almost useless in the 
case of equations of a degree higher than the second. 

In the treatment of Elimination and Lineai' Transformation, 
as well as in the more advanced treatment of Symmetric Func- 
tions, a knowledge of Determinants is indispensable. We have 
found it necessary, therefore, to give a Chapter on this subject. 
It has been our aim to make this Chapter as simple and intelli- 
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vi Preface. 

giblo as possible to the beginner ; and at the same time to omit 
no proposition ■which might be found useful in the application 
of this calculus. , For many of the examples in this Chapter, as 
well as in other parts of the work, wg are indebted to the kind- 
ness of Mr. Cathcart, FeUow of Trinity College. 

We have approached the consideration of Oovariants and 
Inyariants through the medium of the functions of the diffe- 
rences of the roots of equation s^this appearing to us the sim- 
plest mode of presenting the subject to beginners. We have 
attempted at the same time to show how this mode of treatment 
may be brought into harmony with the more general problem of 
the linear transformation of algebraic forms. In the chapters 
on this subject we have confined our attention to the quadratic, 
cubic, and quartic; regarding any complete discussion of the 
eovariants and inTariants of higher binary forms as too diffi- 
cult for a work like the present. 

Of the works which have afforded us assistance in the more 
elementary paxt of the subject, we wish to mention particularly 
the TraiU d'Algebre of M. Bertrand, and the writings of the 
late Professor Young* of Belfast, which have contributed so 
much to extend and simplify the analysis and solution of 
numerical equations. 

In the more advanced portions of the subject we are in- 
debted mainly, among published works, to the Lessons Intro- 
ductm-y to the Modern Higher Algebra of Dr. Salmon, and the 
Theorie der bindreii algebraischen Foifiien of Clebseh ; and 
in some degree to the TMo7ie des JFoimes binaires of the 

* Theoty and Solution of AJgdtaual Equahom, London, 1835 ; AnsJgais and 
Soluitoit of Oaiie mid Siguadi aito Sqiiattota, London, 1812 ; aad TSieory imd 
SoMtoii of AlgeiruKol Equation' of the Migha Otdets, London, 1843. 
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Preface. vii 

Chov. F. Fa^ De Bruno. We must record also our obligations 
in tHs departmont of the subject to Mr. Michael Eoberte, from 
whose Papers in tbe Quarterly Journal and other periodicals, 
and from ■whose professorial lectures in the University of 
Dublin, very great assistaace has been derived. Many of the 
examples also are taken from Papers set by him at the Uni- 
versity Examinations, 

In the chapter on the Complex Variable we have followed 
closely the treatment of imaginary quantities given by M. 
Briot in his Lemons d' Algebra. 

In connexion with various parts of the subject several 
other works have been consulted, among which may be 
mentioned the treatises on Algebra hj Serret, Meyer Hirsch, 
and Eubini, and papers in the mathematical jouruals by Boole, 
Cayley, Sylvester, Hermite, and others. 

We have, in the last place, to express our thanks to Mr. 
Eohert Graham, of Trinity College, Dublin, who has read the 
proof sheets, and verified most of the examples. His thorough 
acquaintance with the subject has been invaluable to us, and 
many improvements throughout the work are owing to sug- 
3 made by him. 



jrrY CoLLBei!, 
Septetnher, 18Si. 
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THEOEY OF EQUATIONS, 



INTRODUCTION. 

1. Definitions. — Any mathematical expreesion involving a 
quantity is called & function of that quantity. 

"We shall be employed mainly with such algebraical func- 
tions as are rational and integral. By a rational function of a 
quantity is meant one which contains that quantity in a rational 
form only ; that is, a form free from fractional indices or radical 
signs. By an integ^-al function of a quantity is meant one in 
which tho quantity enters in an integral form only; that is, 
never in the denominator of a fraction. The following expres- 
sion, for example, in which n is a positive integer, is a rational 
and integral algebraical fmction of x : — 

aaf + te"'' + exf'^ + +kv+ l. 

Here it is to be observed that our definition has reference to 
the quantity a: only, of ■which the expression is a function. The 
several eoefScients a, b, c, &c., may be irrational or fractional, 
and the function still remain rational and integral in x. 

A function of x is represented for brevity by F{x),f{x), ^{x), 
or some similar symbol. 

The name polynomial is given to the algebraical func- 
tion to express the fact that it is constituted of a number of 
terms containing different powers of x connected by the signs 
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3 Introduciion. 

plua or minua. For certain values of the variable quantity a, 
one given polynomial may become equal to another differently 
constituted. The algehraical expression of such a relation is 
called an equation; and any value of the quantity x ■which 
i this equation is called a root of the equation. The 
mination of all possible roots constitutes the complete 
I of the equation. 
It IB obvious that, by bringing all the terms to one side, we 
may arrange any equation according to descending powers of x 
in the foUowing manner : — 

o^iB" + ttix"'^ + «ja'""^ +....+ ««_!« + ft,, = 0. 

The highest power of a^ in this equation being n, it is said to 
be an equation of the w** degree in so. For an equation of the 
n*'' degree we shall, ia general, employ the form here written. 
The suffix attached to the letter a indicates the power of x 
which each coefficient accompanies, the sura of the exponent of cc 
and the suffix of a being equal to n for each term. An equation 
is not altered if all its teiTQS be divided by any quantity. "We 
may thus, if we please, dividing by a,,, make the coefficient of x" 
in the above equation equal to unity. We shall find it often 
convenient to make this supposition ; and in such cases we shall 
write the equation in the form 

An equation is said to be complete when it contains terms 
involving a; in all its powers from n to 0, and incomplete when 
some of the terms are absent; or, in other words, when some of 
the coefficients pi, pi, &0., are equal to zero. The term p,,, 
which does not contain x, is called the absolute term. An equa- 
tion is numerical, or algebraical, according as its coefficients are 
numbers, or algebraical symbols. 

2. THnmerlcal and Algebraical Equations. — In many 
researches in both mathematical and physical science the final 
mathematical problem presents itself in the form of an equation 
on whose solution that of the problem depends. It was natural. 
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Introduction. 3 

therefore, that the attention of mathematicians should have been 
at an early stage in the history o£ the science directed towards 
inquiries of this nature. The science of the Theory of Equa- 
tions, as it now stands, has grown out of the Rucoesaive attempts 
of mathematicians to discover general methodti for the solution 
of equations of any degree. When tht: coefficients of an equation 
are given nnmhera, the problem is to determine a mimerical 
value, or perhaps several different numerical values, which will 
satisfy the equation. In this branch of the science very great 
progress has been made ; and the best methods hitherto advanced 
for the discovery, either exactly or approximately, of the nume- 
rical values of the roots ■will be explained in their proper places 
in this work. 

Equal progress has not been made in the general solution of 
equations whose coefficients are algebraical symbols. The stu- 
dent is aware that the root of an equation of the second degree, 
whose coeffloients are such symbols, may be expressed in terms 
of these coefficients in a general formula ; and that the nume- 
rical roots of any particular numerical equation may be obtained 
by substituting in this formtda the partioular numbers for the 
symbols. It was natural to inquire whether it was possible to 
discover any such formula in the case of equations of higher 
degrees. Such results have been attained in the case of equa- 
tions of the third and fourth degrees. It wiU be shown that 
in certain eases these formulas fail to give us the solution of 
a numerical equation by substitution of the numerical coef- 
ficients for the general symbols, and are, therefore, in this 
respect, inferior to the corresponding algebraical solution of 
the quadratic. 

Many attempts have been made to arrive at similar general 
formulas for equations of the fifth and higher degrees ; but it 
may now be regarded as established by the researches of modern 
analysts that it is not possible by means of radical signs, and 
other signs of operation employed in common algebra, to ex- 
pre^ the root of an equation of the fifth or any higher degree 
in terms of the coefficients. 
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4 Introduction. 

3. Polynomials. — One important object of the science of 
the Theory of Equations is thus the discovery of those values 
of the quantity x which give to the polynomial f{x) the par- 
ticular value zero. In attempting to discover such values of 
the variable ive shall he led into many inquiries concerning 
the values assumed Ly the polynomial for other different values 
of X. We shall, in faot, see in the next Chapter that, corre- 
sponding to a continuous series of values of w varying from an 
infinitely great negative quantity (- co ) to an infinitely great 
positive quantity (+Qc),/(«)will assume also values continuously 
varying. The study of such variations is a very important part 
of the Buhjeet on which we are engaged. The general solution 
of numerical equations is, in fact, a tentative process ; and by 
examining the values assumed by the polynomial for certain 
arbitrarily assumed values of the variable, we shall be led, if 
not to the root itself, at least to an indication of the neighbour- 
hood in which it exists, and within 'which our further approxi- 
mation must be carried on. 

A poljmomial is sometimes called a quantio. It is convenient 
to have distinct names for quantios of the 2nd, 3rd, 4th, 5th, 
&c., degrees. That of the 2nd degree is called a quadratic or 
quadrie ; that of the 3rd is called a cubic ; that of the 4th a 
quartic oi biquadratic ; that of the 5th a quintic; and so on. The 
equations obtained by equating these quantics to zero are called 
qn/fdmiie, cubic, biquadratic, &c., equations, respectively. 
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CHAPTER T. 

GENERAL PROPERTIES OF POI, 

4. In tracing the changes of value of a polynomial corres 
ing to changes in the variable, we shall first inquire what terms 
in the polynomial are most important when values very great 
or very small are assigned to x. This inquiry will form the 
subject of the present and succeeding Articles. 
Writing the polynomial in the form 

f. All «! 1 B„_i 1 a„ 1] 

I aoX UnX' '"" a, «""' flo «")' 
it is plain that its value tends to become equal to a„x", as « tends 
towards oo . We proceed, then, to inquire what is the value of x 
nearest to zero which will have the effect of making the term 
aax" esceed the sum of all the others. 
Theorem.— 7/^ iw the polynomial 

doS!" + «iaj"'^ + a^^'"^ + . . . + a^iX + «„ 
the value — + 1, or any greater value, be suhstiiuted /or x, where aj, 
is that one of the cf>e_fficients d, flj, . . . «« whose numerical value is 
greatest, irrespective of sign, the term containing the highest power 
of X will exceed the sum of all the terms which follow. 
The inequality 

Uai^ > atx"~^ + ffja;""' 4- . . . + (7„.ia;'+ <!„ 
is satisfied by the following : — 

((oa^> fli(a:"-' + a^'+ ...+« + !), 
where an is the greatest among the ooeffioienta 

without regard to sign. 
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6 General Properties of Polynomials. 

This leads, summing the geometric series, to the condition 
x"-! a,. 

which is satisfied if Ua {x - 1) he > or = «*, 

(Ik 1 
or a- > or = — hi; 

a^ 

which proves the theorem. 

Remark. — This theorem is useinl in furnishing us, when the 
coefficients of the polynomial arc given numhers, with a numher 
such that when x receives values nearer to + oo the polynomial 
will preserve constantly a positive sign. If we change the 
sign of x, the first term will retain its sign if n he even, and 
will hecome negative if n be odd ; so that we are furnished 
hy the same theorem with a negative value of x, such that for 
any value nearer to - qo , the polynomial will retain constantly 
a positive sign if n he even, and a negative sign if n he odd. 
The constitution of the polynomial is, in general, such that 
limits much nearer to zero than those here arrived at can 
be found beyond which the function preserves the same sign ; 
fov in the above proof we have taken the most unfavourable case, 
i.e. where all the coefficients except the first are negative, and 
each equal to «* ; whereas in general the coefficients have varying 
values, positive, negative, or zei'o. Several theorems, having for 
their object the discovery of such closer limits, will be given in a 
subsequent Chapter. 

5. We now proceed to determine what is the most important 
term in a polynomial when the value of x is indefinitely dimi- 
nished, and what is the greatest value of x for which that term 
exceeds aU the others. 

It is evident that the polynomial tends to become equal to 
d-n as X tends towards zero. We inquire what is the greatest 
value of X which gives a^ the preponderance. 

Theorem. — If in the polynomial 
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Theorem. 7 

the value — " — , or a/ay smaller value, be suMtituted font, where a^ 

is the greatest coefficieiit exekimve of an, the term 'On will be nume- 
rically greater than the sum of all the others. 

To prove tMa, let x = -; then by the theorem of Art. 4, 
fl* being now the greatest among the coefEcients a,., a„ .... «„_i, 
without regard to sign, the value — + ]., or any greater value of 
1/, will make 

an!/" > a>,-i!/"~' -^ a^-^Z/""' + ■ ■■ + <h>/ + a.„ 

that IS, "„ > n„-i - -r a,,--—; ^- . . , rin— ; 

y r V 

hence the value ■ " ■, or any less value of x, will make 



This proposition is often stated in a different i 
follows: — Values so small may be assigned to x as to make (he 
polynomial 

a^^x + a„.i^ + . . . H- UfjO:"- 

leas than any assigned quantiti/. 

This is evident, as in the ahove proof a„ may be taken to he 
the assigned quantity. 

There is also another useful statement of the theorem, as 
follows : — When the variable x receives a very small value, the sign 
of the polynomial 

is the same as tfte sign of its first term a„.ix. 

This appears by writing the expression in the form 



for when a value sufBoiently small is given to *, the numerical 
value of the term ffl^i exceeds the sum of the other tei-ms of the 
expression within the brackets, and the sign of that expression 
will consequently depend on the sign of a„_,. 
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8 General Properties of Polynomials. 

6. Cbaiige of form of a PolyDomlal corresponding: 
to an increase or diminution of tbc Variable. Derived 
Functions. — We shall now examine the form assumed by the 
polynomial when « + A is substituted for a. 

If we suppose A essentially positive, the resulting form will 
correspond to an increase of the variable; and by changing the 
sign of h in the result we obtain the form corresponding to a 
diminution of x. 

When »is changed to it; + A, /(yr) becomes/(a; + A), or 

fflo(jc + ^)"+«i{iB+A)""'+(;rj(ie+^)"-'+... +«^i(« + A)' + «„,,(«+ A) +(t„. 

Let each term of this expression be expanded by the binomial 
theorem, and the result arranged according to ascending powers 
of A. We then have 

+ A ««„«"-'+ («-l)«,a;"-' + («-2)(Ji;K'^+.. . + 2ff^a; + fl„-i! 



-I. 2.1 



i.2.3...«r I "■ 

It will be observed that the part of this expression indepen- 
dent of ^ is f{x) : a result which is obvious d priori ; and that 
the subsequent coefficients of the different powers of A are 
functions of x of degrees diminishing by unity. It will further 
be observed that the coefficient of A may he derived from /(w) 
in the following manner : — Let each t«rm in/(«) he multiphed 
by the exponent of « in that term, and let the exponent of « in 
the term be diminished by unity, the sign being retained ; the 
sum of all the terms of /(a;) treated in this way will constitute a 
polynomial of dimensions one degree lower than those oi/(w). 
This polynomial is called the first derived funetion of /(«). 
It is usual to represent this funetion by the notation /'(«). 
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Derived Functions. 
— may be derived from fix) by a 
eas that employed in deriving /'(») from/(i}i), or by the 
operation twice performed <ya.f{x). It is represented by/"{«^)- 
Thu8/"(cK) is callGd the second derived function oi f{x) ; and in 
lite manner the succeeding coefficients may all be derived by 
successive operations of this character ; so that, employing the 
notation here indicated, Tve may write the reanlt thus : — 

/{x + *) ./M +/W* +^ *' +'Qi i' + . . . + <..*". 

We may observe that, since the interchange of x and h does 
not alter /(ic + A), the expansion may also be written in the form 

/(« + *)=/(*)+/'(*)».+-^' =.'+^^3 ^■ + ... + «.«". 

We shall in general employ this notation; but on certain 
occasions it will be found more convenient when dealing with 
the successive derived functions to use suffixes instead of the 
accents here employed, the latter notation becoming cumbrous 
■when we go beyond the first two or three derived functions. 
The above expansion wUl then be written as follows : — 

/(.+4)-/W+/.W;.+/.Wj^+...+/,Wj-2-^— -^+... 

EXiJIPLE. 
Find what the polynomial 4a^ + Sa' — T3! + 4 beeome? wlieii x is cianged info 

/■(a!) ^12!i!'+12«-7, 
f"(x) =24a! + 12, 
/"■W = 24; 
and tie result is 

A' A' 

43^ + 6a;2-73: + 4+(12rH13:c-7)A+(24K + I2) —4 24--^.. 

TliJB example Btowa How tlie alisolute term of each, function diaappeara when its 
deriyed is formed, tte degree of tliofunefion diminishing, HI finally /^(s) 13 reached, 
which is equal in general fo{n.M-l . h-2 .. . 2. l}ao; in fhie case /j [x) 
.(1.2. 1)4. 
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10 General Properties of Polynomials. 

7. Continuity of a Rational Integral Function of ^r. 

— li tlie value oi x be made to vary, by indefinitely small incre- 
ments, from one quantity ffl to a greater quantity S, it becomes 
an inquiry how the polynomial f{x) varies at the same time. 
The object of the present Article is to show that/[i?) passes at 
the same time through all values between /(«) and fih) ; in 
other words, that it varies continuously along with x. Let x be 
increased from « to c( + h. The corresponding increment of 

/(o + /.)-/(«), 
which is eqiial, by Art. 6, to 

/'(<.)*+/'(«)n3 + . ■■+<'.'.-, 

in which all the ooefSoients /'(a), /"(«), &c., are finite quantities. 
Now, by the theorem of Art. 5, this latter expression may, by 
taking h small enough, be made to assume a valueless than any 
assigned quantity ; so that the difference between /(« + h) and 
/(«) may be made as amaU as we please, and will ultimately 
Tanish with h. The same is true diiriag all stages oi the 
variation of x from a to 6 ; thiiB the continuity of the function 
f[x) is established. 

It is to be observed that it is not here proved that /(«) 
increases continuously from/(«) to/(6). It may either increase 
or diminish, or at one time increase, and at another diminish ; 
but our proof shows that it cannot pass per salium from one 
value to another. The sign of /'(a) wUi determine whether /(a:) 
is increasing or diminishing ; for we know by Art. 5 that when 
A is small enough the sign of the total increment will depend on 
that of /' (a) h. We thus observe that when f'[a) is po&itive f (x) 
is increasing mth x; and when f [a) is negative f{x) is dmiinishing 
08 X increases. 

8. Form of the Quotient and Remainder when a 
Polynomial Is divided by a Rlnomlal. — Let the quotient, 
when 

rtoJ!" + «,ii:"~' + a^x"^' +■... + a^ix + a„ 
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For7n of the Quotient and Remainder, ^c. 
is divided hj x -- h, be 



This we shall represent by Q, and the remainder by if. We 
have then the following equation : 

The meaning of thia equation is, that when Q, is multiplied 
by x—h, and R added, the result must be identical, term for term, 
with /(;£). In order to distinguish identical equations of this 
kind from others, it will often bo fomid convenient to use the 
symbol here employed in place of the usual symbol of equality- 
The right-hand side of the identity is 

5,ic" + 5, l*"-' + 6a la)'^H... + S^, \x^R 

Equating the ooefficiente of x on both sides, we get the fol- 
lowing series of equations to determine b^, 61, h^. . . b^-i, R '■— 



i>, 


= bji + «„ 


h 


= b\h + sj, 


K 


= hh + Oi, 


b.. 


, = 6„.sA + a„. 


R 


= ViA + «,,. 



These equations supply a ready method of calculating in 
suoeessiou the coefficients h, h, &o., of the quotient, and the 
remainder. For this purpose we write the series of operations 
in the following manner : — 

hji, b,h, hji, h^Ji, in-,.^ 

b„ h,, h, .... S«_„ R. 
In the first line are written down the successive coefficients 
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13 General Properties of Foli/nomials. 

of /(a) ; the first term in the second line is obtained by multi- 
plying «o (or 5o, which is equal to it) by h. The product Kh is 
placed under a^, and then added to it in order to obtain the 
term 61 in the third line. This term, when obtained, is multi- 
plied in its turn by k, and placed under a^. The product is 
added to «a to obtain the second figure h, in the third line. The 
repetition of this prooess furnishes in succession all the coef- 
ficients of the quotient, the last fig;ure thus obtained being the 
remainder. A few examples will make this plain. 

Examples. 
1. Fim^ the quotient and remainder wten Sii-fii'-f 10a:' 1- lla-Sl ia divided 
The caloulalioa is arranged as follows : — 



4 22 77 170. 

Thus tEo quotient U 3j' + liE' + 22« + 77, aad the remainder 170. 

2. Find the quotient and remainder when ^ + 5x^ + Si 4 2 ia divided by a - 1 . 

Am. Q = a;= + 63: + 9, £ = 11. 

3. Findeandawliona:'-4«* + 7i;'-lla!-13isdividedby2-5. 

[N. B, — When any term in a polynomial ia absent, care must be taken to supply 
the place of its coefficient by zero in writing down the ooeffiqionts of f{x). In thia 
eiample, therefore, the seiies in the fiist Kne wiU be 

I _4 7 -11 -13.] 

Am. Q = iH 3^H 12a:- + 60r + 289, R = 1432. 

4. Find the quotient and remainder when x'-i- 3i'— 15a:' + 2 ia divided by a — 2. 
Am. Q = x5 + 2a:' + 7iS+14ic' + 2Bi' + 56a' + 112a;'' + 209a! + 418, £ = 838. 

5. Find the quotient and remainder when a^ + a'— 103;+ 113 ia divided "byx + i. 

Ans. Q = 3:^-4a:3 + 16j;2-63iir+242; Ji = -8"55. 

9. Tabulation of FuHctions. — The arithmetical opera- 
tion explained in the preceding Article supplies a convenient 
practical method of calculating the value of a polynomial whose 
coefficients are given numbers when any number is substituted 
for X. For, the equation 

/H.(i-4)e+ii, 
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Tabulation of Functions. 13 

since its two memlDera are identically equal, must be satisfied, 
when any quantity is substituted for w. Put x = k; tben 
f{h)^E; ci? ~ j^ being = 0, and Q remaining finite. Hence the 
result of substituting k for w in /{a;) is the remainder when 
f{x) is diyided hy x-h, and can be calculated rapidly by the 
process of the last Article. 

For esample, the result of siibstituting 3 for x in the poly- 
nomial of Ex. 1, Art. 8, -viz., 

is 170, this being the remainder after division by a; - 3. The 
student can verify this by actual substitution. 
Again, the result of substituting - 4 for a^ in 
x'^«?-l(ix + 113 

ia - 855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that 
aa « receives a continuous series of values increasing from - co to 
+ CO , f[x) will pass through a corresponding continuous series. 
If we substitute in succession for x, in a polynomial whose coef- 
ficients are given numbers, a series of numbers such as 

„co,. ..-3,-2,-1, 0, 1, 2, 3,. ..+00, 
and calculate, and note down, the corresponding values oif{x), 
the process may be called the tabulation of the fiincHon. 

EsiSIPLES, 
i , Tabulate tlie trinomial 2x^ + x - S, for the values of .r 
-4, -3,-2, -1, 0, 1, 3, ."i, 4. 
Values oix, 1-4 -3|-2|-1] Oi 11 2 ^ 31 4 
Yalu6E0f/(!c), I 22 ■ I i -5 j - G | - 3 ] 4 I 15 | 30 
2. Tabulate the polyuomial I0i-''-17a:2 + a + 6 for the yalues of* 
_4,_3,_2,-l, 0, 1, 2, 3, 4. 
ValueaofE, I -4| -3 -2| -II I 1 I 2 1 3 1 4 
Valuefl of /(a:) | -910 , -420 ' -144 ; - 22 | 6 | j 20 | 126 | 378 
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General Properties of Polynomials. 



10. Graphic Representation of a Polynomial. — 

Whenever we have to deal with a groat numher of values of any 
varying ijuantity, it is important to be able to represent them in 
some simple and expressive manner. This in the present in- 
stance can be effected, and the general character of the function 
made apparent to the eye, by means of a graphic representation. 
We proceed to explain such a representation of the function 

Let two right Hnes OX, OY 
(fig. 1), cut one another at right 
angles, and be produced indefinitely 
in both direotions. These lines are 
called the axis of x and axis of y, 
respectively. Lines, such as OA, 
measured on the axis of x at the 
right-hand side of 0, are regarded 
ss positive, and those, such as 
OA', measured at the left-hand 
side, as negative. Lines parallel 
to OF which are above XX', such 
and those below it, such 



Fig. 1 



AF or B'^, arc positive; 
AT or A' P', are negative. These 
conventions are already familiar to the student acquainted with 
Trigonometry. 

We can now take any length we please on OX as tinity, 
and any number positive or negative will be represented by a 
line measured on XX' ; the series of numbers increasing from 
to + 00 in the direction OX, and diminishing from to - co in the 
direction OX'. Let any number m be represented by OA ; cal- 
culate /{m) ; from A draw^P parallel to OFto represent /{m) 
in magnitude on the same scale as that on which OA represents 
m, and to represent by its position above or below the Hne OX 
the sign oi/{m). 

Corresponding to the different values of m represented by 
OA, OS, 00, &c., we shaU have a series of points P, Q, B, &o., 
which, when we suppose the number of values of m indefinitely 
increased so as to include all numbers between - qo and + oo , will 
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Examples. 



15 



trace out a continuous curved line ; and this curved line will, 
by the diatances of its several points from the line OX, exhibit 
to the eye the several values of the function/(«). 

The student acc[iuiinted with analytic geometry will observe 
that the process we have here explained is that of tracing the 
plane curve whose equation is y=f{^). 

It is of course impossible to substitute for x all the numerical 
values between - co and + ^ ; and the labour of the calculation 
precludes om' Bubstitution of more than a limited number of 
values in any partionlar ease. But the advantage of this graphic 
representation is, that in general we shall be able, from the 
calculation of a limited number of values of f{x) corresponding 
to small integral values of x, to draw approximately the form of 
the curve representing the function, and thus obtain a general 
idea of its nature. 

The process here described is also called tracing the function. 
We add examples ; — 



1 . Let it be required to tiace the trinomial f[x) — 
From Ex, I, Art, 9, we have, for the values of s: 



Theu- 

the line 

By 



Tallies of /(a) 
.... 22, 9, 0, - 5, - 6, 
of leiigih taken is one-sisth of 
OB in fig. 2. 



! values we obtain 
6 points on the curye ; 
seven of which, A, B, C, B, M, F, G, are 
hece represented, the other two correspond- 
ing to Mines of /(j) whith lie out of tht 
limits of our figure 

It may OPbUi to the sfudont flnl n r- 
have here exeroieed considerahle imagma 
tdon m drawmg that part of ilie curve 
whioii lies hetKeen the points determined 
by cilculatinn and that much closer nu 
mental vilues mnst he suhatituted for 3> in 
ca-der to obtain the shape of the e urve with 
any accuracy He will learn, lio« ever, as * 'K' ^ ■ 

he proceeds, that we are assisted in our apprejumation to the form of the c 
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16 General Properties of Polynomials. 

many ottoc coQsiderationa besides the ascGrtained raluea oi fix). Cases uudouTit- 
edly occur in whieK the portion of the cuwe hetwoon two values of x must be more 
chiBely examined, and then the aubatitution of nearer values of x will become neces- 
sary. The nest example will furnisli an illtistration of Buch cases. 

Remark. — The curve here traced outs the axis of x in two 
points (a numljer equal to the deg^ree of the polynomial) : in 
other words, there are two values of cc, for which the value of 
the given polynomial ia zero ; these are the two roots of the 

equation 2k' + ic ~ 6 = 0, viz., - 2, and x- The curve con'espond- 

ing to a given polynomial may not eut the axis of x at all, or 
may out it in a number of points less than the degree of the 
polynomial. Such cases correspond to the imaginary roots of 
equations, as will appear more fuUy in the next Chapter. For 
example, the ouTve which represents the polynomial Sib' + x + 2 
will, when traced, lie entirely above the axis of a: ; in faot, since 
this function differs from the former only by the addition of the 
constant quantity 8, each value of /(a;) is obtained by adding S 
to the previously calculated value, and the entire curve can be 
obtained by simply supposing the previously traced curve to be 
moved up parallel to the axis of y through a distance of 8 of the 
xmits. It is evident, by the solution of the equation 2a)° + s; + 2 
= 0, that the two values of x which render tho polynomial zero 
are in this case imaginary. Whenever, as here, the number of 
points in which the curve cuts the axis of x falls short of the 
degree of the polynomial, it is customary to speak of the curve 
aa cutUng the line in imaginary points. 

2. Trace the polynomial 

10a«-17K= + .T.|-8. 

This is already tabulate! in Art. 9 for the values uf i 



We may here remark, bb an esereiae on Art. 4, that this fmiolion retains positive 
valaasfor all positiTe values of J! greater lian 2-7, and retains negative valueis for all 
values of anearar to- m than - 2'7. The carve will, then, if it cuts the axis of z at 
all, cut it at a point [or points) con-esponding to some value (or values) of a: be- 
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Maxima and Minima Values of Polynomials. 



tweeii - 2-7 and + 2-7 ; so thatif ourotjaot 
positions o£ flie roots of the equation /(3:) = 0, 
our tabulation, may be confined to tlie interval 
between — 2'7 and 2-7; indeed it may be con- 
hnpd to a doeer interval, as will appeal' when 
we come to a more precise disCHSsion of the 
luDita of the roots of equations (of. Remark, 
Art 4) This is a case iu which the sub- 
stitution of integral valnes only of x gives very 
little help towards the tracing of the onrve, and 
» bere, consequently, amaUer intervals have to 
be examined. We give the tabulation of the 
function for intervals of one-fentJi between 
the integers — 1, ; 0, 1 ; 1, 2. From these 
values the positions of the corresponding points 
OQ the curve may be approsimately cscertaiued, 
and the curve traced as in fig, 3. 




Vnluea of a! 


-11 - 


Values of /(j;) 


-22; -15 


Values of x 


, 


Values aiflx] 


. 1 « 


Values of 3^ 


, 1 1 


Valuta of /(i) 


! -• 



\-i ■ 1-5 I 1-S 1-7 I l-8j 1-9 I 2 
■52 [ 3|5-04| 7-7 Ill'OlliS'ia] 2(3 



11. fllaxiniEt and ninlma Values of Polynomials. — 

It is apparent from the considerations established in the pre- 
ceding Articles, that as the variahlo x changes irom - ^d to + 00 , 
the function f{x) may undergo many variations. It may go 
on for a certain period increasing, and then, ceasing to increase, 
may oommeuce to diminish ; it may then cease to diminish and 
commence again to increase ; after which another period of 
diminution may aiTive, or the function may (as in the last 
example of the preceding Art.) go on then continually in- 
creasing. At a stage where the function ceases to increase 
. to diminish, it is said to have attained a 
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18 General Fropefties of Polynomials. 

mcuxiimmi value ; and when it ceases to dimmish and oom- 
menees to increase, it is aaid to have attained a minimum 
value. A polynomial may have several maxima or several 
minima values, or hoth, the numher depending on its degree. 
Nothing exhibits so well as a graphic representation the occur- 
rence of such a maximum, or minimum value; as well as the 
various fluctuations of which the values of a polynomial are sus- 
ceptible. We shall give in a subsequent Chapter the method of 
iinding the values of x corresponding to the maxima or minima 
values of /(«), together with criteria to decide between maxima 
and minima. Those are among the considerations alluded to in 
Art. 10, as aiding us in tho gi'aphic construction of the poly- 
nomial. Another very material aid to such a construction 
would be a knowledge of the values of x corresponding to tho 
points (if any} in whioh the line XX' is cut by the curve ; that 
IB to say, of the values of x which render /(a:) = 0. Such a value 
of 3^ is a root of the equation /(«) = 0. 

We proceed in the next Chapter to a discussion of the roots, 
and general properties of equations. 
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CHAPTER II. 

GENERAL PROPERTIES OF EQUATIONS. 

12. The questions which we have now to discuss with respect 
to the equation 

ff(„T" + «iiK'^' + (r3fl;""' + . . . . + a„^-,x + a,i = 
are ■whether every such equation must have a root ; whether, 
assuming the eslstenee of roots, their numher is definite or in- 
definite ; what is their character ; are they always real, or may 
they involve the imaginary expression •/-!. 

The following theorem onahles us to estahlish the existence 
of a real root in many instances : — 

Theorem, — If two real quantities a and b be substituted for 
the imknotm quantity x in any polynomial/ {(e), and if they furnish 
remits hamng different signs, one plus and (lie other minus ; then the 
equation f{x) = must have at least one real root intermediate 
in value between a and b. 

This theorem is an immediate consequence of.the property 
of the continuity of the function/(«) ostahllshed in Art. 7 ; for 
since f{x) changes continuously from f(a) to/(S), i. e. passes 
through all the intermediate values, while x changes from a 
to. 6 ; and eince one of these quantities, /(«) or/(6), is positive, 
and the other negative, it follows that for some value of x inter- 
mediate hetween a and b,f(x) must attain the value aero which 
is intermediate between/(a) and/(J). 

The student will assist his conception of this theorem hy 

reference to the graphic method of representation described in 

Art. 10. What is here proved, and what will appear ohvious 

from the figure, is, that if there exist two points of the curved 

c2 
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line repreBenting the polynomial on opposite sides of the axis OX, 
then the cur?e joining these points must cut that s^is at least 
once. It ■will also he evident from the figure that several values 
may exist between a and b for which /(*) = 0, i.e. for which 
the cnrve cuts the axis. For example, in fig, 3, Art. 10,x = ~2 
gives a negative value (-144), and x = 2 gives a positive value 
(20), and between these points of the cnrve there exist three 
points of section of the axis of x. 

Corollary. — If there exist no real quantity which, suhstituted 
for X, makes fix) =0,thenf{x) must be positive for evert/ real value 

For it is evident (Art. 4) that is = oo mak^/{i}i) positive ; and 
no value of x, therefore, can make it negative ; for if it did, the 
equation would hy the theorem of this Article have a real root, 
which is contrary to our present hypothesis. In terms of the 
graphic representation this theorem may he expressed hy saying 
that when the ec[nation/(a:} = has no real root, the curve repre- 
senting the polynoimal/(«) must lie entirely above the axis of x. 

13. Theorem. — Mvery equation of an odd degree has at least 
one real root of a si^n opposite to that of its last term. 

This is an immediate consequence of the theorem in the last 
Article. Substitute in succession - od , 0, <» for a^ in the poly- 
nomi"al/(;K]. The results are, n hcing odd (see Art. 4), 

a; = - 00 , f(x) is negative ; 

x = 0, sign oif{x) is the same as that of «„; 

iK = + CO , / (i?) is positive. 

If ffl„ is positive, the equation must have a real root between - oo 
and 0, i. e. a real negative root ; and if «„ is negative, the equa- 
tion must have a real root between and oo , ;. e. a real positive 
root. The theorem is thus proved. 

14. Theorem. — Every equation of an even degree, whose last 
term is negative, has at least two real roots, one positive and the 
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Imaginary Roots. 
Tlie results of substituting - co , 0, co are in this c 



hence there is a real root between - oo and 0, and another be- 
tween and +C0 ; i. e., there exist at least one real negative, and 
one real positive root. 

We have contented ourselves in both these Articles with 
proving the existence o£ roots, and for this purpose it is sufficient 
to substitute very large positive or negative values, as we have 
done, for te. We are of course able to narrow the h'niita vithin 
which the i-oots lie by the aid of the theorem of Art. (4), and 
still more by the aid of the theorems to be given subsequently, 
to which wo have before made reference. 

15. S^xlsteiice of a Ruot In the General Uquatfnn. 
Imaginary Ronte. — We have now pi'Oved the existence of a 
real root in the case of every 
equation except one of an even 
degree whose last term is positive. 
Such an equation may have no 
- real root at all. It becomes then 
an inquiry whether, in the ab- 
sence of real values, there may 
not be values involving the ima- 
ginary expression v^- 1 which, 
when substituted for x, reduce the 
polynomial to zero ; or whether ^' 
there may not be in certain ca 
both real and imaginary values ''^' 

of the variable which satisfy the equation. We take a simple 
case to illustrate our meaning. As already remarked (see Ex. 1, 
Art. 10), the curve con-esponding to the polynomial 

/W-2^4^ + 2 
lies entirely ahove the axis of x, as in fig. 4. The equation 
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/ (^) = has no real roots ; but it has the two imaginary roots 

as is evident by the aolntion of tho quadratic. 

In this simple instance we ohacrre that, in the absence of 
any real values, there are two imaginary expressions which 
reduce the polynomial to zero. The general proposition of 
■which this is a very particular illustration is, that evm-y rational 
Integra equation 

Og!*" + (i(ia^' + (j3ir"'' + . . . + ff„„iic + a„ = 
mmt have a root of the form 

tt and /3 being real finite quantities. This proposition includes 
both real and imaginary roots, the former corresponding to the 
value /3 = 0. 

As the proof of this proposition involves considerations 
somewhat advanced, and as we do not wish to interrupt the 
student so early in his study of the subject by investigations of 
a difficult nature, we shall defer its discussion to a subsequent 
part of this work. For the present, therefore, we assume the 
proposition, and proceed to derive certain consequences from it. 

16, Theorem. — Every equation of n dimensi^its has n roots, 
and no more. 

We first observe that if any quantity ^ is a root of the equa- 
tion/(«) = 0, then/ (a;) is divisible by x-h without a remainder. 
This is evident from Art. 9 ; for .if f{h) = 0, i. c, if A is a root 
of/(a;) = 0, .EmuEtbe = 0. 

The converse of this is also obviously true. 

Let, now, the given equation be 

f [x) s of' + piof''^ + p^af-'' + . . . +2?,i^ia!+p„ = 0. 
This equation must have a root, real or imaginary (see Art, 15), 
which we shall denote by the symbol oi. Let the quotient, when 
/{«) is divided by ^r - oi, be 0i {w) ; we have then the ideiitical 
equation 
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Again, the equation ^■,[x] =0, which is of «-l dimensions, must 
have a root, which we represent by oi. Let the quotient ob- 
tained by dividing ^i {w) \>y x-a^ be ^^ [x). Hence 

and ,-.f{x) ={x-a,)ix-a,)<t.,{j.), 

where ^j [x] is of « - 2 dimensions. 

Proceeding in this manner, we prove that f{x) consists of the 
product of n factors, each containing a> in the first degree, and a 
uumei'ical factor ^n {x)_. Comparing 'the coefficients of jk", it is 
plain that 0„ [x) = 1. Thus we prove the identical equation 

/(«) - (*-.,)(«-a,)(«-„.) («-.„)(».-<..). 

It is evident that the substitution of any one of the quanti- 
ties oi, ai,... a„ for X in the right-hand member of this equation 
will reduce that member to zero, and wUl therefore reduce /(^) 
to zero; that is to say, the equation /(a:) =0 has for roots the n 
quantities tu, 04,03. . .0,1.1, a„. And it can havo no other roots; 
for if any quantity other than one of the quantities a„ 02, . . . a„ 
be substituted in the right-hand member of the above equation, 
the factors will be all diif erent from zero, and therefore the pro- 
duct cannot vanish. 

Corollary. — Tico polynomials of the «'" degree cannot be equal 
to one another for more than n values oft&e variable without being 
completely identical. 

For if, in fact, we equate their difference to zero, we obtain 
an equation of the »'* degree, wliich can be satisfied by n values 
only of the variable, unless each coefficient be separately equal 

Remark. — The theorem of this Article, although of no as- 
sistance in the solution of the equation/(«) = 0, enables us to 
solve completely the converse problem, i. e. to find the equation 
whose roots are any n given quantities. The required equation 
is obtained by multiplying together the n simple factors formed 
by subtracting fi-om x each of the given roots. It also enables 
us to obtain, when any one or more of the roots of a given equa- 
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tion are known, the equation containing the remaining roots. 
To effect this we have only to divide the given equation by the 
product of the given binomial factors. The quotient will be the 
required polynomial composed of the remaining factors. 



Examples . 

. Pinrl the equation whose roots are 



Ana. :c'-53^-133:= + 53i- 



as a root 5 ; find the equation oontaming the remaimng !■< 
[N. B. — Use tie method of division of Art. 8.] 



Am. The olhci- 1' 



-r '■'■ 7- 

Ans. Us'-233,-'-60e + 9=0. 
5. Solve the mihic equation 

j^' - 1 = 0. 

Here it is evident that !c = \ satisfies the equation. Divide by x-\, and solve tie 
resulting quadratio. The two raots are found to be 



1 1 _ 



W~>. - - V^. 



It can be easily shown that if either of these imsginEry roots is squoitd, the other 
reaulte. It is usual to represent these roots by a and oj". They are called the two 
imaginary eube roots ofaiiiti/. We have the identical equation 

e. Form an equation with rational coefficients which shall have for a root the 
irrational expression 

•/p + -/<!■ 

This expression has four diflerent values according to the diEEerent combinations 
of the radical signs. Those values are 
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The required equaljoii is, tJieiefore, 

[x - -/p - \/j)(a; + ^/f + "/sj (j! - '\/p + ■/'!) {^' + ■/ P - ■/ 'i\ = ", 

or, finally, 

17. Kiiuul Roots. — It mtiet be observed that the n factors 
of which a polynomial /(a:) consists need not be all difierent 
from one another. The factor a^ - n, for example, may occur in 
the second or any other higher power not superior to n. In this 
case we speak of the equation /(a-) = still as having n roots, 
two or more being now equal to one another ; and the root a is 
eajled a multiple root of the equation ; double, triple, &c,, ac- 
cording to the number of times the factor is repeated. 

The propnety of this mode of speaking will be apparent, 
and the nature of multiple roots of equations made clearer, 
by a reference to the graphic construction in Art. 10, fig. 3. 
We see by an inspection of the figure that the two positive roots 
of the equation lOa;^ - 17a:" + a^+6 = are nearly equal, and we 
can conceive that a slight addition to the absolute term of this 
polynomial, which is as we have seen in the remark, Ex. 1, 
Art. 10, equivalent to a small parallel movement upwards of the 
whole curve, would have the effect of rendering equal the roots 
of the equation thus altered. In that case the line OX would 
no longer cut the ciu-vo in two distinct points, but would touch 
it. Now, when a line touches a curve it is properly said to meet 
the curve, not once, but in tioo coincident points. The occurrence 
of a triple or higher multiple root can be iUuetrated in a similar 
manner. Our principal object here is to indicate by a figure the 
manner in which double roots enter into equations, and to point 
out how these double roots form as it were the connecting hnk 
between real and imaginary roots. Let us suppose that the 
above polynomial is further altered by another small addition 
to the absolute term. We shaU then have a graphic represen- 
tation in which the axis OX cuts the curve in only one real 
point, viz., that corresponding to the negative root, the two 
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points of section corresponding to the two positive roots having 
now disappeared. 

Consider, for example, the polynomial \(}x^ -V7x' -i- « + 28, 
which is obtained from]that of Es. 2, Axt. 10, by the addition 
of 23. The student can easily construct the figure : the point 
corresponding to A in fig. 3 will now lie much above the axis of x. 
Divide hj x+\, and obtain the trinomial lOa^ - 'ilx + 38 which 
contains the remaining two roots. They are easily found to be 

27 v/391 ,~- 27 _ -/Wl /— - 
20"^ 20 "^ ' 20" 20 

In the examples we have studied, in both this Art. and 
Art. 15, we observe that a change in the form of a polynomial 
may convert it from one having real roots into another in which 
two of the real roots become equal, and a further change may 
convert it into a foi-m where the two roots become imaginary. 
We also observe in these examples that when a change of form 
of the polynomial causes one real root to disappear, a second also 
disappears, and the two are replaced by a pair of imaginary 
roots. This is true in general, as will be estabJished in the 
next Article. 

IS. Imaginarj' Roots enter S:<|uations in Pairs. — 
The proposition we have to prove may be stated as follows : — 
If <m equation f{x) = 0, whose coefficient are all real quantities, 
hmefor a root the imaginary expression o + ^ i/- 1, it must also 
hose for a root the conjugate imaginary expression a - (i \/-X. 

The product 

(^-.-(3v^(».-« + /3/^).(«!~a)'4/3'. 

Let the jLoIynomial fix) bo divided by the second member oi 
this identity, and if possible let there be a remainder Ex -i- it'. 
We have then the ideiilical equation 

/H.|(»-«)' + P'|« + Ji. + Ji', 

whore Q, is the quotient, of k - 3 dimensions in .r. Substitute in 
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this identity o + 13 \/-l for x. This, hy hypothesis, eau86s/(ir) 
to vanish. It also causes (»■ - a)' + 13' to vanish. Hence 

From this we obtain the two equations 

Iia + E'=0, i?/3 = 0, 

since the real and imaginary parts cannot destroy one another ; 
hence 

Thus the remainder to + ii' vanishes; and, therefore, /(^) is 
divisible without remainder by the product of the two factors 

a: ~ a- (5-/^, ^- <. +/3 y~l. 

The equation has, consequently, the root a- j5 */- 1 as well 
OS the root a + fi v- 1. 

Thus the total number of imaginary roots in an equation 
with real coefficients wiU always be even ; and every polynomial 
may be regarded as composed of real factors, each pair of ima- 
ginary roots producing a real quadratic factor, and each real 
root producing a real simple factor. The actual resolution of 
the polynomial into these factors constitutes the complete solu- 
tion of the equation. 

We observed in Art. 17 that equal roots may be conside^^ 
as the connecting link between real and imaginary roots. We" 
may now regard this statement from another point of view. Sup- 
pose a polynomial has the quadratic factor («-a)^+S, and let 
its form be altered by means of slight alterations in the value of 
h. When k is negative, the quadratic factor gives a pair of real 
rooie ; when k = 0, this factor has two equal roots, a ; when h is 
positive, the factor has two imaginary inaots. 

Semark. — A proof exactly similar to that' above given shows 
that swd roofs, of the form n ± vy, enter equations whose coef- 
ficients ore rational in pairs. 
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1 . form the cubic eqiiaticai whici shall lioiiiain the two roots 

1, .+2y^. 

1, Foim a raljoniil equation which shall have for two of its roots 

Alls. a:i-12j' + 72ii;=-312i + 676 = 0. 

3. Solve tlie equation 

which has a root 

Am. Th0TO0tsarc-2±\/3, I + 1/-I. 

4. Solve the equation. 

3s=-4iH3^ + 88 = 0, 

^jis. The roots aie i±~/~< --■ 

1!). Descartes' llnle of Signs — Positive Roots. — This 
rule, which enables ue, by the mere inspection of a given equa- 
tion, to assign a superior limit to the mrniber of its positive 
roots, may be enunciated as follows : — No equation can hate more 
positive roots than it has changes of sign from + to -, and from ~ to 
+, in the terms of its first member. 

"We shall content ourselves for the present with the proof 
hidi is usually given, and vrhich is more a verification than a 
Ineral demonstration of this celebrated theorem of Descartes. 
Tt will be subsequently shown that this rule of Bescartes, and 
other similar rules which were discovered by early investi- 
gators relative to the number of the positive, negative, and 
imaginary roots of equations, are immediate deductions from 
the more general theorems of Budan and Fourier. 

Let the signs of a polynomial taken at random succeed each 
other in the following order :~ 



In this there are in all seven changes of sign, including 
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tkoee from + to -, and from - to +. It is proposed to show that 
if this polynomial he multiplied by a "binomial whose signs, 
corresponding to a positive root, are i- -, the resulting poly- 
nomial will have at least one more change of sign than the 
original. 

We write down only the signs which occur in the operation 
as follows : — 



We have placed here in the result the araHguous sign + 
wherever there are two terms with diiferent signs to he added. 
We observG in this ease, and it will readily appear also for every 
other arrangement, that the effect of the process is to introduce 
the amhiguoue sign wherever the sign + foUows 4, or - follows -, in 
the original polynomial. The number of variations of sign is 
never diminished. There is, moreover, always one variation 
added at the end. This is obvious in the above instance, where the 
original polynomial terminates with a variation ; if it terminate 
with a continuation of sign, it will equally appear that the cor- 
responding ambiguity in the resulting polynomial must furnish 
one additional variation either with the preceding or with the 
superadded sign. Thus, in even the most unfavourable cat 
that, namely, in which the continuations of sign in the origi) 
remain continuations in the resulting polynomial, there is 6^ 
variation added ; and we may conclude in general that the 
effect of the multiplication of a polynomial by a binomial 
factor ic - a is to introduce at least one additional 



9 

on^ 



sign. 

Suppose now a polynomial formed of the product of the 
factors corresponding to the negative and imaginary roots of an 
equation.; the effect of multiplying this by each of the factors 
X - a, X - ^, 3t- y, &c., corresponding to the positive roots 
a, /3, y, &0., ... is . to introduce at least one change of sign for 



y Google 



30 General Projjerties of Equations. 

eaeh ; so that when the complete product is formed containing 
all the roots, we are sure that the resulting polynomial has at 
least as many changes of sign as it has positive roof«. This is 
Descartes' proposition. 

30. llescartes' Rule of Signal — Negative Boots. — In 
order to give the most advantageous statement to Descartes' rule 
in the c^e of negative roots, we first prove that if -- « be substi- 
tuted for X in the ecjuation f{w) = 0, the resulting ecjuation will 
have the same roots as the original except that their signs wiil 
be changed. This follows from the identical equation of Ai't. 16 

f{„),{x-„){^^„){,-u,). . . .(^-..), 
froni which we derive 

/(-^).{-l)- («. + »,) (,^+..) (:. + ,.). . . .•(« + ■,.). 
From this it is evident that the roots of /(- a^) = are 



Hence the negative roots of/(a;) are positive roots of/(- x), and 
we may enunciate Descartes' rule for negative roots as fol- 
lows: — No equation can have a greater number of negative roofs 
than there are changes (fdgn in the terms of the polynomial f{-x). 
31. Use of Descartes' Rule in proving tbe existence 
of Imaginary Roots. — "We are often able to detect the existence 

tl imaginary roots in equations by the application of Descartes' 
Be ; for if it should happen that the sum of the greatest possible 
Rmber of positive roots, added to the greatest possible number 
of negative roots, is less than the dogi-ee of the equation, we ai'e 
sure of the esiatenco of imaginary roots. Take, for example, 
the equation 

This, having only one variation, cannot have more than one 
positive root. And, changing x into - x, we get 

which, having only one variation, the original equalion cannot 
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have more than one negative root. Hence, in the proposed 
equation there cannot exist more than two real roots. It has, 
therefore, at least six imaginary roots. This application of 
Descartes' rule is available only in the case of incomplete 
equations ; for it is easily seen that the sum of the niunher of 
vai'iations in/(ic) and /(-a;) is exactly equal to the degree of 
the equation -when it is complete. 

22. Theorem. — "We shall close this chapter witii the fol- 
lowing theorem, "which defines fully the conclusions ivhioh can 
he drawn as to the roots of an equation from the signs furnished 
by its first member when two given numbers are substi^ited 
for x: — If two numbers a and b, substituted for x in the polynomial 
f{x), give results with eontrary signs, an odd number of real roots 
of the equation f(x) = a lies between them ; and if theij give results 
with the same sign, either no real root or an even number of real 
roots lies between them. 

We proceed to prove the first part of this proposition : the 
second is proved in an exactly similar manner. 

Let the following m roots oi, cfs, . . . . am, and no others, of 
the equation f{x) = lie between the quantities a and b, of 
which, as usual, we take a to bo the lesser. 

Let ^{x) be the quotient wben/(fl;) is divided by the product 
oE the m factors {x - ai) {x-txi} . . . . {x- o„,) - We have, then, 
the identical equation 

/W. («-»,) («•-.,) ....(«—.)*(»). 

Putting in this sucoessivelj' x-a, a: = h, we jMam 
/(») = (» - a,) (« - o.) . . . . (• - ».) mi 
/(}).(S-„.)(S^„,)....(J-„.)j,(S), 

Now ^(«) and ^(6) have the same sign; for if they had dif- 
ferent signs there would be, by Art, 12, one root at least of the 
equation $ («) = between them. By hypothesis, /(«) and/(S) 
hnvc difFerent signs ; houee the signs of the p^Jduets 

(»-„,)(»-<,,)....(»-...), 

(4-«,)(S-„),,..(S-»,.), 
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are different ; liut the sign of the second is positive, since all 
its factors are positive ; hence the sign of the first is negative ; 
but all the factors of the first are negative ; therefore their 
numher must be odd ; which proves the proposition. 

In this proposition it is to be understood that multiple roots 
are counted a number of times equal to the degree of their 
multiplicity. 

It is instructive to regard this proposition by the light of 
the graphic method of conBtruction, from which point of view it 
appears almost intuitively true ; for if a point be taken on a 
curve at one side of the axis, we must cross the axis an odd 
number of times to reach a point at the other side ; and we must 
cross it an even number of times, or not at all, to reach any 
other point at the same side of the axis. 

1 . If the sigiia cif tie tcrma of an equation be all poaitiTe, it cannot hnye a 

2. If ihe signs of the terms of any complete eqiiafioii be alternately positive 
and negative, it cannot have a negative root. 

3. If aneqnation consist of a number of terms connected by + signs followed by 
a number of terms connect*! by - signs, it baa one positive root and no more. 

{Apply Art. 12, substituting and co ; and Art. 19.] 

4. If an equation involve only even powers of e, and if all the coe£B.cients have 
posildve signs, it cannot have a real root. 

[Apply Arts. 19 and 20.] 

6. If an equation involve only odd powers of x, and if the coef&cienta have all 
podfive signs, it ha^ Jhe root zero and no other real coot. 

6. If an equatiottbe complete, the number of continuations of sign iaf[x) is the 
same as the number of variations of sign in/(- k). 

7. "When an equation is complete ; if all its roots ace real, iJie number of positive 
roots is equal to the number of variations, and the number of negaliTe roots is 
equal to the number of continuations of sign. 

8. An equation having an even number of variations of sign must have its last 
sign positive, and one having an odd number of variations must have its last sign 
jiegative. 

[N. B. — The sign. + is alwajR given to Uie h^iiest power of «,] 

9. Hence prove that if an equation has an even number of variations it must 
have an equal or less even number of positive roots ; and if it has an odd number of 

lust Iiave an equal or less odd number of positive roots ; in otier 
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words, the number of positivo roots when loss tlian the niimbei- of variations miia 
differ from it by an evea number. 

[Substitute'O and « , and apply Art. 22.] 

10. Find an inferior limit to the number of imaginary roota of the eijiiatioii 

ji»s. At least two imaginary roots. 

1 1 . Find the nature of the roots of the eijiiation 

[Apply Arts. 14, IS, 20.] 



13. Show that the eq^uatiot 



I. One positive 



imaginary. 



where g and r are essentially positive, has one negal 

13. Show that the equation 

it^-{!e + i'=0, 

where g and )■ ai'e essentially positivo, has one negal 
roots are either imaginasy or both positive. 

14. Show that the equation 



ot ; and that the other t 



where o, 4, c, . . . . i are numbers all different from one another, eannot have an 
imaginary root. 

Substitute o + j8 V*-! and a-&\/ - 1 in. euecession for a, and subtract. We 
get an expression which can vanish only on the aupposition j3 = 0. 

15. Show Uiat the equation 

has, when n is even, two real roots 1 and — 1, and no otter real loot ; and, when » 
is odd, the real root 1, and no other real root. 

[This and the nest eiamph; follow readily from Arts. 19 and 20.] 

16. Show that the equation 



has, when n ia oven, no rea 
other real root. 

17. Solve the equation 



and, when n is odd, the ix 






+ 3j=a^ + 2j=i:-H=0 



{%'^-<rq%-\-q^f-t-i'^ 



^-\,4-\tW7^' 



The different signs of the radicals give four comhinationa, and fho 
ere written involvee tlie four roota. 
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18. Form, the eq^iiatioa whitih bus for iDots tlic different values of flu; esiiiesHimi 

2+Bv^7 + '/'ll-^9v'7, 
where e- = 1 . 

If no restiietion had been matle by the introiliiction of fl, fhia expressicni would 
have 8 values. The \/7 must now be taken with the same sign where it oeoin-a 
under the second radical and free from it. There are, fhei-efore, only four values 
in all. ^»». x^-Sifl-l2x^ + 6*3!~Si = 0. 

19. Form the equation which has for roots the four values of 



whuioe^^ 1. Am. 3;H 3633-400^-31681 + 7744 = 0. 

30. Fomi an equation with rationttl coefficiente which shall have for roots all the 
values of the expression 



'i'here are eight different values of this expression, viz., 

■/p + \/'/ -I-'/''. - v"? - \/ii-\/'; 

■yp-^/v-x/r, -\/p + Vl+\/'r, 

~\/p + V'q-\/r, -/p-V'i I'V '■. 

- "/p - ■/■} + \/''. -/p -I- -/'/--/'■■ 

Assume 

j; = fli -s/p + 9s -v/s + es\/r. 
Squaring this, we have 

x'-'P+'i-vr ■v2{S'ie-s\/ tp-+9sei-y i-p -\- e, Si y pq). 
Transposing, and sq^uaiing again, 
(j;3_j,-j-r)= = 4[ji- + :-p+j55) + 8eifl2fl3y^(»iyii + fl,-/34eiyi). (I) 

Transposing, suhstitnting x for fli -^p + flj s/q + flj \/r, and squaring, we olifitin 
the final equation free from radicals 

{jH-33T^(p + 5 + )HV+9' + ''^-2!r-2j5'-2pj}*=64i!f!-a*. 

This is an equation of the eighth degivje, whose mo\s are the values ahove wiit- 
ten. Since fli, fls. fls have disappeared, it is indifferent which of the eight roots 
±'i/p±'yq±'V''''^^^^'^^^^'¥^^^'™'^^^''^ instance. The final equation 
is that which would have been obtained if each of the 8 luota had been suhlracled 
from X, and the continued product formed, as in Ex. S, Art. 16, 
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CHAPTER III. 

KELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OP EQUA- 
TIONS, WITH APPLICATIONS TO SYMMETRIC FUNCTIONS OP THE 
ROOTS. 

23. Relations between the Roots and Coeffleicnts. — 

Taking for simplicity the coeffldent of the highest power of « 
as unity, and representing, as in Art. 16, the n roots of an ec[Tia- 
tion by «i, as, 03, . . . . «n, we have the following identity :— ■ 
x'^+p,a^''-f-Pi3f"'+ . . . + p,t-iX -\- p,i 
.(a=-.,)(a;-«,)(«,-„.).. ..(«-„,). (1) 

When the factors of the second memher of this identity are 
multiplied together, the product will consist, as is proved in 
elementary works on Algebra, of a highest term x" ; plus a 
term a;""^ multiplied by the factor 

-(«i + <.s+0!+.... + a«). 
i. €. the sum of the roots with their signs changed ; plus a term 
^H-2 multiplied by the factor 

Oins + «ia3+ 0303+ . . . . +an.ia,i, 
i. e. the sum of the produots of the roots taken in pairs ; plus a 
term :^^ multiplied by the factor 

i. e. the sum of the products of the roots with their sigus 
changed taken three by three ; and so on. It is plain that the 
sign of each coefficient will he negative of positive according as 
the number of roots in each product is odd or even. The last 
term is 

1)2 
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the sign being - if n is odd, and + if » is even. Equating the 
coeiBoients of x on each side of the identity [1), wo have the 
following aeries of ecLuations : — 






> Pl 



p„=(-l)"«,a.«.... .«„_.«,„ J 

■which furnish us with the following 

Tbeorem, — In evert/ algebraic eqttation, Ike coefficient of 
wliose highest iei'm is unity, the coefficient p, of the second tenn wdh 
its sign changed is equal to the sum of the roots. 

The coefficient p% of the third term is equal to the sum of the 
products of the roots taken two hy two. 

The coefficient ps of the fourth term mth its sign changed is 
equal to the sum of the products of the roots taken three ly three ; 
andso on, the signs of the coefficients beiuff taken alternately/ negative 
andpositive, and the number of roots multiplied together in each term 
of the corresponding function of the roots increasing by unity, till 
finally that function is reached which eondsts of the product of the 
n roots. 

When the eoeffioient fi^ of ^ is not unity (see Art. 1), we 
must divide each term of the equation by it. The sum of the 

roots is then equal to ; the sum of their piodncts in pairs is 

equal to -^ ; and so on. 

Cor. 1.— Every root of an equation is a divisor of the last 
term. 

Cor. 2. — Ji the roots of an equation he all positive, the coef- 
ficients will be ali-emately positive and negative; and if the 
roots he all negative, the coefRcients will be all positiye. This 
is obvious from the equations (2) [cf. Arts. 19 and 30]. 

24. Applications of the Theorem. — Siaoe the equations 
(2) of the preceding Ai-tiele furnish us with n distinct relations 
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Applications of the Theorem. ^7 



I tlie n roots and the coefficients, it migl 
supposed that hy their means eome advantage is gained in the 
general solution of the equation. Such, however, is not the 
case ; for suppose it were attempted to determine \>j meana of 
thsse equationB a root, oi, of the original eqiiation, this could be 
effected only by the elimination of the other roots by means of 
tho given equations, and the consequent determination of a final 
equation of which oi is one of the roots. Now, in whatever 
way this final equation \s, obtained, it must have for solution 
not only <ji, but each of the other roots m, 03 . . . a„ ; for, since 
all the roots enter in the same manner in tho equations (2), if it 
had been proposed to determine «j (or any other root) by the 
elimination of the rest, our final equation eould differ from that 
obtained for oi only by the substitution of oa (or that other root) 
for a,, Tho final equation arrived at, therefore, by the process 
of elimination must have the n quantities a,, «2, . . . . o„ for 
roots ; and cannot, consequently, be easier of solution than the 
given equation. This final equation is, in fact, the original 
equation itself, with the root we are seeking substituted for x. 
This we shall show for the particular case of a cubic. The pro- 
cess is perfectly general, and may be applied to an equation of 
any degree. Let a, /3, 7 be the roots of the equation 

X^ +_p]^ + J^sffi + jJa = 0. 

We have, by Art. 23, 

P^= o^ + aV + I^T. ,C-^ 

Add these three equations, after multiplying the first by «% 
and the second by «. We find 

or o'+_pja' + i'3n+P3 = 0, 

which is the given cubic with a in the place of x. 

The student can take as an exercise to prove the same result 
in the case of an equation of the fourth degree. In general the 
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.ations of Arf. 23 are to be multiplied by a""^, o""', 
0""=, &c., and added. 

Although the equations (2) furnish, as we have seen, no aid 
in the general solution of the given equation, they are of use, 
when some (one or more) of the roots are known, in facilitating 
the finding of the others ; thoy may also be of use in finding 
the roots when certain particular relations among them are 
known'to exist. 



le 3iini of tivo of its roofs l)eiiig equal to nothing. 
Let the roots be «, B, 7- We have, then, 



nfiy - - 80. 

Taking S + 7 = 0, we have, from, tie first oi theae, a — 6, and from either tJie 
wp/md or third we obtain fiys-lG. ■WeBndfor^aiid7thevflIues4and-l. Thus 
the threo roots ore 5, i, - i. 
a. Solve the equation 

a^a _ 3j!? + 4 = (), 
two cA its roota being equal. 

Let tiie roots "be a, a, g. ^Vc have 

2n + 3 = 3, 



from which we find a = 2, and fi = - 1 . Tte root 
3. The equation 

has two pairs of equal roots ; find them. 
Let the roots he a, o, ft ^ ; we have 



from whioh we ohtain for a and B the valuer 
4. Solve the equation 
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Let the roots 1>|; n, tf, 7, with the iclatior 'la. = 33. liy elimjuation of n wo 
cnaily obtain 



fiTim which ivc huve th(; toUoiving qtiadratie for S : — 
19,8=-903 + 56 = (l. 

The roots of this are 4, and. -■- ; the forraei' giyeg for a anil 7 tJic values 6 and 
- 1. The throe roota htb 6, 4, - 1. The etiident will here mk what is the aigni- 
fiuanoo of the value — of S ; f nd the aame difBculty may have preeentod itself in 
the previous examplee. It will he observed that in all esamplea of this nature we 
never require all flie relations hefcweett the roots and coeffieiantB in order la deter- 
mine the required unknown qiiantitjes. The reason of thi^ ia, that the given con- 
dition estahlishea one or more relations among the roota. Whenever the eq^ualdone 
employed appear to furnish more than one system of values for the roots, the actual 
roots are fl^ily detemuneii hy tie oondition that they must safefy the equation {or 
equations) between the roofs and coefficients which we have liot employed in deter- 
mining thera. Thus, in the present example, thevalne^ = 4 givtisa system satisfy- 
ing the omitted eqiialJon 

aay=-24; 

while the value i3 = 7-5 gives a system not satisfying this oinuitJon, und is therefore 
to be rejected. 

5. The roots of the equation 



■io.^-^ = 23, 

frarn which we obtain the three iixits 1, 3, S. 
6. The roots of 



a geometric pregiuasion ; End them. 
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Assume for the roots ap, a, -. From the third of tlie e[[uation8 (3), Art, 23, we 
hft^a'= ~, or a = -. We get a qundratio for p, luicl either value giyea 

Ans -1 - — 
S. Solve the e(iiiation 

31* - 4(13!' + 130^:= - 120* + 27 = 0, 
whoso roota (ire in geometric pTOgvessJon. 

Assume for the roots — , ■ , no, no'. Using the second and foirrth of the equa- 

e' P 

tions (3), Ah, 23, we eaEily find Aas. ~, 1, 3, B, 

9. Solve flie equation. 

a^*4-15a;'4 70a' + 120.i4-C4=U, 

whose nrats ai-e in geometric progression. Ans. -1, —2, —4, —8. 

10. Solve the equation 

whose toots are in harmonic progi'ession. 

Tnie the roots o, ,9, 7. We have the relation 

1 1^2 



. Solve the eqiuifion 

8l3:^-18a;'-3( 
! roofs are in hatmonio progression. 



12. If the i-oots of the equation 



he in harmonic progi'ession, show that the mean root is — . 
13. The equation 

2:'-2a:S + 4s'+6a;-2I = 

has two loots equal in magnitude and oppOfdfe in sign ; determine all the roots. 
Take a + j8 = 0, and employ tJie fiiBt and fhiiii of equations (2), Art. 23. 

Am. v'S, -1/3, l±v'^ 
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14. The equation 

33^-251= + 503:a-50,c+ 12=0 
lias two roots whoso iiraduet ia 2 ; find all the roots. 

Ans. 6, -, I + 1/^1. 

15. One of the roots of the cuHo 

ie doable another ; Ghow that it may he foimd from a quadratic equation. 

1 6. Show that all the roots of the equation. 

can be obtained when they are in arithmelieal progresaion. 

Let the coots be a, o + S, h+2B, a + (B-l)5. The fiiat of equations (2) 

^^^ -?), = ««+ {1 + 2 + 34-..,. + (.i-l)}5 

Again, since the bum of the squares of any number of quantities is equal to the 
square of their sum rainua twice the sum of their produota in pairs, we have the 
equation 

^i=-2i., = a'+(o + B)»+(a + a5)' + ... 

Subtracting the square of (l) from n times the equation (2), we find S' in teims 
of pi and 713. We can then find a from equation (1). Thus all the roots can he 
expressed in terms of the coefficients pi and pi- 

17. Find the condition which must he satisfied by the coef&cients of the ^H}:iii.- 

s^-px^ + qx-r^H 

when two of i1s roots a, fi are coimeofed by a relation a + S = 0- Ans. pq — r = ii. 

18. Find Oie condition that the cubic 

should have its roots in geometric progression. Ans. p'^r-^ =0. 

10. Find tie condition that the same cubic should have its roots in'harmonie 
progression (see Ex. 12). Ans. i7r' — Spqr+i^=0. 

20. Find the condition that the equation 

a* + jw^ + 91' + ri + s = 
should have two roofs conneotod by the relation o + ,8 = ; and find in that case the 
two quidratioa from which a, y3 and 7, 15 are obtained. 

Ans. pgr~p's — r^ = 0, px'^ + r=0, x' + pxA — = 0. 

21. Find the condition that the biquadratie of Ex, 20 should have its rools con- 
nected by the i-eiation j8 + y = a + 6. Am. p' - ipq + 8f = 0. 
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22. Find the condition that the roots a, |8, y, 5 of 

ahouM be connected by the relation o^ = 78. Ans. 

23. Show that the condition obtained in Ix 
bi([uadi'atic are in geomefiic progi'easion. 

25. IKepressiuit of tuit Kquatiun wben a relation 
exists between two mi' its Bfi«»»(ts.— The examples givon 
under the preceding Article illustrate the iise of the ec[uations 
connecting the roots and coefficients in determining the roots in 
particular eases when known relations exist among them. The 
ohjeot of the present Article is to ahow that, in general, if a 
relation of the form ji = ip(a) exist between tmo of the roots of an 
equation f{x) = 0, the equation ntay be depressed two dimensions. 

Let tp («) be substituted for te in the identity 
f{x) = Uo^' + «iy"' + . . . + ffl,i, 
then f{^{x)) - a, (^{w) )" + a, (0(^) )""' +....+ «,.., 'l>(x) + a„. 

We represent, for eonvenienoe, the second member of this 
identity by F{iv). Substitute « for x, then 

^W-/(*(«))-/(/3)-0; 

hence a satisfies the equation F{a:) = 0, and it also satisfies the 
equation/(a^) = ; hence the polynomials /(a;) and F{x) have a 
common measure x-a; thus a can be determined, and from it 
^(a) or p, and the given equation can be depressed two diraen- 



has two roots whose ditferenee = 3 : find theni. 

Here j3-o = 3, a = 3 + a; substitute a; + 3 for .r in the given i)oljTiomiLil/(3:) ; 
it becomes a^ + 4j.''- 7a: — 10; the common measure of this and / (3:) iax-l; fwni 
which B=2, ^ = 5; the third toot is -2. 

2. The equation 

j:* - Sfl!^ + U j= - laj; + 6 = 

hiis tM'o toots connected by the velution 2fi + 3h = 7 ; find ali the mots. 

Ans. 1, 2, l+v^-2. 
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In oonnexion with this sutjeet it may be obseryed, tbat 
■when two polynomials /(«) and F{x) have one or more common 
factoi«j this factor or factors may be found by the ordinary 
process for obtaining their common measure. Thus, if we 
know that two given equations have common roots, we can 
obtain these roots by equating to zero the greatest common 
measure of the given polynomials. 





ESAMPIES. 




1. The equations 


3a:S + 6aJ- 6s;- 9 = 0, 




have two common roc 


its, find them, Alt 


s. -1, -3. 


a. The equations 






hare two (iommon roo 


■ts ; find the quadratic wMeh furnishes tiBm, i 


ind also the 3rd 


root of each. 








A J4.*-*'^4.LLl'-n -''(-^-P') 


-'■(f'V-) 



26. The Ciilie Roots of Unity. — Equations of the 
forms 

a-"-l = 0, x'^^X^^ 

are called binomial. The roots of the former are called the n 
w"" roots of unity. A general discussion of these forms will be 
given in a subsequent Chapter. We confine ourselves at pre- 
sent to the simple case of the binomial cubic, for which certain 
useful properties of the roots can be easily established. It hag 
been already shown (see Ex. 5, Ait. 16), that the roots of the 
cubic 

*=-l = 0* 

If either of the imaginary roots be represented by '.j, the 
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other is easily seen to be lu*, by actually squaring ; or we may 
see the same thing as follows : — 

If (u he a root of the cubic, (o'must also be a root; for, sidgg 
id' = 1, we get, by squaring, w" = 1, which is [lo^Y = 1, thus show- 
ing that ui' satisfies the cubic ai' - 1 = 0, We have then the 
identity 

^-l.(»-l)(s.-»)(»-»-). 

Changing X into -.r, we get the following identity also :■ — 
a^ + l = (^+l)(«+ui)(^ + w=), 
which furnishes the roots of 

Whenever in any product of quantities involving the imagi- 
nary cube roots of unity any power higher than the second 
presents itself, it can be replaced by lu, or (o', or by unity ; for 
example, 

The first or second of equations (2), Art. 23, gives the fol- 
lowing property of the imaginary cube roots : — 

By the aid of this equation any expression involving real 
quantities and the imaginary cube roots can be written in either 
ofthe forms P+wQ,P + w=Q. 

Examples, 

1 . Sliow that the |)H)(lutt 

is rational. Ans. iii' — mil + li'. 

2. Pi'ove the following identitioa : — - 

.■+«■.(«+.)(.,.+.•«)(.•»+.»). 
,.-.=,(■.-,)(„-,.,)(.■—■)■ 

3. SIiow that the product 

is rational . Am, a' + S' + f^-By — ya — ali, 

i. Prove the identity 
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The Ciihe Roots of Unity. 

5. Pi'OTe the identity 



(^f»3 + «^7)=+( 


o + a,=P-f 


.»7)'=(2' 


i-e-7){2^- 


-7-=] 


(2l 


[Apply Ex. 2.] 












6. Prore the ideulity 












(» + «S+«'=7>'- 


-{a+^=^ 


(4^-,.)^ = - 


-S-/-S{B- 


-7)(7- 


■") 


[Apply Ei. 2, and sutetitute for i» - a.' i 


ts value \/- 


-3.] 




7. Prove the identity 












o'H^' 


^7'^- 


3„Ty-( 


a^43H7=- 


3aB7)' 




«'-a' 


^ + 2^7, 


fl-o^+: 


Z7=, 7' -7= 


+ 2aS. 




8. Find the ciiiiation 


whose It 


pote are 










BJ+«, 


^,»+«.= « 


!, ^n«4B«. 












-ifi!. =:■ 


'-3«iJ 


(S- 


8. Find the equation 


whose i-c 


iota MO 








1 + 


m + n. 


i+OMH+ffl' 


■■n, H^^m- 


t BJ!. 






Am. ^ 


'-3?a:' + 3 


{P-mi,)x- 


(iH.«' 


' + ■ 



Remark. — Corresponding to the n n"* roots of unity there 
will be n «"' roots of any quantity. The n roots of the equation 

(K" - « = 
are the « «'* roots of «. 

The three cube roots, for example, of a are 

■where v a represents the real cube root according to the ordinary 
arithmetical interpretation. Each of these satisfies the cubic 

It is to be observed that the three cube roots may be obtained 
by multiplying ani/ one of the three above written by 1, w, tu'. 

In addition, therefore, to the real cube root there are two 
imaginary cube roots obtained by multiplying the real cube 
root by the imaginary cube roots of unity. Thus, besides the 
ordinary cube root Z, the number 27 has the two imaginary 
cube roots 

as the student can easily verify. 
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46 Roots and Coefficients of Equations. . 

10, Foim a rational equation whicli shall hsve 



Compare Ek. 8. 






$-yF+e.VQ 


for a root, where B? — 


1, ana Ss' = 1, 


Cuhiug the et(uatdoi 


;t = 9.yj'+flsy«, 


aud aubsfJtuting a; f ov il 


^9 Vttliio on tlio right-tftml eifle, ws gc 




i?-F-Q = Bev6-!l/rQ..i:. 


Cuhing again, wp have 



Since fli anQ Bj may eath have any one of the values 1, a, w', tJie nine I'oots of 
this equation ure 

a,yp+a,3ya i7»y7'+ i/'Q, a, yp-i- yo; 
w=yp+«yG; ypH-i.'v'ft ^F+^i^Q. 

"We see also that, since 0i and flj hiiTC disappeaied from the fijial equation, it is 
indifferent which ot these nine coots ia asunied equal to a: in the first inatance. The 
resulting equation is liflt which would have been obtained hy niultipljiug together 
the nme faotoi's of the fonn. x —-^/F — ^/Q obtained from the nine roots above 
written. 

12. Form sepai'ately the three oubioB whose roots are the groups in three 
(written in vertical coliinms in Ei. 11) of the nxita of the equation of the preceding 
eJcample. "We can write them down from. Ex. 8, taking first m and n equal to 
^F, ^Q; then equal to a^P, a ^Q; imd finally equal to ai'^Y, ofi'^Q. 

Ans. x"- 3 yFQx^P-Q=(\, 
:t;> - ia^i/PQx-F- Q = 0, 
a^ -Zw^FQx-r-Q^O. 
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27. Symmetric Functinns of the Roots. — Symmetric 
functions of tho roots of an equation are those in which all 
the roots ai-e alike involved, so that the function is unaltered 
in value when any two of the roots are interehanged. Por 
Qsample, those functions of the roots (the sum, the sum of the 
products in pairs, &c,) with which we were concerned in Art, 23 
are functions of this nature ; for, as the student will readily 
perceive, if in any of these expressions the root a„ lot us say, he 
■written in every place where oj occurs, and q^ in every place 
where ai occurs, the value of the expression will he unchanged. 

The functions discussed in Art. 23 are the simplest sym- 
metric functions of tho roots, each root entering in the first 
degree only in any term of any one of them. 

By means of the equations (2) of Art. 23 the values of an 
infinite variety of symmetric functions of the roots can, without 
knowing tho roots themselves, he obtained in terms of the coef- 
ficients. It will in fact be shown when we come to the more 
general discussion of this subject, that any rational symmetric 
function of the roots can be so expressed. We content ourselves 
in the present Chapter with some simple examples, most of which 
will have reference to equations of the third and fourth degrees. 
It is usual to represent a symmetric function by the Greek letter 
2 attached to one term of it from which the entire expression 
may be written down. Thus, if a, /3, y be the roots of a cubic, 
'2a' ^'^ represents the symmetric function 

where the products in pairs are taken, and each term squared. 
Again, Sa'/3 represents 

where all possible permutations of tho roots two by two are 
taken, and the first root in each term then squared. 

For a biquadratic whose roots are a, j3, y, 8, Sa';3^ repre- 
sents 
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Examples. 

1. Find tho'viiliic o( 5a°B of tlio raota of the cubic 

»' + p^ + ja; + J* = 0. 
Multiplying together the eqiiufjons 

.ve obtain 

i«ncc Sa-^fl = 3,--M. 

2. Find for the aamc cubic the value of 

n' + B' + y. Ans. 2a' = p*-2j. 

3. Find for the same cubic the value of 

Multiplj-ing the values of 2n and 2o', we obtain 
lencc, by Ex. 1, 

4. Find for the same cubic the value of 

B^^Hyo' + o'ff'- 
We easily obtain 

J3-7' + 7= a^ 4 ci=3^ + 2a(37 (n + B + 7) = j^ 
TDm which 

5. Find for tie same cubic the value of 

(5 + 7)(7 + <■]('- + 0)- 
This ie equal to 

2[W37 + 2a'fl. Ans. r~pq. 

e. Find the yaluB of the symmetric function 

B^fi-y+i.'0S+ ^=7S + B^n7+ iS^aS + B^^S 

+ y'^nQ + y'iS + -)''BS+ 82a0 +S=tt7 + S'B? 

if the roots of the biquadratic 

s? + px^-V qifi + rx + s:= 0. 

0^7 + aj35 4 078 4 57S = - 
20^^74- 'lo,e7S=;i!'; 
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le biqttailialic the symmetiiu 



Siiiinrrag 2h, 



8. Find for the same biq^uiidi'alic the symmetric function 

a=y3' + aV' + a''B= + S=7=+ S'S' + fS'. 
Sqiiaiing tie equation 

2a6 --= q, 
«-B ohtmn 

2o^S'' + 22«=,e7+ SajSyS = !?= ; 

9. Fiud for tic sania biquadratic 2e"S- 

To form this Bjumiettio function, we take the two permutations h3 and j3o of 
the letters a, ,8 ; these give i^-o terms o^B and ^^h of 2. We have similarly 
tiro teiTus from every other pair of the letteis a, B> 7> 5 ; so that the sjinnietiic 
function eonsiata of 12 tenns in all. 

Multiply togetiier the two equations 



It is convenient to remarli here, tiiat results of tie tind expressed by tliis last 
equation can be veiified by the consideration ttat the nunibev of teims in both 
membera of the equation must be the same. Thus, in the present instance, since 
2«' contains 4 f«rms, and 2aB 6 terms, iiieir pi'odnot must contain 2i ; and these 
are in fact the 12 terms which foi-m 2ii2fl, together with the 12 wMch form ia-fiy 
(s*Ex.6). 

Using results of previous eitamples, we have 

•Z,^$ = p'q-2q'-pi- + i.i. 

10. Find for the same biquadratic the value of 

SqtKiring 2a', and employing results akeady obtained, 
2B'-ji'-ip^? + 2(?^ + 4yi'-4s. 

1 1 . Find in terms of the coefficients the sum of the squares of the roots of the 
equation 

Squaring 2ai, we easily find 
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12. Find the sviin of the j:eoipropals of the roota of tlieec[viation to the precetling 
HXEimple. 

FiTDm ths second Isst, and last of the equations of Act. 23, we havi; 

oaaa. . . .a„+ oiaa 0,1+ . . . . + Bias . . , , nn-i — {- l)""V"-i> 

dividing the former by the latter, we have 

111 1 -p^.i 



In a similar manner ttie sum of the products in pairs, in thi'ees, &c, of the 
reciprocals of the i-oots can be found by dividing the 3rd last, or 4th last, in. coef- 

13. Find for the cubic equation 

the valuos, in tei-ms of the coefficiontg, of the foUoiving three! fuiKitioijs of ths roots 

(s-7)'-^{7-a)=+(=-fl)^ 

a{e-yY + (7--P + 7 {"-BY-, 

It will he often found convenient to write, as in the present example, an equa- 
tion wilt iitiomial eo^gicienU, that is, numerical coefflcienta corresponding to those in 
the expiumon by the hinomial theorem, in addition to the liteial coefficients an, «i, 
&o. 

"We easily obtain 

""M(S-7)'+ Ir-Br + ("-«=} = 18 ("i^-"-"!), 

«o={o{,e-7)= + B(7-'')'^ + 7(o-^}=}=9(«oe3-Oi''3), 
floM"'(i3-7)' + fl"(7-«)'^ + 7M«-fl)M=I8[rf-Bifl3l. 

14. Find iu terms of the ooefHcients of the cubic in the preceding esample tlic 
quadratic 

where o, fl, 7 are the roots of the cubic. 

Ans. (lioBj — oi') «^ + (B0B3 -i!ia%)x+ ("ics - f-i') = 0. 

15. Find for the cubic of Example 13 the value of 

(2«-S-7](2B-7-«)(27-''-fl)- 
Since 2a-S-7 = 3a-(a + fi + 7)"3« + ^\ 

the required value i? easily obtained by substituting for * in the identity 

eo!e'+ 3ni3=+ U^x -K13S a6{3:~a)(x - &){si - y). 
Am. «j3(2a-.^-7)(2fl-7-n)(27-«-S)=-a7(fl<,= "3-3no«ifli + 2ni=). 
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16. Find, for the biq^uadratic ec[uation 

tie value of the symjuetiic fiinetion of the roots 

(B--r)"(»->)' + (T-.l'(»-i)' + («-B)"(7-!)"- 
Here the eqiiatirai is imtten with binomial coefficienta corresponding to the 
espmaion of tho binomial to the 4th power. The Bj'uimKtiic fimction in. f[uestioii 

ia easily seen to lie identiciil with 

Employing the I'esulte of examplea 6 and 8, we find 

17. Taking the ais products in pairs of the foiir roota of the equation of Ei. 16, 
and adding eaeh product, s.g. aB, to that which containa the reioaining two roots, 
e.g. yS, we have lie three Bums in pairs 

jSy + oB, ■yn + ySB, aB +yS; 

it ia required to foi'm the two following symmetric functions of the roots of the bi- 

(7(.-^^S)(a^ + 75) + {aS + yS){8y + ^S) + (8y + aS) (yK-^SS), 
{0y + aS){ya + m{''S + 7S). 

The former of these is the srau. of the products in pairs, and the latter the con- 
tinued prodnet, of the three espreaaione above given. As these three fuuctionis of 
tie roots are important in the themy of the biquadratic, we shall represent theni 
miifonnly by the letters A, p, v. "We have to find espressiona in terms of the 
coefficients for fip + vA + Aju iind X/j.!/. 

The former is Sa'&y, and ia easily found to be (see Ex. 6) 
flo'S/u' = 4(4«i93-n(,fli). 

The latter is, when multiplied out, ei^uiil to 

and gives after easy calculations the following :— 

no' \pi' = 8 (2 BoBa' - 3 oo (B2<'4 + 3<ti'a4) . 

18. Find, for the biquadratic of Ex. 16, the following symmetiic function : — 

{(3-r)(a-S)-(T-a)(3-8>!. 
This is an important synimetrio function in the theory of the biquadratic. To 
prevent any ambiguity in writing this, or cori'esponding functions in wliich the diJ - 
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f erunces of tlie roota of tke biqimdiatie enter, we explain tie notation we uniformly 
employ. 

Taking in circular oi'dev the three iiMls a, S, y, we haTC the threa differences 
fi - 7, 7 - a, a - 3 ; ami aubtraotiiig B from each root in turn, we haTe the three 
other differences a -!, fi - B, 7-8. We combine these in pairs as follows: — 

(?-a)(y3-S), 

The symmetric funelion in question is the pioduct of the differences of these 
three. 

Employing Hie vahieE of A, ^, r in the preceding example, wc have 

-», + ^^lfl-7)(a-B], -y^X^ly-a){&-S), -AH ^ ^ («- S) (7- «). 

We have, then, to find the Talue of 

{2\-,.-p){2i.-^-K)[2v-X-i>), 

or |3\-2a^)(3^-2a,8)(3v-S«fl), 

in teima of the coefficients of the biquadratic- 
Multiplying this out, substituting the value of 2(w3, and attending to the iTSults 
of Ex. 17, we obtain 

On=(2A-/i-i')(2ft-K-A]{2i— A-/i)=-43a{ooajfl4 + 2aiBsa3-Oo03=-Bi=aj-<i!'). 

The functions of the coefficients arrived at in Eiamples 18, 16, and the present 
example, will be found to be of great importance in the theory of the cubic and bi- 
quadratic equations. 

19. Find, for the biquadtatie of Ex. 16, the symmatjic function 

(a-fl)' + (a-7)= + («-!)= + (3--),p + (3-B)*+(T,-S)'. 
This may be written 2 (« - &f. 

20. find, for the biquadratic of Esaniple G, the syninietric function 2(a — ;3]'. 

Alls. 2(n-,e)' = 3;!'-l6j>«i? + 20g* + 4;»--16*. 

21. Show that, for the biquadratic of Example 16, the value of the same sym- 
metric function can be written in the form 

22. R'ove the following itlation between the raots and coefficients of the bi- 
quadratic of Ex. 16 :— 

«s,'(* + 7-"--S)(Ti-''-S-S)("l/3-7-3) = 32(«oa«3-3«oaiflj + 2«i>). 
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28. Remark. — We close this chapter with certain observations 
which will he found useful in verifying the results of the calcula- 
tion of symmetrio functions. The first is, that the degree of any 
symmeti-ic function in the roots is always equal to the sum of the 
suffixes in each term of its value in terms of the eoeffieimit^. The 
student will observe that this is true in the case of the r^ults of 
Examples 13, 15, 16, 17, 18, 19, 21, 23; and that it must be 
so in general appears from the equations (2) of Art. 23, for the 
suffix of each eoe&cient in those equations is equal to the degree 
in the roots of the corresponding function of the roots ; hence 
in any product of any powers of the coefficients the sum of the 
suffixes must he equal to the degree of the corresponding func- 
tion of the roots. 

The second observation is, that for any symmetric function of 
the differences of the roots of an equation written with binomial 
coefficients, the mliie in terms of the coefficients must be such thai 
the algebraic sum of the numerical factors in it is equal to cipher. 
This is true in general ; for if in the equation with binomial 
coefficients 

anx" + H(T,y"' + — — H— Oi^'"~' + ■ . - + fl,i = 



(^ + l)-.0, 



i.e. all the roots become equal ; hence any function of the dif- 
ferences of the roots must in that case vanish, and therefore also 
the function of the coefficients which is equal to it ; hut this 
consists of the algebraic aura of the nunierical factors after 
putting 

fl„=rfi =«,= ... = !. 

In examples 15, 16, 18, 19, 21, 22, ol Art. 27, we have in- 
stauees of this. 
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MlSCElLAKEOUS EXAMI'LES. 

1, Find tlie value of the flymmetric fuiicfion 

By "^ ya '^ P.S 
of tie roots of Oic cubic cqiiafaon 

si' + p^'^ -i- qsi -^ >■ = n. 

Ans ^'i - 'A 
i. Find for the same cubic the value; of 

Ann. iif-p'. 

3. Finii the vaivie of la'iS' of the iixrts of the same equation. 
Here 2afl3o'6' = 2a=y3= + o8T2a=fl; hence &c. 

Ans. {3- Spqr-i- 3r". 

4. Find for the same cubin tbe synmietric function 

So* ia easily obtained by squaring Sa' {see Ex. 3, Ait. 27). 

Am. 2}fi-ni^q + 12^r + lSp^f-lSpqi--6q'. 

5. Find for the same cubic the value of 

3 + 7 7 + a"" a + H 

■ip-q-ipi--2f 







f-iij 


i. Find for the si 


ime cubic the value of 

S+y ^ y+^. + .1-^ ■ 






Aus. '- 


"*-3p=? + 5pr + 5= 




^'•-M 


Find for tie sar 


no cubic the value of 

^ + 7-'' 7 + "-^ = + fl-7* 






..„, ^- 


-Ip-'q-VUp^--^ 



Apq—p'- 

I. Find the symmetiic function S f ^1 for the same cubic. 
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!K Find ill tcims of thu cooffioieais the vsilue of 2 — j of the Ijiijuadrntic eqiiatioji 
ilpvc 2oy3S — = 2^ + 2°^;; iuid 2a2 - = 1 + 2" . 

1 1>. Find the value of 2 ~ for the equation 



1 1 , Find foi' the biquadratic of (iuestioti 9 the value of 

(S7-06) (7a--j3B)(aB-7S). 
(.'ompai'o Ex. 22, Art. 24. Aiis. r 

VI. Find the vnliie of 2 Kn + fii}^ (fl-7)" of the loots of the cubic 



Am. — ^ {aaa-L^dff. 
13. Find the symineiric function 2 — — ■ of the voote of tlie equation 

'rie given fiinctitm. may be wiitton in the form 



-!.- + ; + - + ..)-'• 

H. Clear of mdicals the equation 
sod eipraas the coefficienta of the I'eaulfiiig equation in ( in teima of tie 
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15. If a, 3, 7, ! be the iw)t9 of the tiqimdiatic of Question. 9, pivjve 

(a= + l)(eHl)(7^ + l)[8= + l)=(l-j + s)= + (p->f- 
Substitute in turn eaeli of tbe roota of the equation afl + 1 = in the iileTitity of 
Art.16, and mtiltiply. 

16. For Hie geneiiJ. eqmifion pioye 
(aiHl)(«a'tl)....(a->= + l)-(l-J^ + Pl-...)- + (?',-?>3+...)=. 

17. If o, ,8, 7, S be the roots of the equation 

prove ^ 



1 8. The distances on a ligM line of two pail's of points from a fixed oiigin are 
the roots (a, fi) and (a', B) of the two quadrfttic equations 

Bi' + 24a:+i;=0, o'r' + 24'i+c' = ; 
piyjve that when one pair of the points are the hBnn.onioconjugafe.'iof tho other pair, 
the following lelation esiste :^ 

Bc' + o'c-2ii' = 0. 

19. The distaueeB of three points A, S, G oa n light line from a fixed origin O 
on the line are the roots of the equation 

find the condition that one of tho points A, S, should bisect the distance between 
the other two. 

Compare Ex. 16, Art. 37. Am. o»rf-3B*c+ 2*3 = 0. 

20. Betnining the notation of the preceding qneation, £nd Qie condition that the 
four points 0, A, S, C should form a harmonic division. 

AtiS. flrf=-3icJi-2cS=0. 
'fbis esn be derived from the reeult of Es, 19 by changing the loots into their 
veciprooala, or it can be easily calculated independently. 

21. If the roota |h, fl, y, S) of the equation" 

oji' + 4iai= + 6cai^ + 4*t + e = 
are so related that n — !, |8 — S, 7 — 8 ate in hai'monie progression ; prove the reliil iuu 



B) (370-0^ -By) (2a3-B7-7a) 

Alts. (B-y + M7B-!- n>-iw3)H(S7+ oi-ya- 



Comparo Es. 18, Art. S7. 
23. Express 



Coiiipaj'e Ex. 5, Arl. 26. 
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23. Foi'ni tlie equation whose roolf ntu 

n + Bifl+oi^T ' n + (^,8 + »7 ' 

wliem 10^= 1, and n, S, 7 su'C the iixrts of the ouMc 

rtrS + 3i3:= + 3™+rf = 0. 

Compai'e Exa. 13 anil 14, Art. 37- 

24. CAku- of ladiails the following equatioii, whore ai'= I ; — 

Am. 3:i-6{n + 4)ii«-3(fl^J)' = 0. 

25. Express 

in terms of ie' + )/+ i? and iti/s, where oi'- 1. 

Am. 3 (:c3 f ;/> + i?) + 18 a^ys. 

26. If 

(.^ + j,3 + s3_3.^j„)(j;'3 + ^'S + s'a_3j;'yj') = X3+F3 + 2^-3X72, 
find X, r, .? in terras of a, j^, s ; x', y', a'. 
Apply Esaniple 4, Art. 26. 

27. Resolve 

(B + fi + 7)5=fi7-{6r+7= + ''S)' 
into three factora, endi of the seiMMid dDgree in o, B, y. 

Compare Ex. 18, Art. 24. 

28. Resolve 

1-' y Hi' + «^ - 3fBB - 2nl - 11m 
iuto fonr faoloi-a. 
Aw. {■/J+-/7n-/n)[-/'l-/m-y7i}{--yi-\ ■/m-/7i){-y7-/m+'/'^). 

29. Rfsolve 

"'" ^'■'"^' -i«S. 2(i-l-B.».4«^«](;+a,»M+«..), 

30. If 

where aj^ = l, prove 

31. Find the value of 

(=' + 31[^ + 2)(7' + 2)(S^+2), 

wliere a, 0, y, 8 aio the roots of the equation 
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Substitute in. auoceasioQ for a: the two roots of the equation a;^ + 3 = 0, imd mul- 
tiply. (Coropare Ex. 15.) 

Am. 1(J6. 

32. Resolve into simple factors each of the following expressions \ — 

(3)- (fl-7)(B+T~2«)'+(7-»)(7 + «-3fl)= + («-BK'' + B-37]=- 

Am. (I). (■2«-B-7)(2«-7-")(27-<'-e). 

(2). -9(S-)'] (?-•')("-«■ 

33. Fiud the condition thiit tlie cnbie equation 

should have a pair of roots of the form o + a y— 1 ; and show how to determine 

If the real root is b, we eaaily find, by funning the sum of the squai'es of the 
roots, p'— 3s = S*. The leq^uired e<indition is 

34. Solve the cq^iiafion 

.i;S-7aT= + 20a:-34 = 
whose roots are of the form indicated in Ex. 33. 

A'»s. Roots 3, imd 2 + 2\/-i. 
3ft. Find the conditions that the hiquadratio ec[iiation 
X* —px^ + qx^ - ra; + f = 
should have roots of the form a ±hv — 1, b^i-/ - 1, Hero tbsie mnit l"- two 
conditions among the coefficients, as there are only two mdepeinlent quiutifies 
invobred in the roots. 

Am. 2,''--2q = <i. i--2is = 

36. Solve the biquadratic 

whose roots are of the form in Ex. 35. _ 

Am. 3 + 3\/^ -S + Sv'- !■ 

37. If it + ai/^ be a root of the equation 

I' + jj' + i—O, 
prove that 2a will be a root of the equation 

38. Find the condition that the cuhie equation 

n^ +px'' + jx + )■ = 
should have two roots a, connected by the relation afi + I = 0. 

Alls. 1 + J -fyi- + )■'- = 0, 

39. Find the condition that the biquadratic 

should have two I'oots connected by the relation oj8 + ] = l) . 
The condition arranged aoconling to powers of a is 
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■10. Solve tliB Gqiiiitiun 

three roots of wMeh. are in Ilarmomo Progression, and two of the foim + «. 

Ans. Roots ± 1, % 'A, (i. 
41. Find the value of 3 {01-01)^0304 a„ of the roofe of the equation 

This is readily reducible to Ex. IH. 

Ans. (-1|" [pipn-l-'t''Pn\. 

i'i. If the I'Oots of the eq^iiatioii 

(^ig" + «ni!t^' + " J "^ '^33:'^^+ -l-n„ = 

be in Arithnnitical I'l-ogiiission, show that they con be obtained from the oxprossion 

by giving to )■ all the values 1, H, 5, »i-l, when n is even; and all the values 

0, 2, 4, 6 If - 1, when n is odd. 

43. Eepresenting the differences of three qiiautitiea o, 3, 7 by 01, ft, 71, as 
follows :— 

Bi = S-7, fli = 7-<'- 7i = ''-J3; 
prove the relations 

ai3 + 5i' + 7!' = 3ai^i7i, 

ai» + ei= + 71* = ^ { Bi= + SiH 71' } «i ^1 71 - 
These can be derived by taking 01, fli, 71 to be roots of the equation 
i' + ja; - )■ = 
(where tJie Kecond teiin is absent sinee the sum of the roots = 0) , and ealculating the 
syminetrio functions Stii', %a\\ 2ni° in terms of q and r. The process can be ex- 
tended to form Zoi*, Sni', Sua. They are all capable of being expi-essed in terms of 
tJie product a\ S\ 71 and the sum of equai'es bi' + Si' + 71' ; tie former being equal 
tor, and the latter to -2 (,8171 +7101 + ttift), or-Hj. 

44. If a, S, 7 be the iixits of the cubic 

doa^ + 3Bi3;' + 3niK + a3 = 0, 
find the value of 3 (S — 7)' in teiins of the coefficients. This js easily obtained by 
means of the aecond rdation in Ex. 43. 

Am. «o'S(fl-7)'=162(a„«.j -(!,')=. 
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CHAPTER IV. 

■ION OF EQUATIONS, 

29. Tra.nslormation of Equations. — We can, without 
knowing; the roots of an equation, transform it into another 
whose roots shall have certain assigned relations to those of 
the proposed. The utility of this process consists in the fact 
that the discussion of the transformed equation will often he 
more simple than that of the original. We proceed to explain 
the most important transformations of equations. 

30. Roofs with. Signs changed. — To transform an equa- 
tion into another whose roots are those of the giveii equation 
with contrary signs, let a„ oj, 03, . . . an ho the roots of 

x" +piX'"'^ +^.;ij;"~' + . . , . p,i„iiv +p,i = ; 
then 

tc''+^i*'""'+^sC(i"""+ . . . + Pn-\(e-^ Pa^ {^ - a\) {x-a-i) ■ ■ ■ (« - a„) \ 

change x into - ?/ ; we have, then, whether n he even or odd, 

y''-p,y'^' + p%^^-. . . ±p.^iy+p^^{y+a,){y + a^). . . {?/ + «„). 

The polynomial in y equated to zero is an equation whose 
roota are - tti, - oj, . . . - a„ ; and to effect the required trans- 
formation we have only to change the signs of every aUemate tm'm 
of the given equation beginning with the second. 

Examples. 

1 . Find t]ie equation whoae roota ai-e tioGB of 

Ei + 7a>^ + 7«= - Sa;H ar + 1 = 
with, their signs changed. Am. a:' -7s^ + 7.tH 8J^^ + ft- 1 =0. 

2. Change the signs of tie roots of the equation 

ie'' + 3j!' + a,'^-.r= +79.- + 2 = 0. 
[Supply the missing teiTus with 
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31. Roote Hliiltlplied by a Cfiven duaiitlty. — To trans- 
form an equation whose lOots are qi, Qs, . - . «„ into another whose 

roots are ma^, mm, ■ - . '»"», we change x into — in the identity 
of the preceding article. We have then, after multiplication 
by m", 

^ + m2!ip"'''' +m^Pii/'~^ "f . . . + m''~'p^iy + m"p„ 

^{i/-ma,)(l/-}l!ai) .... (//-ma.,). 
Hence, to multiply the roots of an equation ty a given quan- 
tity m, tee have only to multiply the suceesdae coeffidents, beginning 
with the second, by m, m\ >»', . . . m". 

The present transformation is useful for getting rid of the 
coefScient of the first term of an equation when it is not imity ; 
and generally for removing fractional coefficients from an equa- 
tion. If there is a coefficient ffi) of the first term, we form the 
equation whose roots are aoa„ a^m, . . . (f(ia„; the transformed 
equation will be divisihle hy «o, and after such division the coeffi- 
cient of x" will be unity. 

When there are fractional ooefKoients, we can get rid. of them 
hy multiplying the roots "by a quantity m, which is the least 
common multiple of all the denominators of the fractions. In 
many cases, multiplication hy a quantity less than the least 
common multiple will be sufficient for this purpose, as wHI 
appear in the following examples : — 

Es&UFLliS. 

1. Chai^ the equation. 

3a:*- 43:^ + 49^ -23^ + 1 = 
into anotlier the coefBcieiit of whose highest ferm will be unity. We multiply the 
roots by 3. 

Ans, 3;*-4:i3+iac=-183! + 27 = 0. 

2. Eemove the fi'aotioual eocfficicnta from tko eq^uation 

--s-'+r-'-- 

Multiply the roots by 6. 

Am. 3!S-33;= + 24i-216 = 0. 

3. Eemove the fractioiml coefficients from the equation 

By noting the factors wliich occur in the denominators of these fractions, wt* 
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easily observe ttat a nvunliei- muc;li smitllei- tlifin the least ci 
suffice to remove the fracfions. If tlia reqnhod multiplier 
transformed equation, thus ; — 



it is evident that the value 6 for m will make each coefficii 
have only to m.ultiplj tte roots l)f 6. 



ifi fracfioual coefScients from the equation 



1000 



The student must he carefnl in examples of this kind to supply the missing 
Sims with zero coefficients. The I'eqiiii'ed multiplier is 10. 

Ans. s*+303:"-+5303T+ 770 = 0, 
5. Remove ttc fitiotional coeffieientB from the equation 

-ii = o. 

900 



+ ^^- 



33. Reciprocal Roote. — To transform an equation into 
one whose roots are the reoiprooals of the roots of the p 



C.J' 



hence, if in the given equation we rephice x by -, and multiply hy 
)/", the resulting polynomial in y equated to zero will have for 
roots — , —,,..—, 

EXiMPT.H. 
Find the equation whose I'oot? are the rociprocala of those of 



eq. 


uati( 


)n, we chanj 


'fiXll 


ato-: 


in the id. 


entity 


gives, : 


after certain 


easy 


reductions, 




1 

y" 




.^^*- 


y 


'■+P«-- 


^$(- 


3^- 


or 
















r^ 


^^-^ 


V-^4 


Pn 


'*hk' 


-'^ 
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33. Reciprocal Equations. — -There is a certain class of 
equatious wkich remain unaltered when x is changed into -. 
These are called reciprocal equatimis. The conditions which must 
ottain among the coefficients oi an equation in order that it 
should he one of this class are, from the preceding Article, 
plainly the following : — 

= Pn — = *ij, &e. . . — =B„_i, —-P,,- 

Pn P« P« p. 

The last of these conditions gives p%= 1, ovpa-±l. Be- 
eiprocal equations are di\-ided into two classes, according as p„ 
is equal to + 1, or to - 1. 

(1). In the first case 

P,i-l =Pl, Pa-'i =Pt, • ■ • Pi =Pn~i ; 

and we have the first class of reciprocal equations, in which the 
coefficients of the corresponding terms taken from the beginning and 
end are equal in magnitude and ham the same si^ns. 
(2). In the second case, when^JB = - 1, 

Pn'i = -P>! P'i--i = -Pi, ^li- ■ ■ •Pi--p^\\ 

and we have the second class of reciprocal equations, in which cor- 
respo^iding terins counting from the beginning and end are equal in 
magnitude but different in sign. It is to be observed that in this 
case when the degree of the equation is even, say n = 2m, one of 
the conditions becomes ^™= -/),„, or_pm = 0; so that in reciprocal 
equations of the second class, whose degree is even, the middle 
term is absent. 

If a be a root of a reciprocal equation, - must also be a root, 
for it IB a root of the transformed equation, and the transformed 
equation is identical with the proposed ; hence the roots of a 

reciprocal equation occur in pairs, a, ~; fi, ^ ; &c. When 

the degree is odd there must be a root which is its own 
reciprocal ; and it is in fact obvious from the form of the equa- 
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64 Transformation of Equatiom. 

tion that - 1, or + 1 is -fchen a root, according as the equation is 
of the first or second of the above classes. In either case we 
can divide off by the known factor (« 4 1 or a^ — 1), and we are 
left a reciprocal equation of even degree and of the first class. 
In equations of the second class of even degree .r' - 1 is a factor, 
since the equation may be written in the form 

X" -\+p,x{x"-'-\) + ...^<i. 

By dividing by a^' - 1, this also is reducible to a reciprocal 
equation of the first class of even degree. Hence all reciprocal 
equations may be reduced to those of ihe first class whose degree is 
even, and this consequently may he regarded as the standard form 
of reciprocal equations. 



I rodpi'ocal equation, of even, degree Hiid of first class 



34. Tn InvrtiRse or JUiminish tJie Roote by a Slven 
4,aantity. — We change the variable in the polynomial /(ij;) by 
the substitution x = p+ h; the resulting equation in y will have 
roots each less or greater by A than the given equation in x, 
according as h is positive or negative. The resulting equation 
is (see Art. 6) 

, f"w ... , r'w , 

1.2. 3-' 



fik)^f{h]i,+ '-^f + -'^-^r + ....=0. 



There is a mode of formation of this equation which for 
practical purposes is much more convenient than the direct 
calculation of the derived functions, and the substitution in them 
of the given quantity h. This we proceed to explain. Let the 



., = 0; 
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2'o Increase or Diminish the Roots. ^b 

and suppose the transformed polyuomial in y to be 

A„y" + Aiy""' ^^ Aty'"''^ + . . . v A.,i^,y + A,i: 

since y = x-h, this is equivalent to 

A^{x-hY-rA,{x-hY-' + ... + A,^.,{x-h)+A„, 

which must be jdeiitieal with the given polynomial : we conclude 
that if the given polynomial be divided by « - h, the remainder 
is An, and the quotient 

yJ,(a!-/i)''-'+^i(iK-/*}"-' + ... + ^„-.(a^-A) + ^«-i: 

if this again be divided by a^ - A, the remainder is -d^i, and the 
quotient 

A,[x-h)''--' + A,{x-hY-^ + ... + A„.,. 

Proceeding m this way, we are able by a repetition of arith- 
metical precedes, of the kind explained in Art, 8, to calculate in 
snceession the several coefficients A^, Aj^„ &o., of the trans- 
formed equation ; the last, A^, being equal to So. 



each dimimelied. by i. 

The operation is beat exhibited as follows : — 



Here the first division of the given polynomial by ^ - 4 gives the remainiler 
- 9 (= Ai), nud the qaotient a' - ^ + 3a; - 5 (cf. Ait. 8] , Dividing this again by 
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Transformation of Equations. 

e get the remainder 55 {= Aa), and fte quotient ic' + 3a; + 15. Dmdingthis 
^3 (=.^2), and quotient « + 7; and dividing thU we get 
Jie required tranafonned equation is 



lV + 43i/= + 55y-9 = 0. 



. Fiuil flic eqiiatio 
diminisiiGcI by 3. 



Tte transfomicil equation is, therefore, 

y' + 15;/^ 94f^+ 305!,i+a07y + 353 = 0. 

The student is I'econimended to attend carefully to theae examples ; as he will 
finfi, when we come to a discussion of the general solution of niuneiical equations, 
that tte most con^-enient method of effecting such solution is only a repetition of the 
procesB here desciihed. 

3. Find the equation whose roots ai-e those uf 

each increased hy 2. 

[The multiplier in this operation is, of coui'se, - 2.] 

Am. V - 40 j,^ + 1582/'- 308 j2+ 303i/ - 129 = 0. 
A. Increase by X the roots of the equation 

Am. Syi - 77;/= + llHy'^ - 287(i!/ + 405S = 0. 
0. Diminish by '23 the roots of the equation 

5a:S.-13.i:5-123; + 7 = 0. 

The operation may he conveniently performed by fiM diminishing the roofs hy 

20, and ihen diminishing the iimls of the transfoimed equation again hy 3. Thp 
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s may be, eslirtited in two stages, as follows, the hrakeu lines mmking the 



Am. 6j'+332jH7325j/ + 53689 = 0. 

35. Removal of Terms. — One of the chief uses of the 
transfoi-mation of the preceding Article is to remove a certain 
specified term from an equation. Such a step often facilitates 
its solution. Writing the transformed equation 
powers of y, we have 



Ai,y" ■ 



' jn^'"'^'^-' ^" " i)«'^'+«=jr"+ ■ -=0- 



]Jf Abe such as to satisfy the equation «floA + ai = 0, the trans- 
formed equation will want the second term. If h be either of 
the values which satisfy the equation 



the transformed equation will want the third term ; the removal 
of the fourth term will require the Bolution of a cubic for h ; and 
so on. To remove the last term we must solve the equation 
f{h) = 0, which is the original equation itself. 
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1. Transfonn the eqiiution 

kS - Ci' + 43; - 7 = 
iii(o one which ahall want the second term. 

nanh + oi = gives A = 3. 
Diminish the roots by '2. Aiis. tp ~-&y - I'l — '^■ 

2. Trauaform the equation 

*' + 8:t' + 3:-5 = D 
into one which ehall waat the second terai. 

Increase the toots by 2. Ans. «/' — 24j^ + 0&y - 55 = 0. 

3. Transform the equation 

into one which shall want the thii'd t£mi. 
The quadratic for h is 

6/('-12A-I8 = 0, gb.-mgh^'i, A = -l. 
Thna there em two ways of effecting the transformation. 
Diminishing ihe roots by 3, we obtain 

(1) j,' + 8jr3_lU^_196 = 0. 
Increasing the roots hy 1, ire obtain 

(2) ^'-8^=- 17;-- 8 = 0. 

36. Binomial Coeflicicntis. — In mauy algebraical pro- 
cesaes it is found convenient to write the polynomial /(k) in tlie 
following form :— 

•(< 

in which each term is affected, in addition to the literal coef- 
ficient, with the numerical coefficient of the corresponding term 
in the expansion of (a; + 1)" by the hinomial theorem. The 
student will find examples of equations written in this way on 
referring to Article 27, Examples 13 and 16. The form is one 
to which any given polynomial can he at once reduced. 
We adopt the following notation :— 

JJ ^ anSf + iUl ^~' + '~ / ^ ^n-i ^ + nU ^ -f- (I 

thus using IT with the suffix n to represent the polynomial of 
the n"' degree wiitten with hinomial coefficients. 
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"VVo have, changing « into n- 1, &o., 

fT", ^ flgiC + Hi, 

One advantage of the binomial form is, that the derived 



functions can be immediately written down. The firat derived 
function of C„ ia, plainly, 

» j«.^. + (.. - 1) ..." + <^^ii|^,«." + . . . + ..4 

or n U,t^i ; so that the first derived function of a polynomial re- 
presented in this way can be formed by applying to the suffix ' 
of XJ the rule given in Art. 6, with respect to the exponent of the 
variable. Thus, for example, the first derived of JJ). is formed 
by multiplying the function by 4, and diminishing the suffix by 
unity; it is, then, 4P3, as the student can easily verify. 

We proceed now to prove that the substitution of y + A for 
X transforms the polynomial JI^, or 

a^iir ^ na\9f^' +; — ■ ■ ■ a^x" ' + . . . + ua^iX + a„ 

^ 2 -'■'I' -'■■■■ + «^"-'y + ^«' 
tiere 

A„ A„... J,^„ A,,, 

e the functions which result by substituting h for « in 

■P"„, U„ If,,... U,^,, U,r, 
I. Aii = a^, Ai~a„h-i- a„ jia = «u/r + 2aiA + «i, &c. . . , 

; the derived functions of /(A) by suffixes, as 
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explained in Ait. 6, we may write the result of the transfor- 
mation, i. e. f{y + A) , in the following form : — 

/{h) is the result of substituting k for ar in U^; it is, therefore, 
A^ : its first derived /.(A) is, by the above rule, «j^n_i ; the first 
derived of this again is w(m-1]^,^; and so od. Making these 
substitutions, we have the result above stated, which enables us 
to write down without any calculation the transformed equation. 



1. Finil the rosiilt of auTjstitnfing y-i-h for * iu tlie polynomial 

Ans. ai,y^+ 3('!oS + ai)^+ 3{Bt,h^ + 1a\h + Ba)^+ Bo/l' + 3niA2 + 3Bsft■^ ffj. 

Tlie student will find it a uaefnl esercise to yerily lliis result by Ihe process of 
operation esplained in Art. 34, wMeh may often be employed irith advantage in the 
case of algebraical as well ss nnmeiTcal examples. 

2. Remove the second tfiim from the equation 

We must diminish the roots by a quantity h obtained from tlie equation 



Stibstitiiting fiis vahic of h in At, and Ai, the reaulting equation in y 



3. Find the condition that the second and third terms of the equation U„=Q 
should be capahle of being removed by tlie same substitution. 

Here A^ and A^ must vanish for the same value of h ; and eliminating h be- 
tween them we find the i-equired condition. 



by i-emovjiig its second teim. 

The third tei-m is removed by the same siibslJlEition, whiih givi 
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The reqiiived i-oots ai-e obtained by auMracting 2 trom each root of the latter 

5. Find tte eonditioii that tie second mid fourth teims of the equation V„ = 
should he capable of being removed by the same irauaformation. Here the coef- 
ficients Ai and ^3 must vanish for the same value of h: eliniinating h between 
the equations 

wo obtain the required condition 

Ho^Ha- 3bii tfi fii + Sai' = 0. 

, Note. — When this condition holds among the ooefficienta of a hiq^uadratio equa- 
tion its solution is I'educible to that of a quadratic ; for when the aecoad term ia 
removed the reaulting eqiinlioii is a quadratic for j/' ; and f loni the values of y those 
of 3T can be obtained. 



6. Solve tJie equation 



+ lG.r-^ + 72.1^ + 0-l.t - 1; 



by removing its second term. 
The equation in y is 

./ ^ ■lif' -1 = 0, 

7. Solve in the same niannsir the equation 

a« J- 30«s + H3»= + 43O3; + 463 = 0. 

Am. The roots arc - 7, - 3, - 5 + ^/S. 

8. Find the eonililion tiat the same transformation ahould TCHiove the second 
and fifth terms of the equation U„ = 0. 

37, The Cubic. — On aceoimt of their peculiar interest, we 
shall consider in this and the next following Articles the equa- 
tions of the third and fourth degrees, in connexion with the 
transformation of the preceding Article. When ?/ + 7i is snh- 
stituted for a; in the equation 

floiB^-f ^UiX' + Za^x -v a-i = 0, (1) 

we obtain 

where A^, A-i, Ai have the values of Art. 36. 

If the transformed equation wants the second term, 

^,-0, orA = -"'; 
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substituting this value for h io Ai and ^3, wo find, as in Es, 2, 
Art. 36, 

hence the transformed cubic, wanting the second term, is 

f + — !(«o«i-«i')y + — (floras- 3a'o«ifl'3 + 3«i') = 0. 

The functions of the coeiEoients here involved are of such 
importance in the theory of algebraic equations, that it is cus- 
tomary to represent them by single letters. We accordingly 
adopt the notation 

(k^a-i - ff 1' = H, a^a^ - 3oofli«3 + 2«i' = G ; 
and then write the transformed equation in the form 

!/' + -^ y + -3 = 0- (^) 

We here observe that if the roots of this equation be multi- 
plied by 11^ it becomes 

s= + 3.ffs+ft = 0. (3) 

This is the form of the cubic we shall employ when we come 
to treat of its algebraical solution. The variable 
a = «„?/ = ttaa> + «,. 
The original cubic is in faet identical with 
{a,x + a:)-'+QH{a^+a,) + G = 0, 
after the factor a^ is removed from this, as the student can 
easily verify. 

If the roots of the original equation be a, ji, y, those of the 
transformed equation (3) will be 

a, a, (h 

"'a: i^'ii,; ^V/ 

or, since 



they will bo 

i(2„-/3--,), i(2fl-7-„), 4,(%-.-/j). 



y Google 



The Biquadratic. 73 

"We can write dowu immediately the values of the syimnetrie 
functions 

S(2a-3-y)(2|3-y-.);{2.^^-r)(2/3-7-"K27-»-ffl 
of the roots of the original cubic. The latter will he found to 
agree with the value already found in Ex. 15, Art. 27. 

JSCTWflri.-r-We now make with regard to the general equation 
an important observation : that any symmetric function of the 
difffii-ences of the roots a, /3, y, S, &e., can be expressed by the 
functions of the coefficients which occur in the transformed 
equation wantuig the second term. This is obvious, since the 
difference of any two roots a', /3' of the transformed equation is 
equal to the difference of the two corresponding roots a, ji of 
the original equation ; and the symmetric function of the difEe* 
rences a - /3', &o., can he expressed in terms of the coefScients 
of the transformed equation. For example, in the case of the 
cubic, aU symmetric functions of the diilerencses of the roots can 
be expressed as functions of a^, H, and G. Illustrations of this 
principle will he found among the examples of Art, 27. 

38. Tlie Biquadratic. — The transformed equation, want- 
ing the second term, is 

<m/ + QA^i'if + 4^3?/ + A.i = 0, 

where A^ and Ai have the same values as in the preceding 
Article ; and for A, we have 

lUfAi = Ua'di - 4ffi,^ffliMa + 6«^«i=fl.i- 3r7i'. 
The transformed equation is then 
6' 4 1 

We might represent the absolute term of this equation by a 
symbol like H and G, and have thus three functions of the eoef- 
fieieuts, in terms of which all symmetric functions of the diffe- 
rences of the roots of the biquadratic could be expressed. It is 
more convenient, however, to regard this absolute term as com- 
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posed of S and another function of the coefficients determined 
in the following manner :— 
aii'a4-4ao'3ifl3+6«ni!!i^«a-3ai*sfl„=(a||0!4-4«i«3+3«s')-3{oi«j-«i")°. 

This identity is otvious ; and enables iis to introduce a 
function of the coefficients 



which is of great importance in the theory of the bir|u.idiatic. 
This function is represented by tlie letter /, and we have 

The transformed equation may now be written 

We can multiply the roots of this equation, as in the case of 
the cubic of Art, 37, by (h ; and obtain 

z' + GHz" + iOz+a,"!- BH' = 0. (2) 

This form wUl be found convenient in the ti'eatment of the 
algebraical solution of the biquadratic. The variable is the 
same as in the case of the cubic, i.e. af,te+ a,. The original bi- 
quadratic is in fact identical with 

after the factor a^^ is removed from this latter equation. 

Any symmetric fimetion of the diifereaces of the roots of 
the original biquadratic can therefore be expressed by a^. If, G, 
and /. 

If the roots of the originsd equation be a, |3, y, S, those of 
the transformed (1) will be, as is easily seen, 

1(3.^/3-^-8), }(3P-T-S-.), i{iy-S-a-fi}. HaS-a-P-j). 

The sum of these = ; the sum of their products in pairs 
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continiied product we have 
«„'(3«-/3-7-S)(3j3-y-2--«)(3y-g^«-/3)(3g-„-/3-7) 
= 256K7-3^'J. 
There ie another fimetioQ of the eoeffioieiits to which we 
wish now to call attention, as it will he found to be of great 
importance in the suhsequent diseuesion of the hiquadratic. It 
is the function whicli presents itself in Ex. 18, Art. 27, i. e. 

This is denoted by the letter J. The example in question 
shows that it is a function of the difEereneee of the roots. We 
ought, therefore, to be able to expre^ it in tei'me of a^, S, G, 
and /. We have, in fact, the identity 

which the student can easily verify. 

Or this relation can be derived as follows : — Whenever a 
function of the coefficients </„, a„ a^, &g. is the expression of a 
function of the differences of the roots, it must be unaltered by 
the transformation which removes the second term of the equa- 
tion ; hence its value is imaitered when we change Si into zero, 
rtj into Ai, flj into A3, &o. Thus 

d^aiai^- ^axa^ih- a„ai - ai ai~ Oi = (toA^Ai- a^Ai ~ Ai ; 
substituting for A,, A^, At their values in terms of H, G, /, we 
easily obtain the above identity, which will usually be written 
in the f oim 

G' + 4:R'^a,?(III-a,J). 

^9. Homo graphic Transformation. — The transforma- 
tion considered ia Art. 34 is a particular case of the following, 
in which x is connected with the new variable p by the equation 
_ Xx-i- /x 
^ ~ X'lx+ti' 
If A =1, /i. = -h, X' = 0, (u'=l,we have y = x-h, as in Art. 34. 
Solving for x in terms of y, we have 

= '^ ~ "'^ 
■' A'// - A' 
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This value oan be substituted for 3> in the given equation, 
and the resulting equation of the w'* degree in y obtained. 

Let a, 0, 7, S, &e., be the roots of the original equation, 
and «', |3', y', S', &e., the corresponding roots of the transformed 
equation. We easily obtain from the equations 

the relation 



■with corresponding relations for tho diifereuoes of any other 
pair of roots. If we take four roots, and the foui' corresponding 
roots, we get 

(.--g-)fa --S-) _ (.-/3)(t-5) 

(.'-/JO'-S-) (.-y)0-S)' 
Thus, if the roots of the proposed equation represent the 
distances of a number of points on ft right hne from a fixed origin 
on the line, the roots of the transformed will represent the dis- 
tances of a corresponding system of points, so related to the former 
that the anharmonio ratio of any four of one system is the same 
as that of their foux conjugates in the other system. It is in 
consequence of this property that the transformation is called 



It is important to observe that the transformation here con- 
sidered, in which the variables »■ and i/ are connected by a relation 
of the form 

Ar!/+Bx+Ci/+D = 0, 

Is the most general transformation in which to one value of either 
variable corresponds one, and only one, value of the other. 

40. Traosforiaatloii in «eneral.— In the general prob- 
lem of transformation we have to form a new equation in y, 
whose roots are connected by a given relation ip {x, y) = with 
the roots of the proposed equation f{w) = 0. The transformed 
equation will then be obtained by substituting in the given 
equation the value of x in terms of i/ obtained from the given 
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relation ^{x, y) = ; or, in other words, by eliminating <« be- 
tween the two equation8/{«) = 0, and ^ («, y) = 0. For example, 
suppose it were required to form the equation whose roots are 
the sums of every two of the roots [a, /3, 7) of the cubic 

'^ -p^ + jfl! - r = ; 
here 

y-0 + 7 = a + /3 + 7-a=^-a- 

The equation ^ (x, 2/) = is here y = p-x; for when x takes 
the value «, y takes one of the proposed values ; and when cc takes 
the values ^ and 7, y takes the other proposed yalues. The 
transformed equation is then obtained by substituting 'p ~y for 
.r. in the given equation. 

Examples. 
1. If B, fl, 7 be ihe roots of the cubic 

foiin the eqviatioQ whose raots are 

,37 + -, 7a + -, afl f - ; 



II is tJicn obtuined by 



and the given relation is 


1 iy = 1 + I- ; the fi 


ansforniod eqiiit 


Bubatituting for a; i 


■i/W = 


= 0. 






Am. ry'- 


i[i + .-)s^+y(i 


2. Form, for tlie sam 


,9 cubic, 


. the equatjo 


n whose roots a 




ls + 07 


oR + &y, &y + 07. 


3-y 




Am. 


V^-1gp^+{p> 


3. Foiin, fov the eam 


.e cubic, 


the equatioi 


1 whose roots ai 




B^V- 


a 


y 




-<.' 7+a- 


■fi' a+fl-7 


Substitute ^-^ for 


-.. 







^«s. (p= - 4pj + 8i) j,^ -1- [p^ - ipq + 12r) y^ + (6r - pj) ji + f = 0. 
41 . Equation of Uilfereiices of a Cubic. — We shall now 
apply the transformation explained in the preceding Article to 
an important problem, i.e. the formation of the equation whose 
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roots are the squares of the differences of those of a given eutie. 
We shall do this in the first instance for the cubic 

«^ + 5« + r = 0, (1) 

in which the second term is absent, and to which the general 
equation is easily reducible. Let the roots he a, )3, 7. We 
have to form the equation in y whose roots are 

n' +3'+ 7^ = - 2q, a(iy = -r. 
The equation {x, y) of Art. 40 takes here the fonn 

x'+iy + 'iqjx-^r^d; 
subtracting from this the proposed equation, we get 



{,j^q)x-!ir.lS, or,.-- 


+ <?' 






hence the transformed equation in y is 








yH6j!/= + 9$'!/ + 45^ + 27>'= 


= 0. 




(2) 


If it be proposed to form the equation 


whose roots ai 


■e tho 


squares of the differences of those (a, /3, 7) 


of the cubic 




«oit^ + 3aia;^ + 3«sa' + ffl3 = 


0, 




(3) 


wo first removQ the second term ; the res 


iulting 


; equation (see 


Art. 37) is 

, 3ff G ,, 

?/' + — ; y + — = ; 









and the required equation is the same as the equation of diife- 
rences of this latter, since the difference of any two roots is 
unaltered by removiug the second term. We can thiis write 
down the required equation by putting 
^H G 

5 = ':;t! *■=— 3 
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1 the above. The result is 



wbicli has for roots 

(i3-7)'. (7-«)". («-i3)'- 
The equation (4) can be writteti in a form free from fractions 
by multipljiug the roots by a^. It becomes then 

a^ + 18^^= + 81//=^+ 27 ((?= + 4_H"=) = 0, (5) 

whose roots are 

<lfi-'/Y -.'h--)', <W-Si)'- 

We can ■write down from this an important function of the 
roots of the cubic (3), i.e. the product of the squares of the dife- 
fences, in teiins of the coefflcien,ts : — 

<0-7>H7-°)=("-^r = -27(G= + 4^^). (6) 

It is evident from the identity of Art. 38 that G'' + iH' 
contains a^ as a factor. "We have in fact the equation 

G^ + 41^3 s So^ !«„'«/- 6ii„a,a3(i3 + 4oo«j'H- 4fli'a3-3V<'a°}- 
The expression in brackets is called the discriminant of the 
cubic, and is represented by A ; giving the identities 
G^ + iH'^a^^ii, HI-a,J^^. 

Examples. 

1 . Forai the eqimtion whose roots are the squai-es of the differentes of those of 

x> - 7.J -I- 6 = 0. 

Am. j^-42!;i + 44l)/-100 = fi. 
•L Foim the oiiuation of difffii-ciices of 

I'irst renioTe the seeomJ term. 

Ans. j3-30i(' + 225y-68 = 0. 

li. rrom the equation of difporencea of 
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42. Criterion of the Kature ofllie Roots of a Cubic. 

— We can from the form of the equation of differences 
obtained in Art. 41 derive criteria in terms of the coeffi- 
cients of the nature of the roots of the algebraical cubic. For, 
if the equation (5) of Art. 41 has a negative root, the cubic ((3) 
Art. 41) must have a pair of imaginary roots, in order that the 
square of their difference should be negative ; and if (5) has no 
negative root, the cubic (3) has all its roots real, since a pair of 
imaginary roots of (3) would give rise to a negative root of (5). 

The following four cases exist : — 

[1). . When G^ + 4Zf* is negative, the roots of the cubic are all 
real.— ^01, to make this negative H must be negative (and 45"' 
> 6^) ; the signs of the equation (5) are then alternately positive 
and negative, and, therefore (Art. 20), (5) has no negative root ; 
and consequently the given cubic has all its roots real. 

(2). When (?' + iS^ is positive, the cubic has two imaginary/ 
roots. — For the equation (5) must then (Art. 13) have a negative 
root. 

(3). When G' + 4JP= 0, the cubic has two equal roots. — For 
the equation [5) has then one root equal to cipher. This is called 
the condition for equal mots. 

(4). When G = 0, aitd H= 0, the cubic has its three roots equal. 
— For the roots of (5) are then all equal to cipher. These are 
tlie conditions that the cubic should be a perfect cube. They may 
also be expressed, as can be easily seen, in the form 



43. Transformatton of Kquatioiis liy SyDimctric 
Functions. — Suppose it is required to transform an equation 
into another whose roots shall be given rational functions of the 
roots of the proposed. Let the given function be ^ (o, j3, 7 . . .), 
where ^ may involve all the roots, or any number of them. 
"We form all possible combinations (}i{a(iy), $(o/3S), &o., of the 
roots of this type, and write down the transformed equation as 
follows ; — 

(!,^t{.(37...))|l/-*(a/3S...)]....0. 
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"Wlieiithia is. expanded, the successive ooeffiolents of ywill be 
Bjnunetrio fanotions of the roots a, |3, -y, &c., of the given equa^ 
tion ; and may therefore be expressed in terms of the coefKoients 
of that equation. 



are a, S, y; fin<l tli« cquafaon whose TOOta are a', B% 7'- 
Suppose the tranatormed equation to be 

j= + Pj' + % + Jf = (I ; 
then 

and we hare to form tio symmetric fanctions 2a', Sa^S', o^jB-y', of (iogiFen equa- 
tion. "We easily obtuin 

and the triuisfoimed equation is 

^- (j,i - 2j)s,= + (j= -^ 2pr) !/-," = 0. 

2. Find for the same cubic the equation whose roots am o', B', y^. 

Am. ^+{ifi--3pg + 3)-)j'= + (?'-3pir + 3;'ls + »-* = 0. 

3. If n, 3, 7, S be the loois of 

x^ + px'^ + gx^ + r}:-!-! = 0; 
find the equfttion whose roots are a'', 3', y', S'. 
Let the transformed equation be 

l/' + Fy'+Qf + lty+S^^O, 

We have then the required equation (of. Examples 8 and 17, Art. 27). 

Am. p*-li^-2s)ff' + iq^-2pr+2^ji/^~i>^-2q>)i/ + ^ = 0.. 
■J. If a, 3, 7, ! be the route of 

003!' + 4aiit' + 6(!sa' + 4033^ + ai = ; 
find tte eqiMion whose rootB aie A, /i, f; viz., 

Py + oS, 70 + 68, aB i yS. 

See Ex, 17, Art. 27. 

Am. p^-^y'+—^{inai-aaa^ff j(2flon3"--3«oB3«i + 2oi'(ii) =0. 

5. Show that the transformed equation, when the roots of the resulting ciitiic of 
Es. 4 are multiplied hy 3 nj, and the second term of the equation tliou removed, i? 
t» - J5 + 2/ - 0. 
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82 Transformation of Equations. 

44. Formation of the Equation whose Roots oi'c any 
Powers of those of the Proposed. — The method of effect- 
ing this transformation "by symmetriG functions, as explained in 
Art. 43, is often laborious. A much simpler process, involving 
only multiplication, can be employed. It depends on a know- 
ledge of the solution of the binomial equation 
(P" - 1 = 0. 

This will be given in the following Chapter. The general 
process will be sufficiently obvious to the student from tlie 
application to the 2nd and 3rd degrees which will be found 
among the following examples : — 

EXAJII'LKS. 

1 . To form the eq^uation whose roots are the squares of the roots of 

a;«+yia:«-i+^ji>i-s + + p,.-iOT + ;)„ = 0. 

To effect this trnnsformation, we have the identity 

3fi-\-p\lf-^+PiX"-^-\-. . . -i- p„-\X-{ Pk = (X- ai){:c -- ai) ...(x-a„) ; 
change a into — x, and. obtain, M in Art. 30, 

multiplying these eq^ualdona, we have 

(«" + pjJT«-Hj>4a''-^ + .-.)'-(Pia'^' + P3a''-H...)'s(;t'-a,=)(*2-Bi=)... (*=-a„'); 
it is evident that the first member of this identity contains, when expanded, only 
even powere of a: ; we nioy then repiaee aS'hy y; and get 

V" + [^Pi -P\^) V''^ +(?!'- 'ipiP3 + 2i>4) r"° + ■ ■ ■ = (y - w'} (? - as^ - ■ ■ (j/ - a»')- 
The first memher of this equated to zero is the required transformed equation. 
N.5. — This transfommlion will often enahle ua to deteimine a limit to the num- 
ber of real roots of the proposed equation. For, the square of a real root must he 
positive ; and thereforo the original equation cannot have more real roots thiui the 
tranaformed has positive roots. 

2. Find the equation whoso roots are the squares of those cf 

Ana. if + 15y' 4 52i/ — 36 = U. 
The latter equation, by Descartes' rale of signs, cannot have more than one 
positive root ; hence the former must hiive a pair of imaginary loota. 
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3. Find the equation whose roots ure the aquai-cs of the roots of the equation 

a;' + 3^ t a^ + 23T + 3 = 0. 

Am. y^ + 2i/ + 5f -\- 3p^ - 2rj - g = 0. 
It follows from Descorfas' rale of signs that the original equation must hare 
four imaginflry roots. 

4. Verify hy the method of Ex. 1 the Examples 1 and 3 of Art. 43. 

5. To form the equation whose roots are the cuhea of the roots of 

It will be obseiTed that in Ex. 1 tile process consists in multiplying together 
f{x), the given polynoniiaJ, &nA/[- x) ; the TOiiaHea involved in these being those 
obtained by multiplying x by the two roots of the equation a:' — 1 = 0. In Ifee 
present case we must multiply together/(a:), f[<ax), /{a'x) ; tho variables involved 
heu^ obtainedby multiplying a: bylie roots of the equation 3^ - I = 0. The trans - 
foimation may be eonveniently represented as follows : — 

Write the polynomial /(a:) in flie form 

whieh we reprosent, for brevity, by 



whieh F, Q, and Ji ai'e aU functions of 1=. 






We have then 






F+xQ^x^S^(^-<,{j{^-ai).. 


..(*■-„„). 




Changing, In this identity, a into ua and b% siie( 


ieesively. » 


■e obtai 



P+»iQ + <.=a:'ii = («a-a,)(»3:-as)...{»a;-<<„), [2) 

P+B=iQ + »3:'ii ^ K3,'-ai)("'a;-tt,) . . . (»=a:-B„), (3) 

since P, Q, and S, being fimotions of a:', are unaltered. 

Multiplying together the eqiiatbna (1), (3), (3), and attending to the riiaiilts of 

Art. 26, we obtain 

The first member of this identity contains x in powers which are mnltipleH of 3 
only. We can, therefore, substitute y for i' and obtain the I'eqiiired tranafoi-med 
equation. 

6. Find the equation whose roots are the cubes of the roots of 

Am. p^ + liir^ + iO'f-iGif + l = 0. 

7. Verify by the method of Ex, r, the result of Ex. 2 of Art 43. 

8. Form the eqiiation whose roots are the cubes of the roots of 

Bj;' + 3is^ + 8ffic + rf=0. 
Aim. a't/'< + S{a^d + W~Sa6c)p^ + 3{iid^ -^^ ^e" - SUd)}/ + d" = 0. 
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MlSCELLANBOTTS EXAMPLES. 

1. The roots of the equation 

15-63^2 + 11^^-6 = 
ai-e a, R,i; fomi the equation w]iose roots are 

^2 + y\ yi + b', o' h fl'. 

-iM. </ - 28),' I- 245i/ - 650 = 0, 

2. The roots of fie cubic 

ai« a, fl, t; form the equation whose roots am 

1 1 1 J^ 1_ 11^' 

^+-3-^' y+^-^' ^"^S^-^- 

^«. ;,= -H2j,= -ir9i/-2072 = 0. 

3. The i-oots of the ciihio 

i. The roots of tie euhio 

^3 4- pi3 + js: + r = 

being a, Si 7 i form tho equation ivhos9 roots ure 

Alls. ^ - (p'- 2j) i/' - (?!^ - 4;i=? + S^J'),^ +p'> - 6p'q + Sp^r 

5. If o, 0, 7 be the toots of tie cubic 

i3-3(l + o + B^K + l + 3a + 3BH2a3 = 0i 
prove that {0 - 7] (7 - «) (» - j8) ia a rational function of ». 

J«s. ±9(l + fl + .2), 

6. Find the relaljon between 9 and Roi the cubic 

«i)i' + 3ni3T' + 3oi3^ + lij = 

when its roots are so related that (fl - 7)', (7 - a)^, (a - 5)^ are in arithmetical 
progression. 

Am. G^i-2H^ = 0. 
1. If a, fl, 7, ! be the roots of 

find the value of 

Am. 0. 
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Mtseellaneous 

8. Prove that, if 

{(^-7)={o-B)n(7-«)'(-8-S)U(a-S)*(7-B)M' 

B . Solve ■tie enuntion 

j;5-i^ + 8a;=- 9^-15 = 0, 

whitli liaa one root of the form. 1 + as/ - 1. 

Diminish the roots by 1 ; substitute ay'— 1 for a: ; we finS tint a must satisfy 
oi_3tt^_4 = 0, and a'-6B^ + 8 = ; Iienoeo = + 2. Hsnoc the f iietoi' a^ - 2a; + 5. 
The other factors Di-e (3t4 1)and (3:=- 3), as is evident. 
10. The roots of the cubic 

aoE> + SsiJ:* + SmsI + 03 = 
are a, j9, 7 ; form the equation whose roots are 

18 + 77 7 + "^ « + ifl- 
This question lias been already solved in Art. 40. Wo give Eere another dilu- 
tion whicii, altbough in this particular instance it is not the Eimplest, will be 
found coiivenient in many examples. Let the roots of the given, equation, be dimi- 
nished by h. The tiunaformed equation is (Art. 36) 

Buy^ -^ ^A^y^■^ 3.^1 y 4 ^3= 0, 
whose roots are a - A, $ ~ h, y ~ h. We eipress iJie condition that this equation 
should have two roola equal with opposite signs. This condition is (sea Ex. 17, 
Art. 24) 

9AiAi~at-i3 = 0. 

This equation ia a cubic in h whose roots ai« 

S{B + r). i(T+-). *{•<»); 

for the above condition is 

(fl - ft) + (7 - S) = 0, 

2/. = B + 7 ; 
where 3, 7 represent indifierently any two of the roots. 
11. The roofs of the biquadratic 

Box^ + loiit;' + 6(iii' + iosx + 114 = 
are a, ft 7, B ; form the sextic, wiioafl roots are 

e + 7- 7+"- « + i8i "i-*- 3 + B, 7 + 5- 
Employii^ the method of Ex. 10, tie roquii-ed equation can be obtained from 
the condition of Ex. 20, Art. S4. 
The oondition is in this case 

This is tt Bestic in A whose roots are ^(B + 7), &o., and the i-equired equation 
can be obtained by forming the equation whose roots ai-o double the roots of this 
equation. 
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13. Form for Ihe ciilieof Ex. 10, the equafioii whose roots are 

fl + 7-2o' 7 + a-20' „4,8-27" 

Diminish tho roots by h, and express the oonditioii that the iT^sulting cubic 
shouH have its roots in geometric progression (see Ex. 18, Art. S4). The con- 

This will be found to I'oduoe to a cubic in h ; wliose roots uto the values aboi-e 

(a - hf = [B-h){y- h), or h = ^^Trk- 
13. Forin for tlic same cubic ttc equation whose roots ni-e 



.s by h, and express tlie condition that tio transformed ciil 
ssion (see Ex. IB, Art, 34). We have 



-h B~h y -h' 
_ 2 Sy -ad- ay 



n-hich will bo found to I'eduoe to a cubic. 
H. The iDota of the biquadratic. 

Boa;' + *«::);=+ 6ii3s' + lflji -I- ui = 
nro a, B, f,^', Sid the eabie whose i-oots arc 

fly -aS ya-B S aB-yS 

,8 + 7-0-8' y + a-B-S' a + B-y-S' 
Diiiiinisli the roots by A, iind employ the condition of Ex. 2!!, Art. 2i. The 
condition is in this case 

Al^'Ai-m|As'=^0, 

which reduces to a cubic in h whose roots are the values above written, 
l.'i. Find the equation whose roots am the ratios of the roots of the cubic 

The general problem can be solved by elimination. Let /(x) = I) be the given 
equation, and p = — = tJie ratio of two TOots ; then since /(,9) = 0, we have 
/(pa) =■ 0, also/(a) = ; and the required equation in p i? obtained by eliminating 
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Miscellaneous Examples. 87 

a between thaac two latter equations. For the cu1)ic in tlifl prcacut example tlie 

16. If a, y3, 7 be tJie roofs of 

Iwax the eqiiaSou whoae roots are 

5^ + 7^ 7^ + »', a^ + yS'. 
Ans. x^~i{p'-1q]s? + (pi---ip''q + hq^-2pr)x--(p'q^ -2yi' + *M» - V-'")=0- 

1 7. Forai for the same cubic the equation whose roots ai'o 

tj^l X + ^- ^4.^ 

-{p-'ff-2p^riipqr-2f -1-^)^0. 

18. If a, 3, 7 be the roots oi the cubic 

i= + -jar + 1- = 0, 
form the equation whose roots are 

la + le^y, 10 + >H7a, ly + maff. 
Am, J/' — )M(?!/^ + {i\ + Slmf)y-i (V~ I'mg' --'Miirqr -m'l-- = 0. 

19. If n, ,8, 7 be the roots of the cubic 

liiid tlie eqiiatjoji whose roofs sre 

(u-3)(a-7), (S-7l(B-"). (7-«)(7-fl)- 

, US „ 27(05^+41/3] 

^M. y^-i--—,^^ —^^ — ^= 0. 

20. Form, for the cubic of Ex. 19, the eqiiation whose roots are 

(a-#(2.-»-r)>, (7-.)"(2«-7-.)-, (.-«)"(2j-«-«)'. 
The requireil equation, can he obtained by f ocmirg the equation of the squares of 
the differences o( the roots of tie cubic (4) of Ait. 41, since 

(y-a)''-(a-B?=(B--yj{2a~B~y). 

21. Form, for the cubic, Ex. 16, the equation whose roots are 

«iS-■7)^ fl(7-< 7{''-e)=. 
Let the tiansfoimed equation be x^ + Fi!' + Q.v + S = 0. 

Jus. F = pq-Si; Q ^ g^ - epgr -i- 27/'' + p'r, 
S = ~- r{iq' + 27!-' + ip\ - ^f^s^ _ 18^5,.). 

22. Foim, for the cubic, Ex, 1(5, the equation whose roots are 

nH2^7, e= + 27tt, 7= + 2a^. 

A„s. F=-p~-, Q = q{2p'--3q), 
-if = ijfr - Up^r + 25' + 27i'=. 
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CHAPTER V. 



■ RECIPKOCAL AND BINOMIAI, ' 



45. Reciprocal Eqnatlons. — It has been shown in Art. 33 
that all reciprocal equations can be reduced to a standard fora), 
in which the degree is even, and the coefBcienta counting from 
the beginning and end equal with the same sign. We now 
proceed to prove tha-t a. reciprocal equation of the standard form 
can aliMya be d^ressed to another of half the dimensions. 

Consider the equation 

aa^'" + aiO^' + . .. + «,„ic'"+ . . , + fl|3! + 0i, = 0. 

Dividing by a:™, and uniting terms equally distant from the 
extremes, we have 

Assume x + -= ^, and let ^^^ + — be denoted for brevity by 
Vp. We have plainly the relation 

Vj,.i= Vpz- V,,.,. 
Giving p in suoceaeion the values 1, 2, 3, &e., wo have 
V, = V,z - Fo = 2= - 2, 
r, = V,t - Fi = s' - 3s, 
V,= V,z- F = z'-4s'+2, 
F= Fa- ri = z'-5s> + 5s; 

and 80 on. Substituting these values in the above equation, we 
get an equation of the «*"* degree in z ; and from the values of 
% those of X can be obtained. 
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Examples. 



1. Find the roots of the equation 

Di-vjding by r + 1 (see Art. 33), -vn, have 

3^+3:^ + 1 = 0. 
This equation tnay be depressed to the form 

3= - 1 = 0, giving £ = + 1 ; 
wlienoe j:-f-=l, x + - = -l, 

and the roota rf theso equations are 

1 + v'-~3 - 1 + \/'^S 
-__-_ ^ 2 " 

3 . Find the tooI* of the equation 

Dividing by r' - 1, whiub may be done briefly aa follows (see Art. 8 
1 -3 5 -5 3 - 1 

1-3 3-2 1 

wo have the reciprocal equation 

sfi-'iifi + 3i' - 3a:' + 1 = 0, 



Substitnliug for Fi, Ei'-4i' + 2; emiifor Fa, i'-3, weh 

whence z^ = 3, and s = j; y' 3, 

giving .r + - = -v/3; ic + - = - v^3, 

and the raots of these equations are 

y'3± -y/rr --/if -y/^ 

2 ' 3 ■ 

These roots are double roota of the equation (I). 
3. Solve the equSition 

a^ - 1 = 0. 
Dividing by a: - 1 we have 

i» + a;= + ii:H:c + l = 0-, 
from which we obtain 

3=+ = - I = (l. 
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90 Solution of ReeiprQcal and Binomiul Equations. 

Sulving this equation, we have flie quajiratica 

•• + S(i-v/s)»+i-o, 

frani AvMct we obtain. 

I = i {- I + 9 \/s ± (10 + 29 v'5)i y-Tl } , 
whei-e fl' = 1. 

This eicpression gives the four values of a:. 
4. Find the qvmdmtic faotig^s of 

^1^ + 1 = 0. 
Traiiafoniiing tliif, wc Lave 



whence = = 0, and s = t \/'i. 

The qiiadrafie factovs of the given equiitioii ai'o, therofom, 
^,■■^1 = 0, a;'±v^3i;+l = 0. 

5. Solve the oquatioim 

(1). (l + ^)' = «(l + »i'), (2). {l^^)o = a{l + ^). 

6. Keduco to an equation of the fourth degree in c 

Am. (l-a)^' + (7 + 3«).'-(4.l.«) = f>. 

46. Binomial Kqnatloiis. Ceneral Properties. — 

In this and the following Articles will be proved tho leading 
general properties of Binomial EcLuations. 

Peop. I, — If a be art imaginary root of x" -1 = 0, then a'" 
ako will he a root, m being any integer. 

Since a is a root, 

a" = 1, and therefore («")"' = 1, or (a"')" = 1 ; 
that ia, n'" is a root of «" - 1 = 0. 

The same ia true of the equation s?" + 1 = 0, except that in 
this case in must be an oM integer. 

47. Pkop. II. — If m and n be pnme to each other, the 
equation'^ x'" -1 = 0, ;i!" ~ 1 = have no common root cxeept 
unit//. 
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Buiome/il Ei/icaiions. 91 

To prove this we makti u^^i nf the following property of 
numbers : — 

J/ «* <^'"^ « ^fi integers pnme to each other, integers a and b 
can he found stick that mb -)?« = + 1. For, in fact, when — is 

turned into a continued fraction, - is the approximation pre- 

eeding the final restoration of — . 

Now, if possible, let a be any common root of the given 
equations; then 

o"' = I , and a" ~ 1 ; 
also a""' = 1, and a"" = 1 ; 

■whence ^(mb-ua) _ j^ q^ ^±i _ ^^ Q-,. o= 1 ; 

that is, 1 is the only root common to the given equations. 

48. Prop. III. — I/k be the greatest common measure of two 
integers m and n, the roots common to the equations x'" -1 = 0, 
(md a;" - 1 = 0, are roots of the equation a^ - 1 = 0. 

To prove this, let ■ 

m = km', n = hi'. 
Now, since m' and n' are prime to each other, integers b and 
rt may be found such that m'b - n'a = + 1 ; hence 
mb - na = ±k. 
If, therefore, a be a common root of ;»'" - 1 = 0, and af' -1 = 0, 
(.(""-""1 = 1, or 0*^ = 1; 
which proves that a is a root of the equation it^ - 1 = 0. 

49. Prop. IV, — When n is a prime number, and o any 
imaginary root o/s;" - 1 = 0, all the roots are included in the series 

JPor, by Prop. (I,), these quantities are all roots of the equa- 
tion; and they are all different; for, if possible, let any two be 
equal : 

aP = a'', whence a f''"^' = 1 ; 

but, by Prop. II., this equation is impossible, since n is neces- 
sarily prime to {p ■ y), which is a number less than u. 



y Google 



92 Solution of Reciprocal and Binomial Equations. 

50. Pkop. T. — Wlmi n is a composite number formed of the 
factors, p, 5, r, i^c, the roots of the equations i)^-l = 0, a:?-l = 0, 
af~l=Q, &o., all satisf/ the equation a^ - 1 = 0. 

For, consider a root a of the equation ic'' - 1 = ; then a*" = 1 ; 
from which we derive 

i,,'')'"---^!; or a"-l = 0; 
whieh proves the propodtion. 

51, Prop. VI. — Wheit n is a composite number fonned of the 
prirne factors p, q, r, Sfc, the roots of the equation a^ - 1 = are 

the n terms of the product 

(l + a + a'+... + n'-'}(l + ^+...+^"-')(l + T+...+7'■'')■■- 
%ohereaisarootofxi'-l = (), ^ofafl~l = 0, f of of -I = ^, &o. 

We prove this for the .case of three iaotors^, q, r. A similar 
proof applies in general. Any term, e.g. a^/BS". of the product 
is evidently a root of the equation a^ - 1 = 0, since a"" = 1, /S*" = 1, 
7""= 1, and, therefore, {a"^ fi'' y')" = 1. And no two terms of the 
product can be equal ; for, if possible let a^^'^" he equal to 
another term (i"'|3''7°'; then a'''""=|3*"*'7'"'^. The first mem- 
ber of this equation is a root oi x' - 1 = 0, and the second 
member is a root of a^'' - 1 = 0. Now these two equations cannot 
have a common root since p and qr are prime to each other 
(Prop. II.) ; hence o^^^y" cannot be equal to a'^fi'"y'^'. 

53, Prop. VII. — The roots of the equation af -1 = 0, where 
n =p''q''r'^, aud^, q, r are the prime factors of n, are the n products 
of the form ajiy, where a is a root of x^ = I, j3 of a^ =1, and 
7 of ic' = 1. This is an extension of Prop. VI. to the case where 
tho prime factors occur more than once in n. The proof is 
exactly similar. Any such product o3y must be a root, since 
a" = 1, /S" = 1, 7" = 1 ; n being a multiple of p", j', «-° ; and a 
proof similar to that of Art. 51 shows that no two such products 
can be equal, since p", <f, i" are prime to one another. We 
have, for convenience, stated this proposition for three factors 
only of n. A similar proof can be applied to the general case. 

From this and the preceding propositions we are now able 
to derive the following genera! condition : — 
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The Special n"' Roots of Unity. 93 

The determiimtion of the n"' roots oftinity is reduced to the case 
where n is. apiime number, or a power of a prime number. 

53. Tbe Special Roote of die Equation af -1^= 0.— 
Every equation ic" - 1 = has certain roots ■which do nofcfcelong 
to any equation of similar form and lower degree. Such roots 
we oall special roots* of that equation, or special w"* roots oftmity. 
If *i be a prime number, all the imagiuary roots are roots of this 
kind. If « = p", where ^ is a prime number, any «'* root of a 
lower degree than « must belong to the equation x^ -1 = 0, 
since every divisor of ju" is a divisor of ^""' (except n itself) ; 
hence there are p" ( 1 — ) roof« which belong to no lower degree. 
If, again, K=^"g', where _p and q are prime to each other, thero 
are p" 1 1 — J, and ?* ( 1 — ) special roots of a*., - 1 = 0, and 

a^ -1 = 0, respectively. Now, if a and /3 be any two special 
roots of these equations, a/3 is a special root of a;" - 1 = ; for if 
not, suppose (o/^)"" = 1, where m is less than n ; we have then 
qBi = |3-in J ij^t gta ia a root of kp" - 1 = 0, and /3"* is a root of 
xfi -1 = 0, and these equations cannot have a common root 
other than 1, as their degrees are prime to each other ; conse- 
quently m cannot be less than n, and a^ is a special root of 
X" -1= 0. Also as there are 

such products, there are the same number of special »"* roots. 
This proof may be extended without difficulty to any form of «. 

All the roots of of -1 = are ginen by the series 1, a, a^,. .a"~'; 
where a is any special n"" root. For it is plain that a, a", &e., are 
all roots ; and no two are equal ; for, if a'' = o^, a IP"*' = 1 ; and 
therefore a Is not a special «'* root, since p-qh less than «. 

When one special «** root a is given, we may obtain allthe other 
fecial «'* roots of unity. 

* Tlieterm "Epecial \oai" is here used in preference fo the usual term "pii- 
mitJTe root," since the leXXen haa a diffei-eat signification in the theoiy of nmnbere. 
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94 Solution of Reciprocal and Binomial Equations. 

Since o is a special root, all the roots 1, a, a^, ... a""^ are 
different »'* roots, as we have just proved ; and if we select a 
root a^ of this series, where p is prime to n, the roots 

„^ a", ...a <"-)», „•»(-!) 
are all different, since the exponents of n when divided by n give 
different remainders in every case ; that is, the series of numbers 
0, 1, 2, 3, . . . « - 1 in some order ; whence this series of roots is 
the same as the former except that the terras occur in a different 
order. To each number p, prime to n and less than it (1 in- 
cluded), corresponds a special «'* root of unity ; for a™'' cannot 
be equal to 1 when m is less than n, for if it were we should 
have two roots in the series equal to 1, and the series could not 
give all the roots in that case ; theiefore aP is not a root of any 
binomial equation of a degree inferior to n : that is, a" is a special 
mf^ root of unity. What is here proved agrees with the result 
above established, since the number of integers less than n and 

prime to it is, by a known property of numbers, w(l — )(l — j 

when M = p"q'', which is also, as above proved, the number of 
special roots of af^- 1 = 0, 

ExiMPlES. 

1. To dolfirmine the special roots oi x'i- 1 = 0. 

Here, 6 = 3 !< 3. Consequently the roots of tbe equatione 3:^ — 1 = 0, and 
ic' — 1 = are roots of it' - 1 = 0. Now, dividing a* - 1 by a'' - I we have a^ + i ; 

and dividing «*+ 1 hy -, or,?^+ 1, wohnro x'' - 3: + I-O, which defeiminoa fc 

special roots of 3^ — ! = . 

Solying this qiiadnitio, the roots ai'e 

" 2 



The .special I'l 



y Google 



Examples. 95 

2. On the speeial roots of s" - 1 = 0. 

Since 2 and 3 are the prime factaB of 12, and -r- = 6, "o" ~ *' '^" ^""'^ "^ 
ifi ~\ = ft, and i'~ 1 = 0, nre roots of it'^- 1 =0 ; now, dividing ic" - 1 by a;^ — 1, 
and 1° — 1, and equating the quotients to zero, ive have the two equations 
a* + a' + 1 = 0, and I* +jl 1= 0, both of which must be satisfied by the Bpecial roots 
of l'' — 1 = ; therefore, taking lie greatest common measure of a^ + a:* + 1, and 
a' + 1, and equating it to aero, the apeoial toots are the roofs of the equation 

It'_l3+1=0. 

The same result wonid plainly have been arrived at by dividing a:'^ - 1 by the 
least common multiple of 3:" - I and sfi - I. Now^ solving the reciprocal equation 

i' ~ a.-' + 1 =0, we have 3;H- - = ± \/A ; whence, it H and a: he two special roota, 

( W ~ -Zily^ ( ^ _ -■/i±v'-\ 

T' J 2 ' ['" aj " 2 

are the four special roots of a;'^ - 1 = 0, 

We proceed now to express the four special roots in terms of any one of tlieni a . 

Since a + -+ !,, + -- = 0, or (a-H ai) f 1 +— ] = 0, 

wc take am = - 1 (as consistent with the values wc liave assigned to a and oi) ; and 

since a and ai arc roots of *" + 1 = 0, a^ = - 1, and a^ ^ = hi. The roots 

a. 111, -, - may therefore he espreased by the series «, h*, o', a", since a'^ = 1. 

Furllier, I'eplacing oby a', a', a", we have, including the series jiiat determined, 
the four following eeiioe, by omitting multiples of 12 in the espouenta of o ; 



H-herc the same roota lue repraduced in every row and column, fieir order only 
being changed. We have therefore proved that this property is not peculiar to any 
one root of the four special roots ; and it will be noticed, in accordance with what 
is above proved in general, that 1, 5, 7, and 11 are all the numbers prime to 12, 
and less than it. We may obtain all the roots of s" — 1 = by the poweis of any 
one of the four special roota a, a'', a', a", as follows: — 
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3. Prove that the special roots of ar"' - 1 = are wots of tha equation 

ic*- a' + «' -3^ + 3^-2 + 1 = 0. 

4. Show that (he eight roota of the equation in the preceding example may be 
obtaiitiid by inultiplying tte two roots of x' + a; + 1 = liy the four roots of 



54. Solution of Binomial Equations by Circular 
Functions. — We tate the raoet genei'al binomial equation 

it» = a + 6 y~l, 

where a and h are constants. 

Let a = BcQS,a, h = Rsma; 

then x" = R (cos a + ■/- 1 sin a) ; 

uow, if r (cos + '/- 1 sin B) 

fee a root of this equation, we have, by De Hoivre's Theorem, 

r"(oos nB + ■/- 1 sin iiQ) = R (cos a + •/- 1 sin a) ; 

and, therefore, 

r"cos)!0 = .Bcoso, 

r" sin h6 = ^ sin a : 
squaring these two equalities, and adding, 

i»" = R^, giving »■" = ^ ; 
where we take R and r both positive, since in expressions of the 
kind here considered the factor containing the angle may always 
be taken to involve the sign. 
"We have then 

COB nQ = eoa a, sin )(fl = sin a ; 
and consequently 

k being any integer ; whence the assumed m"' root is of the 
general type 

■/^(cos- ■ + -/-1 sin' J. 

Giving to k in this expression any n consecutive values in the 
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series of numbers between - co and + qc , we get all the w'^ roots ; 
and no more than n, sines the w values recur in periods. 

We may write the expression for the «"' root under the 
form 

(■/AM cos- + v^- 1 sm -J W cos + v'-l sin — —I ; 

making R = l, and a = 0, the ec[uation ic" = « -i- S -v/- 1 becomes 
:b" = 1 + -v/- 1 ; the general typo, therefore, of an «'* root of 
1 + Dv^^, or 1, is 



If we give k any definite value, for instance zero, 

\/R ( ooa - + •/- 1 sin - \ 

one Ji"* root of « + 6 ^- 1- 
The preceding formula shows, therefore, that all the «'^ roots 



of any imaginary quantity may 
of them by the n"^ roots of unity. 

Taking in conjunotioii the binomial equations 

,r" = a + h-/- 1, and of' = a - b-/- 1, 

we see that the factors of the trinomial 

r"' ~ 2R cos a .x" + R' 
are 

/ R (COS ± -/ - 1 sm ;, 

where k has the values 0, 1, 2, 3 ... w - 1. 



y Google 



Miscellaneotis Examples 



MlSCELLANEOTTS ExAM^l.EW. 

1 . Solve the equation s^ — 1 = 0. 

Diyidmg by s - 1, tliis is reduced to the standaiti form of i-eciprocnl equation. 
Assuming s = a; + -, we oltain tlie cuTiic 

s' + 3= - 23 - 1 = 0, 

from whose solution that of the required equation ia obtained. 

2. EesolTe Ix A-lf-x' -I into factors. 

Am. 72(a: + l)(jrS + 3+l]'. 

3. Find the quintio on whose solution that of the binomial equation *" — 1 = 
depends. 

Am. z' + s^-feS-Si' + Ss+I =0. 

4. When a binomial equation is reduced to the etandard form of reciprocal 
equation (by diiiaion by a: - 1, a: + 1, or a^^ - 1), show that the reduced equation 
has all ita roots imaginaiy. (Cf . Esaniples 15, 16, p. 33.) 

6. When this reduced reciprocal equation is transformed by the substitution 
3 1= I + - ; show that the equation in z has nil its mots real, and situated between 

Poc the roots of the equation in a are of the form cos a J- y' - 1 sin o; (see 
Art. 54) ; hence a: + - is of the form 2 cos a, and the value of this is real and be- 
tween - 3 and 2. 

6. Show that the following equation is reciprocal, and solve it; — ■ 

4(^i-.r + l)'-2Wl:c-l)= = 0. 

Ana. Roots: 2, 2, J, J, -1, - 1, 

7. Exhibit all the roots ofthe equation a*- 1 =0. 

The solution of this is reduced to the solution of the threo cubics 



where lu, a^ arc the imaginary cube roots of unity. The nine roots may be repr 
tented as follows :^ 

1, aS, al, a,, »S, a^, a", aS, a,^. 

Escluding 1, oi, w' ; tie other sii roots are special roots of the given cquatioi 



8, Eeduoing the equation of the 8** degree in Es. 3, Art. 53, by the substitution 
= * + -, we obtain 
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pi'ovo that tlia roots of this equation are 

2 MS-", 2ws^v, 2 005?", 2 cos-*". 
15' 15' 15' 15 

9. Reduce tlie ecfiation 

•ia;' - 851^ 4- 3579;= - Sifix + 64 = 
to a reciprocal equation, aiid solve it. 

Afsiunc s := - + - . Ans. Roots : ^, 1, 4, 16. 

10. Solve the eq^uation 

a^ + mpx" + m^qx^ + m'px + m* = 0. 

Dividing the roots by i», this reduces to a reciprocal equation. 

11. If n bo an imaginary root rf tta cqua,tion a?' — 1 = 0, wliero « is a prime 
number ; prove tlie relation 

(I - a)(l -»')11 -«=)... (1 -■."-') = «. 

12. Show- that a cubic equation osn be reduced immediatclj- to the rooipiocal 
form when the lelatioa of Ex. 18, Art. 24, exists amongEt its coefficieuta. 

13. Show that a biquadialic can be reduced immediately to the I'eciprocal foim 
when the relation of Ea, 22, Art. 24, exists amongst its coefficients. 

14. Form the oubic whose roots are 

where b is an imaginary root of afl - 1 = 0. 

15. Form the oubic wtose roots are 

where b is an imaginaiy root of a:'^ - 1 = 0. 

Am. i;^ + 3!=-4.T+ 1 = 0. 

16. If di, Bj, b; . . . a„ be the roots of the equation 



"We iaye here the identity 
and changing :c into - (sec Art, 39), 
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Multiplying together theee ideiititiee, and dividmg by x", the factors on the 
right-hand side take the form a + — (b+-1; and assuming it + - = s, the left- 
hand side can be expi-essed as a polynomial of the n"' degree in s hy means of Uie 
relations of Art. 45. 

17. Find the value of the symmetric fonolion So'^^(7 — iS]^ of the roots of tha 
equation 

Boi* + iat3? + fiasJ^ + 4as3! + oj = 0. 

This can be derived fram the result of Es. 19, p. 52, by changing the roots info 
their reciprocals, forming SI ] of tha transformed equation, and multiplying 

Dy «2 fi! ^! g*^ -bMcIi is eqnal fo -— . 

Am. W2B^i3=(7-B)= = *8K-Bsfl4). 
From the yalues of the symmetric functions given in Chapter III. several others 
can be obtained by the process here indicated. 

18. Find the value of the ayrametiic function S(oi - Oif aa' at^ ■ ■ ■ a,? of the 
roots of the equation 



We easily obtain a 


o=2(ai-m) 


» = n"-(«-l)(«,^-«o«. 


) ; and changing the 




?e have 






«0=2{a, 


-«)^a.^a4 


'■■■»»'="'("-i)K 


,■-•.,«,), 



19. Show that the five roots of the equation 

X^ + bp^ + hp^X + q = a 

wheie yab ~ —p, s-l-i = — j, and e is an imaginary fifth root of unity. 

Wole. — A quintic redutihle to this fonii can consequently bo immediately solved. 
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CHAPTER VI. 

ALGEBEAIC SOI.UTION OF THE CUBIC AND BIQUADRATIC. 

65. On tlie Algebraic Solution of Kq[uatloiis. — Before 
proceeding with the solution of cubic and ljiq^ua,dratic equations 
we make some introductory remarks, with a view of putting 
clearly before the student the general principles on which the 
algebraic solution of those equations depends. "With this object 
■we gi\ e in the present Article three methods of solution of the 
quadiatio, and ^ttte as we proceed how those methods may be 
extendel t) cubic and biquadratic equations, leaving to subse- 
queut Artules the complete development of tho principles 
involved 

(1). First method of solution : hy resolving into factors. Let 
it be required to resolve the quadratic x'-\-Px+ Q into its simple 
factors. For this purpose wo put it under the form 

x^ + Px+Q + Q-Q, 
and determine fl so that 

«= + P«^ + Q + (* 
may be a perfect square, i.e. we make 

$ + Q = ^, or e=— ^-; 

whence, putting for Q Its value, we have 

Thus we have reduced the quadratic to the form ti' - «' ; anil 
its simple factors are u + v, and u - t: 
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Subsequently we shall reduce the euHc to the form 
[Ix + fti)' — [I'x +m') , or u^ - v', 
and obtain its solution from the simple equations 

U-V=Q, U~laV = (i, M-w'«J=0. 

It -will ho shown also that the hiquadratio may be reduced to 
either of the forms 

{kf ^ inx + ny - (^V + m'« + w') , 
[x^ +px+q)(x'+p'x + q'), 
by solving; a cubic equation ; and, consequently, the solution of 
the biquadratic completed by solvingtwo quadratics, viz., in the 
first case, k^ + ^ix+ n = ± {I'x' + m'x + n') ; and in the second case, 
x'^+p:e + q~0, and ic' + ^'a; + j'= 0. 

(2). Second method of solution : byasmmingforarootageneral 
form involving radicab. 

Assuming ic 1=^ + V^ to be a root of the equation Kr' +^35 + Q = 0, 
and rationalizing the equation x -p + -yq, we have 

x' - 2px + p^ ~ q = 0. 

Now, if this equation he identical with a^ + Px + Q = 0, we have 

2p = -P, p'-q=Q, 

giving x='p + ■/q= — ^ . 

which is the solution of the quadratic equation. 

In the case of the cubic equation we shall find that 

.,- A 

x^\/p + -—^ 

vp 

is the proper form to represent a root ; this formula giving 
precisely three values for x, in consequence of the manner in 
■which the cube root enters into it. 

In the case of the biquadratic equation we shall find that 

x/p + v^i + — 7=- — -:. ' vq \/r 1 -/i- "/p + "/p "/q 

are forms which represent a root ; these formulas each giving 
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four, and only four, values of x when the square roots receive 
their douhle signa. 

(S). Third method of solution : bi/ symmetric fimetions of the 
roots. 

Considor the quadratic equation a;' + Px + Q = 0, of which the 
roots are a, /3. 

Then « -|. /3 ^ ^ P, 

«/3= Q. 

If we attempt to determine a and ji by these equations, we 
fall back on the original eqiiation (see Art. 24} ; but if we 
could obtain a second equation between the roots and coefficients, 
of the form la + mfi -/{P, Q), we could easily find a and j3 by 
means of this equation and the equation a + )3 = - P. 

Now in the case of the quadratic there is no difficulty in 
finding tha required equation ; for, obviously, 

(a - 3)' = P= - 4Q ; and, therefore, a - /3 = yP~^Q. 

In the case of the cubic equation a;' + Px' - Qx + B = 0, we 
requhe two simple equations of tho form 

ta^m(i + ny=f{P,Q,E), 
in addition to the equation a + (3 -^ y = - P, to determine the 
roots a, |3, 7. It will subsequently be proved that the functions 

(, + „/3 + „V)', (« + "'0 + »7)' 
may be expressed in terms of the coefiioients by solving a quad- 
ratio equation ; and when their values are known the roots of 
the cubic may be easily found. 

In the case of the biquadratic equation 

a^^Px^+Q;r^Bx^S = (i 
WG require three simple equations of the fonn 

la + m^ + ny + rS =/{P, Q, B, S), 
iu addition to the equation 

a + P + y + S^-P, 



y Google 



104 Algebraic Solution of the Cubic and Biquadratic. 

to detGrmine tlie roots a, /3, 7, §- It will be proved in Art. 66, 
that the throe functions 

O + T-a-S)', (v + .-P-Sr, (.+ p-y-S)' 

may bo expressed in terms of the coefficients by solving a cubic 
equation ; and when their values are known the roots of the bi- 
quadratic equation may be immediately obtained. 

In applying the principles here explained to the solution 
of the cuhio and biquadratic the order of the present Article is 
not followed. The student will have no difBoulty in perceiving 
under which of the methods here described any such solution 
should be included. 

56. The Algebraic Soliitiou of the Cubic Equa- 
tion. — Let the general cubic equation 

aa? + Zh'^+^cx+d = (i 
be put under the form 

where z^-ax+b, H^ac-h\ (? = a=rf-3afo + 2&' (see Art. S7). 
To solve this equation, assume* 

z = Vp + '^<i ; 

hence, cubing, 

therefore 

z'-3\/p \/q.z-{p + q] = 0. 

Now, comparing coefficients, we have 

Yp.Vq^-II, p + q = -G; 

from which equations we obtain 



p-ii-G+v'&' + iS^ q = \{-G-^C:P + 4:H') 



* This Bolution is usually t^Jloci Cardan's solution 0/ the (^Hs. 
end of tlie volume. 
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and, aubstltuting for l/q ita value ■;= , wq have 

VP 
as the algebraic solution of the equation 

It should he notieecl that if p be replaced by 5 this value of 
s is unchanged, as the terms are then simply interchanged ; also, 
since X/^ has the three values l/p, mX/p, to'l/p obtained by 
multiplying any one of its values by the three cube roots of 
unity, we obtain three, and only three, values for 2, namely, 

,-,/- -B ,,/- ,-R „w- -B 

Vp+ YT^, <»-/p-y w' -f-/-^ , <->' vp + w 7- .1^ ; 

vp Vp Vp 

the order of these values only changing according to the cube 
root of p selected. 

Now, if s he replaced by its value ax-i-h we have, finally, 

ax + 0'= Vp + -.77= 
Vp 

(where p has the value previously determined in terms of the 
coefficients) as the complete algebraic solution of the cubic equation 

the square root and cube root involved being taken in their entire 
generahty. 

57. Applicatlou to Kuiuerieal E^quatioits. — The solu- 
tion of the cubic which haa been obtained, unlike the solution of 
the quadratic, is of little practical value when the coefficients of 
the equation are given numbers ; although as an algebraic solu- 
tion it is complete, 

!For, when the roots of the cubic are all real, G'^ + 4JI^ = -K^, 
an essentially negative number (see Art, 42) ; and, substituting 
for p and q their values 

i-(-(7±/ryn) 
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in. the formula w^p + \/<?, we have the following expression for 
a root of the culjie : — 

Now there ie no general arithmetical process for extracting 
the cube root of such complex numbers, and consequently this 
formula is useless for purposes of arithmetical calculation. 

But when the cubic has a pair of imaginary roots, an ap- 
proximate numsrioal value may be obtained from the formula 

(-G + yG' + 4R'\i (~G- -/G^-v 4Jf'\i 



since G^+4I{^ is positive in this case. As a practical method, 
however, of obtaining the real root of a numerical cubic, this 
process is of little value. 

In the first case ; namely, where the roots are all real, we 
can make use of Trigonometry to obtain the numerical values of 
the roots in the following mannor : — 

Assuming 2 fi cos ^ = - G, and 3 iJ sin = ^, 
wo have p = Re^"'\ q = Eir^''''; 

also tan^ = -J, and R = \{G'-^K'f={-'Ilf; 

and finally, since (o = cos-^± v^-1 sin-^=c"~8'^"', 

the three roots of the cubic equatiou 

'. '-'- Vi> + Vq, w Vp + a>* Vq; w° Vp -I- w Vq, 



2 (-7/)^ COS ^, -2(-^}^cos^ 



from which formulas we obtain the numerical values of the roots 
of the cubic by aid of a table of sines and cosines. This process 
is not convenient in practice ; and in general, for purposes of 
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arithmetical calculation of real roots, the methods of solution of 
numerical equations to he hereafter explained {Chap. X.) should 
he employed. 

58. S^xpresslon of the Cubic as tlie ntiTei-ence of ttvo 
Cubes. — Let the given cuhic 

«a;' + 3 Sar + 3 ca: + c? ^ i/i (a:) 

be put mider the form 

£■ -I- ZSz + G, 
where z^ax-i- b. 
Now assume 

.■ + 3jr^+e.^-(^(= + „)'-.(i. + rt-), (1) 



where , 


u and V are quantities to he determined ; 


the 


second 


side 


of this 


identity he comes, when reduced, 








Oompa 
therefo 

where 


£^ - ZfXVZ - fiv{ii + v). 
ring coefSeients, 

fiv = --H, /if (n + v)=-G; 
re 

G av^A 

rt'A - G' + 4iZ"=, as in Art. 41 ; 








also 


(..^)(. + v)..u|.-//. 






(3) 



Whence, putting for s its value, aiei b, we liave from (1) 

which is the required expression of ip [x] as the difference of two 
cuhes. 

The function (2), when transformed and reduced, becomes 

which contains the two factors ax+h + n, ax+h + v. 

The expression of the roots of this quadratic in terms of the 
roots of the given cubic may be seen on refening to Ex. 23, p. 57. 
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Thus the cubic may be resolyed (aa obBerved in Art. 55} 
into three factors. We add as examples some other instances 
of reaolntion into factors. 



Examples. 

1. ResoWe into simple faotois the espreBsiou 

(6-7)'l.--^-a?+(7-<.)=(^-^r+(«-fi)'(^-7)=- 
let U={a-y]{x~>C, r=(y-a){^.-e.), W=i^-B){^^y). 

2. Proye that the several equations of tlie eyatem 

((1-t)'(»-.)" -(»-«)■(«-«)■" («-«)'(•-?)■ 

have two factors common. 

Making use of tha notation, in tliB last Eiample, we have 

!7+ V+ W^O ; 
therefore 

(|!-T)'(.-.)' + (7-.)'(»-S)'t (■-«)' (»-7)" 
is Oie common quadratic factor required. 

3. Resolve into simple factors the espreasion 

^ ^^^^^^^ Am. 3(S-7K7-«)(«-B)(.i.-a)(*-fl)(a;-7>. 

{^-^)[^-0)(^-y] 

into the difiereuce of two ciibe.t. 
Assume 

(.-.)(«-/j)(i-,).w-ri'! 

whence 



adding these we hare 

and, therefore, 

\ = p{d'y), !i. = p{y-D,), 
but Xfj.i' = 1 ; whence 

5-(«-»)h-»>(«- 
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Subsiitiiting these values of \, n, y; and using the nntatioii of Ex. 1, 

whence 

3Ui => p{U -\- a^r + <c IF), 

and Vi and Vs Bxc completely deteimined. 

59. i^olution of the CuMc by Sj'ininetrlc Functions 
of the Roots. — Since the tbroo values of the expression 

where 9 has the values 1, to, w', or $' = 1, are a, (i, y, it is 
plain that if the fuuotions 

were expressed in terms of the ooefBcients oi the cubic, we could, 
by substituting their values in the formula given above, arrive 
at an algebraic solution of the cubic equation. Now this cannot 
be done directly by solving a quadratic oq^uation; for, although 
the product of 'the two functions above written is a rational 
eymmetrio function of a, (i, y, their sum is not so. It will be 
found, however, that the sum of the cubes of the two functions 
in question is a symmetric function of the roots, and can, there- 
fore, be expressed by the coefficients, as wo proceed to show. 
For convenience we adopt the notation 

L = a + w(5+b>'y, J/=« + <,.=^ + w7. 
We have then 

{6Ly = A+S.^+Cw', {li'My = A-rBo,'+Cm, 
where 

A=a'+l5' + f+Qa(iy, B^S{a.'li+ii'y + y'<x), C-;5(<.^^+^7=47«'); 
from which we obtain 

i' + Jf = = 2 Sa' - 3 S«'^ + 12 a/37 = ~ 27 -. 

(Of. Ex. 5, p. 45 ; Ex. 15, p. 50.} 
Again, 

(eL)(e'M) = LM=a'^^' + y'-^y-ya-aii'^-d^; 
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whence {a+ w^-^ iD^yf, (o + <y'^ + m-/)' 

are the roots of the qaadratio equation 

Those roots we denote by t^ and h ; their values are 



and therefore the original formula expressed in terms of the 
coeEGcients of the cubic gives for the three roots the expressions 



.i(ys*ys), 



These values of o, /3, j are the same as were obtained in 
Art. 56, by the former method of solution, if only 

T, Vti be replaced by — . 

It is important to observe that tho functions 

are remarkable aa being the simplest functions of ^/wee variables 
which have but two values when the variables ai'e interchanged 
in every way. And it is owing to this property of these func- 
tions that the solution of a oubio equation can be reduced to that 
of a quadratic equation. 

In the following Examples will be found other ] 
and applications of the functions L and M. 
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Examples, 

1. Tie fimctiona L and M sxe functions of the differences of the voc 

For, i=a + »B + !.'7 = «-ft + !..(e-A) + (»''{7-A) 

iox all values of h, since I + o> + aj^ = ; and giving to h the values a, $ 
ceaaion, we obtain three forms for L in terme of fbs difierencea fi — y,- 
Similarly for M. 

2. To eipresa the product of the aquarea of tte differences oi lie roc 
of tlie c( 



L + M= 2a- 8 -y, L\ w^jtf = f^S-y-d)a, L + aM^ (27 ~ a - B) o>' ; 
and, again, 
2,-Jf.(B-,)(.-.'), ■■i-.j¥. (,-.)(.-."), ■I-.>,«-.(.-(l)(.-.'): 

from wM«h wc obtEjin, an in Art. 26, 

IJ>-M^ = -&-/-~i(B-y)[y-«){a-0); 

{L^-3>Pf ^. {L^ + M^y- - iL^M', 
we have, sulsfituting the prBvioiis results, 

'm-y?{y'-af(o.-fi? = ~'i1[G-'^iII'']. 

(See Art. 41.) ° 

3. Prove the following identities : — 

Theee are easily obtained by cubing and adding the values of 
Z-I-jK, &c. ; L~M, &c. 
in the preceding eiamplc, 

i. There ai-c six functions of the type of L or M, viz., 

tt + u?e + W7, OJa+ e +iu=7, ffi'a + arJ3 + 7, 

to foiTQ the equation whose roots are theee eiit quantities, 
Theee fanolionE may be exprcaacd as foUowa : — 
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113 Algebraic Solution of the Cubic and Biquadratic. 

hence ttey ftio the roots of tlio equation 

(?,-i)(^-«.Z)(^-<.'i)(*,-j¥)(^-a.^)l</.-^'itf) = 0, 
or <Sfi-{L^ + M^)-},^+L^M^^a. 

Subalituting foj' L and JIf fiom the equations 

we ]mve this equation espressed in tarms of the coefficients aa follows : — 

fi. To obtain expresaiona for I?, M'^, &o., in terms of o, B, y. 
The foEowing forms for J? and J!f are obtained by eubtiacting 
(.• + BH,')(l-l-. + .-).0 torn (« + »« + «•,)', and (. + ,"B + .y)'f 
-i..(j-,)>+."(r-«)"+»(.-«)", 

-Jf". («-,)■+• {r-.)-t.= («-B)'- 

In a flimilttr manner, we find from these foiinulas 

-i'=(3-7)={2»-^-7)' + "'(7-o)M2j3-7-«)H'-M«-6?(27-'«-ffi'- 

Alao, without diffiBulty, we have the following forme for LM, and X^ JIP : — 

Z=Jlf= = (a-^)'(«-T)= + (e-7)'{^-a)H(7-=)M7-W'- 

6. To form the eqnafion of the squares of tbe differences of the roots of thn 
general cubic equation in terms of L and M. 

Let 
hence, by former results, 

Eationalining this, we olitain 

wliich is tbe reqiiii-ed equafiou. 

In a similar manner, by the aid of the results of Ex. 5, the equation of the 
squares of the differences of Hie roots of this equation, or the equation whose roots 

(^-7)»(2b-B-7)=, (y-a^-'iiB-y-a?, {<^ - &f {2y -- a - B)\ 

is obtained by substituting - Z' and - M'^ for M and i, respectively, in the last 
equation ; and this process may be repeated any number of times. Pinally, all 



y Google 



Examples. 113 

,a of the pubio by 
ZJff=9^, and iH jlf= :=-27 -^. 



;, the first e 






(Cf.Art, 41.) 

7. If a, Si 7 .I"!] n', fi', 7' lie tbe roota of tliB cubiu equations 
ax^ + Zbx^ + 3CK + rf = 0, 

to fciiin tbs equation which, has for roots the six values of the function 
flisM^ + W + ry'- 
The easiest mode of rroccdurc is first to form the enrresponding eqnsition for tho 
oubies 

i^ + 3.S5 + (? = 0, 2^ + ZH'z 4 G' = 0, 

and thence deduce the equation in the general case ; for in this case the correapoud- 

^s (fl„ + «)(»'„■ + *') + («3 + 4){"'a- + *T + («7 + S}(«V + 5') 
s oB> - She. 
Also, substitutijig for the roots of these latter tboit values expressed by radicals, 

which reduces to 

Cubing this, we find 

.fio' - 27 v'j' ffiJ'i' *o - 27 (yf" + p'g) = 0. 
Now, substituting for y and j, jn' anil s", their values giveu by the equations 

we have the sis values of ijh, given by the two cubic equations 

B^a = G'=4 4JZ3^ and b'^a' = G'H 4if ' ^. 

Finally, substituting for ^o its value aa'^ - 36i', and multiplying these cubics 

together, we have the lequired equation. It may he noticed thiit if one of the cubica 

be a' — I = 0, ^ « a + lufl + a^y, &c,, wbich case has been already considered in 

Ek. 4. Mr. M. EobertB, BMm Exam. Fupers, 1855. 
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3. Form the equation whose raota arc the aeveral vhIusb of p, where 
a- B 

substituting for a, yS, 7, tteii' values in terms oip, q; and putting 

I^Vp^ IJ.-/q = 0. 
Cubing, aud substituting for p, s their "values, 

Squaring, , 

and by previous results 

A^=3{l + p + p2), \3 4.^a^_27p(i^p). 
fliibstituting these values, we liave the wquired oq^uatiou 

•■-1(1 +,+rt"-27JP (,+,■)!-«. 
y. Find the relation hetween the coefScienls of the ouhujs 
03? + 35x2 + 3cj; + (j! = 0, 
oV + 3&'3;''+ S/a;' + rf'= 0, 
when the roots are connectfid by llie eqiaation 

Multiplj^e by u - (0^, this equation becomes 

LM' = I'M. 
Cubing and introducing the coeffitienta, wo find 
E Cr M 
the I'eq^utr n 

lODminhcoditimm h dfti tha 

liubios E hdhmd tblio 

In h 

a -pa+g, fi P0^q, / ~py + g. 
Eliminating f and q, we have 

0y'-e!y + ya - 7'fl i- n,3' - o',a = 0, 
which is file ftuiction of the roots considei'cd in the last example. This relation, 
moreover, is unchanged if for a, &, y; a, 0', ■/, we substitute , 
h +m, IS +m, ly + m, 

whence we may consider tlie cubics in the last esample under the simple forms 

obtained by the linear transfojTnatiotts s = ax-^b, a/cia'a^+S'; foi' if the ooniiition 
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holds for tJie rooia of tie former equations, it must liold for tho roots of the latter. 
Now putting a' = te, these equatioca become identical if 

whence, eliminating A, 

is the required condition, Ihe same ss lliat obtained in Ex, 9. It may he observed 
that tie reducing quadratics of the cubics necesBarily heconie identical I)y the same 

§(■■•'*'')-§(•'*')■ 

60. Homographic Relation between two Roots of a 
Cnbie. — Before proceeding to the discussion of the biquadratic 
we prove tho following important proposition relative to the 
cuhio : — 

The roots of the cubic are connected in pairs by a homographic 
relation in terms of ike coefficients. 

Eefeiring to Example 13, Art. 27, we have the relations 
«.'l 0-t)"+ (7-«)"+ («-3)'|- 18 («.■-«,<..), 
«.'(.0-7r+/3(7-.)- +7(0-/3)']. 9(m.-<.,*), 

«.M.-0-7)' + P'(r- «)• + 7'(»-P)"l - 18(«.'-..«i). 

We adopt the notation 

a^a^- a^ - M, at,ai~ai(h = ^H\, dja^-a^'-H^. 
Now, multiplying the above eq\iations by a/3, - (a + /3), 1, 
respectively, and adding, since 

»•-„(. + (3) + a/3.0, p--P(a + /3)-K,/3.0, 
we have 

<..-0-r){7-")("-«'-18{-ff«|3 + «(<. + /3) + a|; 
bnt 

«.*0 - 7)' (7 -")•(«- ff — 37a . 108 {HS, -Sf) 
(see Art. 41) ; wheuoe 

and, therefore, ___ 

^,p,(^.,iJ.|j.,(^,.ij-|)/3.«.0, 
which is the required homographic relation [see Art, 39). 
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61. First Swiuti on by Radicals of the Biquadratic. 
Eluler's Assumption : — Let ike biquadratic equation 

ax' + Aha? + >5af + ich + e = 
be put under the form 

%' + 6JIz' + 4:Gz + a'I- 3M' = 0, 
where z ^ ax + b, 

H^ac-b\ I^ae-ibd+Zc\ G ^ aH - Zabo ^ '2h\ 
(See Art. 38.) 

To solve this equation (a biquadratic wanting the second 
term) Euler assumes as the general expression for a root 

Squaring, 

s' -i' -?->"= 2 (v^ -/>■ + y*- -/i) + y^ y?)- 

Squaring again, and reducing, -we obtain the equation 

Comparing this equation with the former equation in s, we 
have 

^ + 5 + r - - SB', qr^vf +pq = 3if = - -^, ^.-/q. \/'-= - ^ ; 
and consequently p, q, r are the roots of the equation 

or, since 

-G'^ iR' - a' HI + aV (see Art. 38), 

where 

J=ace-i-'ihcd-ad'' -eb'' "(\ 

we may write this equation under the form 

^{t^ HY~ aU{t + S) + a'J = ; 

and finally, putting i + S^a'6, we obtain the equation 

Aa'e'-IaO+J^O, 

which we call the reducing ettbic of the biquadratic equation. 
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Also, since ish''-ac + a'd; if S„ &„ 0^ be the roots of the 
reducing cubic, we have 

ps.!)" -aD + a'6„ q = b'-ac + a^ B,, r = h'- ac -i- d' 6,, ; 
and, therefore. 



The radicals in this formula have oot complete generality ; 
for if they had, eight values of s in place of four -would he given 
by the formula. This limitation is imposed by the relation 
G 

which (lost sight of in squaring to obtain the value of pqr) 
requires such signs to be attached to each of the quantities 
■\/?i a/S) -^r, that their product may maintain the sign deter- 
mined by the above equation ; thus, 

■yi-A-/'-/i(- V'i) i- ■/'■) - (- -/p) -/t (- ■/') 

are all the possible combinations of ^/p, -/q, ^/r fulfilling 
this condition, provided ^/f, -/q, -/r retain the same signs 
throughout, whatever those signs may be. But we may avoid 
all ambiguity as regards sign, and express in a single algebraic 
formula the four values of s, by eliminating one of the quantities 
■v/i*) V^?' v^*' froJii the formula 

z^-Zp + '/q+'/r 

by means of the relation given above, and leaving the other two 
quantities unrestricted in sign. We have then 

a formula fi'ee from all ambiguity, since it gives four, and only 
four, values of z when -/p and ^q receive their double signs : 
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the sign given to each of these in the first two terms determining 
that ■which must he attached to it in the denominator of the 
third term. And finally, restoring |?, q, and z their values 
given before, we have 



= yU' -ac\ a%-v ^/V -ac + a% 



2\/(b^-ae+a%). \/5= -ac + a^ 0^ 
as the complete algehraie solution of the biquadratic equation; 
^^ and % being roots of the equation 

To assist the student in Justifying Euler's apparently arbi- 
trary assumption as to the form of solution of the biquadratic, 
■*e remark, that since the second t^rm of the equation in z 
is absent, the sum of the four roots is zero, or s, + Sj + S3 + z, = ; 
and consequently the functions (s, + Ss)% &c., of -which there are 
in general six (the combinations of four quantities two and two) , 
are in this ease reduced to three only ; so that we may a 

(as + 3i)^ = (ei + si)^ = 4.p, 
(2, + Sj}= = (sj + Zif = 4q, 
(,, + z^f=(z, + z,y = 4r; 
from which we have z„ Zi, z,, z,, included in the formula 

■/p + '/q + yV. 

ExAMPLiSS. 
I, Show that thp tB'o biquadratic cq^uationa 

Aox' + SAix' ± iAiX + ^4 = 
have the same cedTioing cubic. 

3. Find the reducing cuMc of the two hiquacbatic equHtiona 

x'' - 6fe= + 8 ■/{i'-^-mFTn^-Slmn) . a; + 3 (4bi« - H) = 0. 

Am. flS- amfiS - {«>.), ,ii). 
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3. Pioye tlittt the eight roots of tie equation 

are gwett by the formula 

yi + m + » 1 v/; + »™ + B-»-h v/; + «',« + «». 
(Compare Ex. 20, p. 34.) 

4. n the exprSMion 

ho n root of tho equation 

:' + G^ffi' + iGi + flU - 3^= = 0, 

detetmine S, I, J in teiraa of /, «i, «. 

^H«. S=-;, I=Umii, J=-ii,H?+H^). 

5. Prove th^t / yanishes for the Mquadratio 



7. Wliat ie the quantity under thejtml square i-oot in the foimula espreasing a 

8. Prove that the coefficients of the equation of lie squai-es of the differences of 
the roots of the biquadi'atic equation 

t/nX^ + 4»ia:' + Gsja!' + iasx + at = 

may he eipressed in feiioB ao, M, J, end J, 

Removing the seoond term from the equation, we obtain 

aff , 4G yj - 3g' 
^ a^'-' no' ^ a? ~ ' 

rtJid changing the Kig'Ds of the roots, we have 

These tranafoimations leave the fimctions (a - ,8)', &c., unaltered; but G 
becomes — S, the other coefficients of the latter equation remaining unohaaged ; 
therefcue G cam enter the coefficiente of the eqtiafion of the squai-es of the differences 
in et«K pcwere only. And since 

G ' may be eliminated, intjijdiiciug ofl, S, I, J. In a similar oianner we may 
prove that eysry even function of the dilfereoces of the roots a, 0, y, 8 may be ex 
pressed in terms of rd), H, J, ./, the fimctioii G of odd degree not entering. 
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62. iSecond Solution by Radicali^ of the Biqua- 
dratic. — Ijet the biquadratic equation 

au^ + ihx^ + 6ot= + Adx + e = 
be put, as before, under the form 

2^ + 6ffi= + AGz + «=/- 3_ff' = 0, 
■where z^ax + h. 

We now assume aa the general expression for a root of this 
equation 

a formula involving ihree radicals. 

Squaring twice, and reducing, we have 

{s" ~ qr ~ rp -pq)' = ip^r {2si + p + q -h r), 
or 

z'--2{qr + rp +pq) si' - Spqrz +{qr+rp +pqY -'i{p + q + r)pqr = 0. 

CompaTing this equation with the former equation in z, we 

easily find 

O a'T-VZlP 
qr-^rp+pq^-S-H:, pqr^--^, p + q + r^ — — ; 

whence p, q, r are the roots of the equation 

2Gt'+{12IP-a'I)f-6irGi+G' = 0. 
Now, mailing the substitution 

and putting for G' its value in terms of II, I, and J, we may- 
reduce this equation to the standard form of the reducing 
cubic, riz., 

4a'e'-Ia9 + J=<}. 

It is important that the student should clearly understand 
that the expression 

yq '/r + Vr-/p-^-/p-/q 
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has only four values due to the double signs of v^j i,/?t v^' 
■whilst ^p 4 ^q + -/V has eight values. This will appear 
from the following identical equation, viz., 

(v^ + y? + y*-)' ^^i* + 9 + r + 2 {^q i/7+ v^ Vi? + y^) ^q), 
which shows that v^^ v^+ ■v^V^+i/p V^ hasjust asmany 
distinct values as {-/p -i- -/q + -\/»')^ namely four. 

We now proceed to express ^j, q, r in terms of the roots 
(1, /3, 7, S of the biquadratic. Since 

a = oat + 5 = v''? a/'' + '/''■ "/p + '/!?' a/^i 
we have, giving to x the four values a, J3, 7, S, 

Zi s an + 5 = y^ yr - v^ y^* - V^ V^, 

S3 s B^ + ;> = - ,y~^ v^r + y^ y^ - ,y^ ^q, 

z,^ ay + b = - /q ^/r - /r i/^ + -/p -/q, 

Zi^ aS + b= ~/q^r ^ '■/r ^/p + ^:) ■/ q ; 

whence, from the values of Sa + S3 - 3i - £4, and sjZs-bjSj, we obtain 

a=(/B7-a^)+r'iO + 7-a-g)=4py5-/r; 

from these and similar equations we have, employing the rela- 
tion G -- 2pqr, the following modes of expressing p, q, r in 
terms of the roots n, fi, 7, S : — 

p7-«g _ __ SG__ 

P " ";^-h7-a~S "" - a^(^"+7-«-g)"= ' 

7n-/3^ 8g 

_ tl!_ = 8g 
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We have also from the above expressions for ai, Zi, Sj, Zi, 
a{^-l) = -2^p{^q~^r), a{a-S) = -2^/p{-/^ + yr); 
whence, 

..■ (0 - tK- - 8) -%>(?-'■)- 4 (ii-e), 

«-(r-«)0-S)"4?(r-j.).4(P-2i), 

where P = qr, Q = rp, E=pq. 

Examples. 
1. Prove that 

-a?J=- -(2F-Q-R)i2Q-E~P){2E-~P-Q), 
bjimeoas of the eiiuations 

F+Q + R^-iH, 'lpqr = - G, QE + SP h- PQ = SB'' - "— , 
nnd G'^ + iS^^'/' {HI -riJ). 

1. Express Ihc values in E^. 1 of 



(5-7)(«-B), (7-»)(S-B], (a-^KT-S); 
and prove 

3. Prove tliat^, j, r are in haimonic progression when a, 0, y, S art! in harmonii; 
progi'ession, anil conversely. 

63. Tlie ResoluUun of Uie ^uartic intu H» 4tuii- 
dratic Factors. — Let the given quartic be* 

ax^ + ibx^ -f- Qc3? + 4(fo + e. 
Multiplying this by a, and comparing it then with 

we have 
JT = 6= - «^' + a=e, ilfiv= 4e - «(? + 2«ie, iV^ = ic + 2a0y - ae. 

* Mrrari \ras the feat to solve the bifjuadratie, by expressing it as the difierenoe 
of two Bt[uares. Some writeiis caU this Sintpaot/s SoMion. The mathod of Art. 64 
is due to Deaimrles. See note A. 
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Eliminatiiig M and N from these equations, we find 
Aa^6'- (ae-4hd+3e')a9 + ace + 2hcd-ad''-eh'-o' = 0, 

■which is the reducing cubic before obtained. 

From this equation we have three values of 8 {Oi, fls, 6,i), 
■with three corresponding values of M", MJ^, N'' ; and thus all 
the coefficients of the assumed form for the quartie are deter- 
mined in three distinct ways ; moreover, it should be noticed 
that to each value of M corresponds a sinffk value of N, since 

MJSr = be ~ ad + 2cM. 
The quartic 

(fl^ + 26a; + c + 2aeY - {2Mx + ]^Y 
may plainly be resolved into the two quadratio factors 
aa^ + 2{b'-M)x + c + 2ae~JV, 
ax' + 2(b-i-M)w + c + 2a9 + JV; 

when 6 receives the three values 6i, 9^, fig, we have the three 
pairs of quadratic factors of the original quartic, and the problem 
is completely solved. If notv, corresponding to these pairs of 
factors in order, the roots of the quartic be taken as 

3, 7 and «, g; 7, « and /3, S; «, ^ and 7, S; (1) 
we have 

(3 + 7 = _^(S-.¥"0, 7 + a = --(6-i!r,), a + l3 = ---{/>-M,), 

a + S = --{h + 3f,), /3 + 8 = --(/. + iW;), y^d^--~{l) + M,), 
where 



Mi^ /b'-ac + d%, M,^-/l>'-ac + c^e.„ M. ^^ ■/ b' -- ae + ft%,. 
Subtracting the last equations in pairs, we have 

' a ' ' a ' ' a 

and since . 
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■we find also aa + b =- Jfi + ifz + M» 

aS + b^ M,-M, + M.„ 

(2) 

a^ + b ^-M,-M^-M,. 
The signs of the radicals involved in M,, M^, M-i were tacitly 
restricted when we arranged the order (1) of the pairs of qua- 
dratic factors. The restriction imposed ia this way is e 
lay the equation 



(seeEx. 22, Art. 27). 

Moreover, eliminating M, from equations (2), we find all the 
roots of the biquadratic given by the single formula 



when Ml = \/b' -ac + a' 0„ and M^ ^ •/b'' -ac + a? di take their 
double signs, thus bringing this solution into harmony with 
the solution of the biquadratic before given. 



1. Form the eq^uataon wlioae roota are A, ^, ;', or 

,87 + aS, 7a + ^6, nfi + 75. 
Addingfto last coefficienfe of (ie quadratic factors of the quai-tiu, we have 

8y + 08 = 461 + 2-, 
7a + fl3 = 'jej+ 2-, 

where fli, Sj, S3 are the roots of the redudng cubic ; therefore the requii'ed equation 

Am. (aa;-2c)l-4/(tf.t-2(!) + ia/=^ 0. 
{Compare EKamples 4, 6, Act. 43.) 
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2. Expceaa the tools of the Teduoing cubic in terms of the roots of the hiqua- 
drfttie. 

Subetitutiug for — its vaJue in terms of a, Si 7> 5| in the equations of the last 
Example, we find 

12fli = {y - i^](0 - ^) - [a,- B){y - S) -^2\- r. - o, 
128,= {a - B) {y - S) - (S-y) (^ - S) ■^2l.- P - ?., 
12e, = {B-y){c.-S)-iy~a){B-d)^2y-K-t.. 

3. If two roots of the reducing cubic arc imagmnry, two roots of the biquadratic 
are real and two imaginary. 

Let Bi, Si have the imaginary values p±q -^Z — \ ', substituting these values in 
the formulas 

we find 

Now, let tan 2^ = - , 

and we have 

M^. = -yWV(f.i:^-'~\ Jlfi = v'F+'^e-*'^'; 

-Sf, + Jlfa= 2v'J=TG=co3^, 
ifi - jlfa = 2t;v'P= + Q= sin ^, where i' = - 1 ; 
also, since the general solution of the biquadratic is 

03^ + J = Jfi + jlfi r-^, 

Eifi Mi 

where ifi, ^s hiivo double signs, it is plain tliat the two roots of the biquadratic 

inyolving M\ + Jfs are real, and the two roots involving JHi — Mi ace imaginary. 

4. If the roots of the biquadratic are all real or all imagioaiy, the roofs of the 
reducing cnMc are ali real. 

It is easily proved that 

j3y + bS, 70 + 35, afl + yS 

are real, and consequently 9i, Sj, Bg. 

5. Prove aitniLarly that when two roots of the biquadi-atic are real and two ima- 
ginary, the reducing cubic has imaginary roots. 

6. Form the equation whose roots are the functions 

l(37-a5)(S + 7-''"S), H7«-S3)(7+«-B-3), J la(3-75)(o + ,8-7- S). 

From the quadratic factors of the quartie we find 

4Jlf[ . 2jVi 

= B + 7 - " - *i = S7 - =S ; 

JWi J^i = *c - aiJ + 2aiSi = - a= ^1, 
the raols of the requii^ed cubic being represented by ifi, (la, ^3. 
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We obtain, therefore, tie I'eqnii'ed equation by a liauai' transfoi-mation of tbe 
reduoing cubic. 

Ans. [a^^ + Ik~ adf - V^I {{fiip + hc-a4)- WJ= 0. 



7 . Form the equation, w 



■ya-0S ng-yS 



+ -y-a-S' 7-|-a-y3-5' a + fi-y-S' 
Tf ip denote one of tJioae fimttions generally, we have, employinj!; foiiiier results, 



-2$ = 



2IP b^-ac + a'a ' 



and thus we obtain the re([uired ec[uation by a homographic tranatormation of the 
reducing cubic. This formula may be put imder the more conTement form 

„^ + i = _ i^ , 

^ a'9-S 

by means of which we obtain the required cubic in the following form : — 

which, expanded and divided by a', becomes 
(Oompaia Ex. 14, p. 86.) 

64. Tbe Reiiiolution nf the <luiirtic into ftnadrativ 
Factors. Second Method. — If the qiiartic 

ax'' + ibit^ + 6i?j^' + ich + e 

be resolved into the quadratic factors 

a (k' + 2px + q){x' + 2p'a: + q"), 

we have, by comparing these two forms, the equations 

p^-p' = 'Z-j q + q' -\- i.pp' ~ & -, pi ^p>q = 'i-, ?/= -■ (1) 
If now we had any fifth equation of the form 

we conld eliminate p, p', q, q' ; and thus find an equation giving 
the several values of f. 



y Google 



Resolution of the Quarticinto Quadratic Factors. 127 

Thus, if (for reasons to be explained presently) we assume 
a,8 the fifth equation 

these two functions of p,p', q, ?', heing equal by the second of 
equations (1), we easily find from the same equations 



pq+pq =- 
and eliminating p^ p', q, 5', by means of the identical relation 

(p'+?j'') (?' + ?'') ^ {pq -p'qY + ipq-^p'q'Y, 

there results the equation 

4a' ^^ - Ia<j> + (7"= 0, 

which is the reducing cubic obtained by the previous methods 
of solution. 

Having thus found jip', or q + q', we complete the resolution 
of the quartic by means of the equations (1). "We now explain 
why it might have been seen d^n'ori that the form above assumed 
for ^ would lead to a convenient etjuation. If ^ be e 
in terms of A, ft, v (see Ex. 1, Art. 63), we find 

<i>--~pp =7{q+q- 



12 

a function of the differences of X, fi, v, and every such function 
is an even function of the differences of u, (3, 7, g, in virtue 
of the equations 

-;. + ... 0-7)(»-S). -» + A-(r-")(/3~S), 

-X + ;..(.-P)(7-S)i 

hence the equation for ^ cannot involve any function of the 
coefficients except a, H, I, and J; and in fact it is, as we have 
just proved, the reduoing cubic involving only a, I, and J. 
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ExiMPLES. 

1 . Eesolve into quadi'atic factors 

i^' + QHz^ + Wz + ci^I-Z'H^. 
CcFrapaiing tliis form with tho pi-oduct 

we find the foIlowiDg equatjaa iovpi — 

and putting 

this equation, when divided by rt', becomea 

4b3^' — lap-i 7=0. 
3 . If a quai'tio be resolved into the two quadratic factors 
ir^ +px + /J, it' + y^t 4- s', 
prove that ^ is determined hy a cubic equation wlien it has all the values corre- 
sponding to each of the following types : — 

g-g' pq' -p 'q pq' -p'q 
' p-p" p-p' ' q-q' ' 

ip-p'Y, (p-P'){s-0. (4-/)'. {pq'-p'i?; 
and by an equation of the axth degree when it has all the values corresponding to 

P,9<P-P', 'l-<l\ Pi'-P'9, or p^-iq. 
Expreaa these ftmoliona in terms of the loots, and the number of values eacli func- 
tioa. has becomes apparent. 

65. Transformation of the Biquadratic into the 
Reciprocal Fornt. — To effect this transiormation we make 
the linear substitution x^ ky + p in the equation 

ac* + Ahx' + 6ca^' + 4(f» + e = 0, 
which then, assumes the form 

wliere 
Ui = ai>-vb, Ui^ ap' + 2bf) + c, Ui= ap' -\- 'ihp^ + ^cp + d, &o. 

(Of. Art. 36.) If this equation be reciprocal, we have two equa- 
tions to determine k and p, via., 

ak'= U„ k'U, = kU,; 
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Transformation of Biquadratic into Reciprocal Form. 129 
eliminating k, we have the following equation to determine p : — 

and since 

Ui _ ap^ + 3i/i^ + 3cp + d 

JJ, aj> + b ' 

there are two values of k, equal with opposite signs, correspond- 
ing to each value of p. 
The equation 

when reduced by the substitutions (eee Arts. 37, 38) 

a'U,^ U.'+^HU;' + 4(?t/', H- aU- ^R\ 
becomes 

2GU,^ + («'/- 12.ff=) P"i= - 6(?irF, - (?^ - 0, (I) 

which is a cubic equation determining V'i = ap+ b; aud if we put 

^^ 
'- ■'^' 

d is determined by the standard reducing cubic 

This transformation* may be employed to solve the biqua- 
dratic ; and it is important to observe that the cubic (1) which 
here presents itself diflers from that which results in the mode 
of solution of Art. 62 only in having roots with contrary signs. 

We proceed now to express k and p in terms of a, (5, j, S, the 
roots of the biquadratic equation. Since the equation in */, 
obtained by putting x = kp + p,iii reciprocal, its roots are of the 

form Vi, ill, —, — \ hence we may write 

a = ky, + p, ^ = kyi-\- p, S = A - + p, -y = k~ + p; 



ap^ 



* TUsmethodof solving the biqiiadratio by transfoiimng it to tiio reciprocal form 
IS giyen by Mr. S. S. Greatheed in the Camh. Math. Journal, vol. i. 
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and, therefore, 

(a-p)(S-p).0-p)(y-ri.i-, 
from whicli we find 

fa --8 

and _,,Ji^-fci)(5_^iL7-S). 

An important geometrical interpretation may te given to 
the quantities k and p which enter into this transformation. 
Let the distances OA, OB, OC, OB, of four points A, B, C, B, 
on a right line from a fixed origin on the line be determined 
by the roots n, (i, y, ?, of the equation 

axf + Aba? + Qcx^ + Adx + e = (i; 

also let Oi, On 0, be the centres ; and F„ Fr ; F„ F^'; F^, X 
the foci of the three systems of involution determined by the 
sets of quadratics arranged horizontally in pairs 

(^-ffl(^-T).0, {^-a){^-S).0, 
{^-j){^-a)-0, (^-P)(^-8).0, 
(,r-.)(»-ffl.O, («-y)(«-8).0. 
We have then the equations 

0,B.O,C= 0,A . 0>B = 0,F{\ &c. 
which, transformed and compai'ed with the equations 

0-p)(7-p) = {«'-p)(S-p)=^, &c., 
prove that the three values of p are 00^, 00^, 00^, the distances 
of the three centres of involution from the fised origin 0. Also 
since 0,Fi' - A', k has six values represented geometrically by 
the distances 

0,F„ 0,F{; (\F.:, (XF:-, 0,F„ 0,F,', 
where OiFi + OiF{ = 0, &c., as the distances are measured in 
opposite directions. 
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We can from geometrical considerations alone find the posi- 
tions of the centres and foci of involution in terms of «, j3, y, S, 
and thus confirm the results just eetahlished, as follows : — 

Since thesystema {FiBFiG] and \F,,AFiD] are hai'monic, 

_2 1_ _1 ^ J^ 1 

F,F'~ F',B^ F.C F,A'^ FyD' 

and if x represent the distance of F, or Fi' from the fixed origin 
0, we havo 

I 1 _ _J_ J_ 

Solving this equation we find 



_ |3t-.5 v/ -(T-.)((i-5)(,-ffl(T-8) 
P + 7-..-S 





- P+y-.-S- 


or 


x = p ± k, 


whence 


OF, + of; 

1" 2 ■ 




, ^ OJ?, - 0-P,' 



Transform the uubic 

fli^ + 3ijc' + Zcx + rf 
to the reciprocal form. 

The asaumptioiL i:=ky + p leads here to the equation 

-(5Pi9+ 3^=(f|= + Jf'^O, wliere P"i = flp + b. 
Tha Yiilues of p are easily seen to be 

fly -a' ytt-iB' gfl-T' 

The geomeljieal interpretafion in this ease is, that if three points J\ Ji', C h 

taken on tie axis siioh that A' is the harmonic conjugate of A with r<apcct & 

B and C; S' of B with respect to C and -4, and 0' of C with respect to A and .5 

then we Lave the following values of p and & : — 

_ OA + OA ' __ OA - O A' 
p_ _ , ._ ^ .. 

For the values of OA', OB', OC in temia of a, B, 7i sei; Rk- IS, p. SB. 
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66. Solution of tlie lEIquadrattc by Symmetric Func- 
tions of the Moots.— The possibility of reducing the solution 
of the biciuadratio to that of a cubic by the present method de- 
pends on the possibility of forming functions of the four roots 
a, 3, y, §, which admit of only three values "when these roots are 
interchanged in every way. That there are several functions of 
this kind will be seen on referring to !Es. 2, Art. 64. We em- 
ploy in the present Article the functions already referred to in 
Art, 55, since they lead in the most direct manner to the expres- 
sions for the roots of the biquadratic in terms of the coefficients. 

We form the equation whose roots are the three values of 
the function 

^ _ / . 1- ap t D'- i * e-sv 

when the roots are interchanged in every way, and - - 1. 
These values are 

,.{si2^)\ ..(11^7, ,..("-lt^7. 

and sinoe 

S(a-/3)".3Si.--2X-2^-2. — 48^ 
we find the following values of t„ it, 4 : — 

2X-P-1, B iii-„-\ II 2,,-i-p H 



12 ii" 12 «■' 12 

whence ti -^ t^^t^- - 3—. 



S(2p-»-i)(2.-A-,,)-~3(*'+)<" + «'-p»-«X-Xri — j2(p- 

and £(,.-»)•. 24 4 

we have 

We nave also Ut'Ji = \Trr^\ = -r-;- 

\f)4(iv 4rt. 
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Solution of Biquadratic hy S/fmmetrio Functimis. 133 
Hence the equation whose roots are ti, ti, 4 t 



or, substituting for G" its value from Art. 38, 

4 {aH + HY - aV [aH + if) + a? J = 0, 

whioh is transformed into the standard reducing ouHc by the 
snlstitvition aH + }£= a'O. 

To determine a, (i, y, S we have the following equations : — 

-«^fi+y-g = 4y^, ,4-0 + 7-3 = 4^4 a + ii-y~S = 4:y/f„ 

along with u-i-j3 + 7+S = -4--; 

from which we find 

..---•<;+•*; + -/i,, 

y + vit + \/U - via, 

We have also from the above values of -/a, -i//s, ■•/h the 
equation 

by means of which one radical can be expressed in terms of the 
other two, and the general formula for a root ahown to be the 
same as those previously given. 

The cubic of Ex. 4, Art. 43, whose roots are A, n, v, might 
have been employed in a similar manner to obtain the values of 
a, (5, y, S; but it does cot lead so directly to these values as the 
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equation above given. We wish here to call attention to two 
functions of A, fj,, v, whieli possess properties analogous to those 
established in Art. 59 for corresponding functions of the roots 
of a cubic. We use a notation similar to that of the Article 
referred to, and write 

i - 07 + og) + u> (yo + i3S) + <«= («P + t8), 
31-^ iiiy + aS) + 0,= (ya + ^g) + . (a^ + yS) . 
The following relations between A, fi, v and the roots of the 
reducing euhio 

are easily established (see Ex. 1, Art. 63) : — 

A = 40. + 2-, M = 4fl.-i-2-, v = 40, + 2-; 



hence the values of L and M may bo written as follows ; — 

i 4 

These functions are Just as important in the theory of the bi- 
quadratic as the functions of Art. 59 in the theory of the cubic ; 
for they are the simplest fiiuotions of four variables which have 
but itvo values when the variables are interchanged in every way. 
They are the roots of the reducing quadratic of the reducing 
cubic above written ; and underhe every solution of the bi- 
quadratic which has been given. 

We add some applications of these functions. 



Examples. 

1. Show thati and Mai^ funotioaeof the differences of o, 0, 7, 3. Increasing 
, S, y, S by h, &.esB functions remain unaltered, since 1 + op + 10' = 0. 

2. To find in terms of the coefBcienta tlie product of the squarcB of the difiu- 
mcee of the roots b, S, y, S. 

From the values oS Land Mia terms of e,, 61, 03, we find easily 

1291= L + M, I- M ={a~y){a-S)(i^-a), 

1101= c^l + aM, w^L-all ={-)•- a)(e-S)(o»^-«), 
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Equation of Squares of Differences. 135 

Again, fi-otti these equations, niultiplying iie terms on botH sides together, aud 
rememhering that 9:, fti, flj are the roots of 

we find 

IJ' + J1/"S = - 432 -, 

i'-AP = 3y^(3-7)(7-a)(a-p)(«-S)(3-S)(7-S); 
■:ilso, adding the squares o£ Gie same terms, we hare 

(X3 - M^Y s {Za + My - 4Z=iP, 

subalitiiting for these quantities their values derived from former equations, we hoye 
finally 

3. Show by a eomparison of the equatioas of the present Artdole and Art. 59 that 
the reaullB of the previous Article may he extended to liie biquadratic by cbanging 

e-y, -,-•, .-» into - (»-,)(. -S), -(,-.)(«-»), -(.-«(7-»), 
lespeetivcly ; imd, oonsequenlly, Jl into — x -^j "■'i'^ G into 167. 

07. Elquittiun of the i^quares of the ISifl^renccs of Hie 

Hoots of a BSlqwartratic— The general problem of the for- 
mation of the equation whose roots are the squares of the 
differences of the roots of a given equation may he treated as 
follows : — Let the proposed equation he 

/W- (;e -..)(,- a.) (»-..)..,(».-..).0. 

Substituting x^ u^ for x, aud giving v tlie values 1, 2, 3, . . . «, 

we have 

/(« + o,).»(« + «.-o.) («+<■.-<..) (» + !.,-■,.), -| 

/{» + aO.J!(a; + o,-a,)(>H-<.,-n,) («:+o,-i,J, i 






/(^■+.,.).«(^+.„-a.)(« 
also, since 
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136 Algebraic Solution of the Cubic and Biquadratic. 
and /(or) = 0, wo liave 

Denoting the second side of this equation by ^ [x, or), and mul- 
tiplying both sides of equations (1), wo find 

*(.,„.)<,(s,,.,) .... *{^,..).i,i.'-(,„-..r||«'-(a,-a.n 

....!«=■ -(«.-. -..)■). 
Thus to foma the equation of the equarea of the differences, 
we can multiply together the w factors <^{x,a^, ^(a;, nj), &e., 
and substitute for the symmetrio functions of the roots which 
occur in the product their values in terms of the coefficients. 
The resulting equation will be of the n[n — Vf'' degree ina;; but 
as it will contain only even powers of x it must be reduced to the 
■^n[n-Vf'' degree hy the substitution of x for x^. Or we may 
form directly the product of the \n{n~l) factors on the right- 
hand side of the ahove equation ; and express the symmetrio 
functions involTed in terms of the coefficients. We adopt the 
latter of these methods in the following application to the 
biquadratic : — 

The proUem is eqiiivalent to expressing the following product in terms of the 
coefficients of the biquadiatio 

{♦-(s-Tjnie-h— )')(»-(—«)")(♦-(— s)'H»-(«-')'ll»-(j-s)"l. 

The most conyenient mode of procedure is to group ttiese eii factotH itt pairs in- 
vdying all the roots, aad to expi'eas the thi'ee products, which we denote by IIi, Oj, 
Ila, separately in terms of the roots of tlie reducing cubic, and finally to espress tlio 
product niOjIIa in terms of o, S, I, J. 

ni^^-{(^-7)H(«-B]n*'+(ie-y)'(a-B)^ 
and, by previous vaults, we have the folloiving espreseione for (5 - yf, (a — 8)' : — 

For convenience in the calculation we now put 
ami ^'+i*^ + (if?'J'; 
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n'liejice riilianj, divided by 8', becomes 

Roducing tliia product by the result of Example 1 8, page 87, we obtain 
*' + 3QT= - (4Q^= + 18S^] * -- (8S^= + 12Q^$a+ 36GJt^ + 27^) = 0. 
Finally, resWriag He value of V, we Lave the equaliou of tlio squares of the diife- 

+ (6J^e-7(a^-18P^^2+9Q(PG-6Ji)f + 4e*-27i? = 0. 
We give for eoaveoienoe of reference the result also in terms of a, H, I, J*: — 
o« 4fi + 48o^fffS ^ 8ffl= (063"' + o=7) ^' + 32 {1285 > + ISt^SI- I3a?j) ^ 

+ Ifi {?MH''I- IbH'^ - 288s-ff/) ^=+1153 (2J3T- 3flJ)Z^ + 256(7' - 27J"«) = 0. 

68. Criterion of the Kature of the Roots of the Bi- 
qua^lratic. — The quantity J' - 27 J' is the discriminant of the 
biquadratie, and is denoted by A. The sign of A does not 
enable us to determine completely, as in the case of the cubic 
(see Art. 42), the character of the roota; but certain conclusions 
can be drawn from it, as we proceed to show. 

(1). When A is negative, the biquadratic has two real and two 
imaginary roots. I"or, forming the product of the squares 
(j3 - yf, (7 -. of, &e-, it readily appears that this product is 
positive if the roots be either all real or all imaginary. 

(2). When A is positive, the biquadratic has its roots either all 
real, or all imaginary. For, forming the product as before, it 
appears that this product is negative when two of the roots are 
real and two imaginary. 

(3). When A = 0, the biquadratic has laco roots equal. 

(4). WTien 1= 0, aitd J= 0, the biquadratic has three roots 
equal. This is easily inferred from the expressions of the roots 
in terms of the roots of the reducing cubic. 

The complete discrimination of the roots in the ease where A 
is positive requires the consideration of the function IT as well 
as / and J, and will be most conveniently discussed after the 
proof of Sturm's theorem in Chap. IX. 

* The oqufttion of the squares of the differencee was fiiBt given in this form by 
Mr. M. RohertB iu the Nimvdtei Annates de MathemaHques, vol. xvi. 



y Google 



138 Algebraic Solution of the Cubic and Biquadratic. 



1. Show that if ^i)e positive, or if S"=^0 {ujia not = 0), tie cubio will have 
a pair of imagiimry roots. 



2. Show that if inie negative, the cubic will have its 


roots (1) all 


real DUd 


naequal, (2) two equal, or (3) two imaginary, according a 


s (;= is (1) k 


!aa than, 


(2) equal to, or (8) greater than - iH^. 






3. If tte cubic equation 






Ho*' + 3(!l3!= + 3i'j3! + fia = 






have two i-ootg equal to ,. ; pi-ovc 






""^ III" H' 






where no»i!-Bi^ = //, «ofl3-»iaj = 2ffi, aiffl3-(fe= = irs. 






i. If flK'+34j^' + 3CT + ii + 4(3;-r)' 






1)0 a perfect cube, prove 







(Bc - b'] ri + {ad -bcjr + {bil - e') = 0, 

5. Find the condition that tie cubic 

aj? + 3^3;' + Sex + ^ 
may be written under the form 

J (I ^. ,)•+.»(.-«,).+» (—„)■, 

where ni, 0i, y\ are the roots of the cubic 

aix^ + Siio:^ + 3ei3,' + rfi = 0. 
Comparing the forme, we have 

— i = iai + m$i + tiyi, 
c = W + fiiBi^ + nji'. 

Also aiai= -h 3iiai= + 3ci h, + rfi = 0, &e. 

Wtenee, multiplying tbeae equations by di, Zci, 3ii, o,, respectively, and adding, 
we find 

{adt-a,d)-Z{bc,-hic)=(l. 

G. If ii, B, y be the roots of the cubic equaiion 

dox^ + SaiX^ + Saix + ea = ; 
form Ore equaiion 

in teini8 of the iioeffi dents. 
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7. Show tliat a R'bK poeitiya, tJie biquadratic must hava imaginary toots. 

8. Show that if i" be negative, liie biquadratic m.TiBt tare two real and two 
Imaginary roots. 

9. Show that when the biquadratic has a pair of equal roots, the reducing cubic 
also baa a pair of equal roots, and conveisely. 

10. Show that when the biquadratic has a double root, tie cubic whoso roots 
are the Toluea of p (Art. 65), has the aanie double root. 

11. If j¥and /are both positive, all ibe roots of the biquadratic are imaginary. 
Since S is positive, there must be at least one pair of imaginary roots, 

a + 3 Y- ] . How dimiaisHng all ihe roots by a, and dividing them by ,3 (which 
transformations will not alter the character of the otier pair of roots 7, 8, nor 
the signs (rf S and /), the biquadratic Inay be put under the foiin 

or ji + ip}? + Gce' + ipx 4- q, where Sc = j + 1 ; 

whence S-e~p\ J = 3 - 4p^ + 3c=, 

J = Qo + 2p'>: - p' (;; + 1) - «! = e (4 - ip" - e'). 



and, thercfoic, 



j-ip2 = cs + - = (i/ + i»a) + 



-ff+?>'' 



proving that 7 and B are imaginary if S and J ai* both positive. 

12. If the biquadratic has two distinct pairs of equal roots, prove the roktions 

In this case the biquadratic divided by an assumes the foim 



_,,.{(._-)■_ (-)Y.(ti:)- 



where s = floa^ + "1, and - = — --■■ ; 

whence, compaiins the forms 

iind j' + <iSs' + iGi + iiu^I - 3H', 

we And Sff = - A-=, 6^ = 0, ao=/ - 3-ff' = 4', 

from which the above relations immediately follow. Also it should be noticed that in 
this case only one sqiiare root is involved in tbe solution of the biqiiadratic (coming 
from the solution off-he qundialic (j;-a)(j: - 0)}. Two loots of the equation in t 
(Art, 61) are :.cro. 
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(a 


-My 


-S) 


(y 


-a)iB 


-B, 


ie 


-7)l« 


-8] 


{a 


-e){y 


-B) 


ty 


<^)(S 


-B) 


(jS 


7) (a 


-B) 
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13. Find lie condition that lie biquadratic may be put luidcr tlia form 

l[x' + Ipx + j)2 + m (i* + 2p!c + (?) + ", 

In thia case the eecond and fourth coefficients are removed by the same trana- 
formation, and the general solution inyolvea only two square roots. 

Ans. (? = 0. 

14. Form lie equation wliose roots are the sis anliKraionio functions of four 
points in a right iine determined by the equation. 

itoi' + iav:^ + 6s3S! + ie^x + B4 = 0. 
The six anhannomc ratios ai% 

I I 1 



eg - 01 



also the equation whose roots arc 

{^-7)[a~-S), (y-„){^-3), {a-S)(T-!) 

is one of the cubios 

at?& - llaalt^ ± 16 1//^ _ 27/^ = 0. 

The equation whoso roots are the ratios, with sign ohangGd, of the roots of eithei- 
of these eubics is 

4ii($=-^ + l)'~27J3f'[^-l)!=0 (see Ex. 16, p. 86), 

wlicro A = -T' - 27J'. 

The roots of tho equation in ip are flie six anharmonio ratios. TMs equation can 
be written in a more oxpreaaire form, as will appear from tlio following propo- 
sitions : — 

(a). The six anharmonic ratios may be expressed in terms of any one of them, 
as follows : — 

^ l_ffl _L. "^Jll J_ 
? '^' 1-ip' ^ ' ^-1' 

From the identical equation 

(^-7)(«-5) + (T-a)[0-5) + (,.-3)(T-S)^O 

ws have tiie relations 

1 1 1 

01+ — =1, <p3-\-~ = 'i, f3 + — =1, 

which deteimiuo all the anhoi'monic ratios In teims of any one of them. 
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(i). If two of the anhannonic tatioa Tjecome equal, flie six values o£ ^ lu-c 
- u and - oj' three limes repeated ; and in tlua case / = 0. 

For suppose ^i = ^s ; we have then from tie second of tiie above relatione 

</>!'- ^I + 1 = 0, 

and sabsfitntiiig cither of these values fov ^ iTi.(EJ, we find all theauharmonio ratios. 

I = aaOi - iaiot + 3^3^ = 0. 
(c). If one of the ratios is hai-monic, the six yalucs of ip are - 1, 2, ■-, twice 
repeated ; and in this case 7 = j for if 



oneof the factors of /(see Ex. IS, p. 61). 

{d). These i-esulbi, as wall as the converse pTOpositioos, may be proreil by 
writing the sestic in. if under the following form; — 

P{(?. + l)(f-3)(^-J)}= = 27/M(^-l-'")(^+"=)!'. 
16. Solve the equation 

/g° + 14j+l \ = _ g [g - D* 
U' + lV + l/ ~ p'ip'' !)'■ 

^„, p., 4f?Ji^p\%teee*.i, 

16. Express 2(a-^)'(7- S)' as a rational function of fli, fls, 63; acd nltimately 
in terms of the iweffldents of the qufirtic. 

Ans. -128 2(92-fl3l=^ei + ^] =-^(4ir/+3fl7). 

17. Express 

as a rational function of 9i, H, ^s- 

TMs aymmetiio function is equivalent to 

18. Form tlic equation whose roots are the several products in pairs of tlie roots 
of a biqiiadratic. 

The required equation is the product of three factors of the type 

Aii^. {ap^ - ieif. + e|' - 4 14? (a0= - 2 c^ + e) + 16 /^^ = 0. 
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19. Form the equatioii whose roots are the sevaiol values of — - — , whprt 
D, i8, 7, 3 are the roots of a hiquadratic. 

Tho requh'cd c[[uation is the product of three factors of the typo 

Am. 4((i^- + 2i^ + (!)=-/|B(i' + 2iflj + (;) + /"0. 

20. If El, B\, ami oj, Pi be the roots of the c[uadratic equations 

aia:= + 2*is; + Ci = 0, nas=+ 2S!3: + Ca = ; 
find the oquatiec whose roots ai^e the four values of a\ oa. 
Let S, = aiCi-li^, Ri^^OiCi-h^. 

Am. ((,iO5ifi"-2ii*a(;) + 0jfla)=-4ff|S3^' = 0. 

N. B.— This and the two following Esamplcs may be solved by eipressing ip in 
ferifls of raidicals iuvolving the coefficitnts. 

21. Employiug the notation of Ex. 30, form the equafiou whose roots aro the 
four values of — ^— — . 

Let 2iry,^-BiC2 + aiC, + 26ih. 

Am. (2ffli02^' + 2(a,Sj + fl3ii)(, + 7i",j)'~i/-,7/s = fl. 
In this Example the resulting biquadraUc is such that ff = 0. 

22. In the some case, if ip = ^ (hi — ob)*, form the equation whose roots ajs the 
several values of ^. 

Let M=aibi'~<ii6i, 2Si2 = aj,ci + njui — 2/nh. 

_l _9II 3aJ - 2BI \ 

Prom the espressiona for a, ,0, y, 8 in terms of fli, fe, flj, we hayo 

I 1 ( n'fl[ + 2g a%+2g o°a3+2.g ) 

{a-S,Y~ 2h» ( (fls-fla)' '^ (fla - fl,)^ """ (ft - flj)^ J' 

whioh may be oipreased in teiins of «, IF, I, J as above, 
if J = 0, and m of the fomi Zp ov Zp+\. 
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can. he resolved into the ema or difference of two squares il 

Here (>!7s(oi + ;j + ^a)= + (flc-i=);,= + 2(Brf-fe)!/= + W-eS)jS 

iind {ae - *=] j;' + 2 {ad - be) yi + {ae - c«) li' 

is a perfect square if 
01- J=0. 

20. If o, 0, y, 5 be tte roots of tic equation 

anx^ + iaix^ + Gass' + iajK + fflj = 0, 
solve, in terms of the coefEcicnta at,, oi, &c., the equation 

v'.r^ + \/^^ + 1/^ -I- -/^^ - 1). 
When \/a + v^S + %/? + v'^= 

is rationalized, and the coefficienta siilistituted for a, ,8, y, S, we have 

(3BoB!!-2a,=)= = ifln^fli, 
Now, suhstituting (7o, E^i, Ui, U^, Ui for ao, «i, «i, «3, «(, and reducing, wc find 



1 



27 . To espress the solution of the hiquadvatic in terms of a single root of tl 
reducing cubic. 

Substituting x' + 11 for x in the equation 

ax'^ + ibx^ + Cos* -i- 4(^3: H- e = 0, 
a^^ + iUix'^ + ^Uix'^ + iUiJ^+Ui^O. 
Now let this equation, separate into the two equations 

az'' + 6 ITiX-'^ + Jh = 0, rTi k'« + (73 = 0. (1 

Eliminating .i:'^, and reducing as in Art. 65, we have 

whence U^ = nfl, where fl is a root of the reducing euhic, and thcioforc 

(7i = »p + i = v^a'e - tf. 

Again, frem (1) 
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144 Algebraic Solution of t/te Cubic and Biquadratic. 

whence, finnjly, ainee x ^x' + p, or an + b= Ui + ax', we hare 



= .^aH-H+^-a' 



-II 



an espraasioa wMoh haa only four values. 

This eipresaion might of course be obtained from the resulting formula of Ail. 6 1 , 
or Art. 63. The method of arrivii^ at it In the present Example is a distinct method 
of solving the biquadratic. 

28. ProTe in general that (he Bolution of the biquadratic does not involve the 
extraction of a cube root wbeu any relation among the roots a, 3, y, 8 exists which 
can be espregaed rationally in terms of a root e of the reducing cubic. 

Any rational function of 6 can always be depressed to the second degree by the 
aid of tie reducing cubic, which expresses S^ in terms of a. Hence the determina- 
tion of S will not involve the extraction of a cube root; and the formula of tJie 
preceding Example shows that the expression for lie root of the biquadratic will 
not tJien involve any cube root. 

29. Find the relation which oonnects the roots of tha biquadratic when the 

is satisfied by eaeh of the following values of p : — 

Ans. (1) j3+7-.«-S = 0. 

(2) (4) and (8) 37_a3 = 0. 

(6) (7-a)(S-S)-^(a^^)(7-S) = 0. 
(6) and (7) ,8-7 = 0. 

30. Prove the following identity ; and by means of it verify the result of Ex. 11, 
p. 139 :— 

V (-i^- 27J2) ^ (fl„!Z- 3^) (ao^I- 13S!)= + 27f?« ((?H 2floV). 
This may bo proved by putting oi == 0, 03 = A^, &c., in the expanded value of 
A, and lien subetituting for Ai, A}, At the values of Art. 38, — Mr. M, itoherta. 
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CHAPTEK VII. 

PROPERTIES OP THK UEUIVEU ^U^"CTIONS. 

69. Cirapblc Representation of the Uerived Func- 
tion.— Let AFB bo the 

curve representing the po- 
lynomial /(a;), and P the 
point on it corresponding 
to any value of the varia- 
ble w = OM. We proceed to 
determine the mode of re- 
presenting the value of/'(a^) 
at the point P. Take a se- 
cond point Q on the curve, 
corresponding to a value of J^'S- ^■ 

x -which exceeds OM. hy a small quantity h. Thus 

OM=x, MN=h, ON-x-^h; 
also PM=f{x), Q.N = f{x + h). 




The expansion of Art. 6 gives 



/(»4-i) -/(») . 



../>),, 



J_M 



Ax*h)-f{p) _ QS 



5 . tan QPS - tan PES'. 



Now, when A is indefinitely diminished, the point Q approaches, 
and ultimately coincides with, F ; the chord PQ becomes the 
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146 Properties of the Derived Functions. 

tangent PT to the curve at F ; the angle PEN becomes PTM. 
Also all terms of the right-hand member of equation (1) except 
the first diminish indefinitely, and ultimately vanish when k - 0. 
The equation (1) Locomes 

iaxiPTM^fix)] 
from 'whioh we oonolude that the mhie assumed by the dei-wed 
function f '{to) on the Bitb&titution of any mkie of mis represented by 
the tangent of the angle made with the axis OX by the tangent at 
the corresponding point to the curve representing the function fix). 

70. Maxima and Minima Valn^ of a Polynomial. 
Theorem. — Any value of x which renders f{x) a mennmum or 
minimum is a root of the derived equation f'[x) = 0, 

Let a be a value of x which renders /(a;) a minimum. We 
proceed to prove ih&tf'{x) = 0. Let h represent a small incre- 
ment or decrement of x. Then 

/(a) </(. + 4), also /(.)</(»-/,); 
hence/(o + 7j)-/(«), and /(a- A) -/(n) are both positive, i.e. 
the following two expressions are positive : — 

fi') 4 + T^' »■ + 

""-h-- 



Now, when h is very smaU, we know (see Art. 5) that the signs 
of these expressions are the same a^ the signs of their first terms ; 
hence, in order that both should be positive, /"(a) must vanish ; 
and, moreoveT,/"(a) must be positive.. An exactly similar proof 
shows that when /(a) is a mmimum f {a) = 0, a}idf{a) is nega- 
tive. Thus, in order to find the maximum and minimum values 
of a polynomial/(a:), we must solve the equation/'{«) = 0, and sub- 
stitute the roots mf[x). Each root will furnish a maximum or 
minimum value, the criterion to decide between these being the 
sign of /"(^) when the root is substituted in it — whpnf"{x) is 
negative, the value is a maximum; and whcnf"(x) is pontile, the 
value is a II 
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Maxima and Minima Values. 



The theorem of this Ar- 
ticle follows at once from 
the construction of Art. 69 ; 
for it is plain that when the 
value of,/'{a;)is a maximum, 
as at F, P' (Fig. 6), or a mi- 
nimum, as at p, p', the tan- 
gent to the curve will be 
parallel to the axis OX, 
and, consequently, 

tanP2'i!f=/'(^) = 0. 
Fig. 6 represents a polynomial of the 5th degree. Correspond- 
ing to the four roots oif{x) = (supposed all real in this case), 
i. e. OM, Om, OM', Om, there are two maxima values MP, 
M'P', and two minima values mp, rdp', of the^unctiou. 






Es:amples, 


1. \'ixAWxf. 


™x.ovmi».val„eof 




fijc) s 'Ix' + a: - Si- 




/■W = 4:l'+1, ,rW = 4. 




K = _ _ makes ./'(.>■) = ~~, a minimum. 


e fig. 2, p. 1 
2. Find the 


■) 




f{x) s1a?-Z!^- 36:E + 14. 




/'W = 6(^'-^-6), /'(^) = 6(3:t'-l). 




* = - 2 makes f{x) = 68, a maiimum. 




a.- = 3 makea /(i) = - BT, a minimum. 


3. Find the 


nas. and iiiin. values of 




/{i) = Si' - 16i» + 6,r5 - 48i- + 7. 


Here f(x) has only one i-eal root ;e = 4 ; aiid it givea 



id the max. and min. values of 

/(K)=10l=-iW+j:+6. 

■oots of /'(i) are, approximately, '0302, M031. Tlie fum 
value, the latter a niinimiun. (See fig. 3, p. 17.) 
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148 Properties of tin Duuc\} FunUiom. 

71. Rolle's Theorem. — Betueen two cometufive real roots 
a and h of the eqtiation f [x) = theie be', at hast one real root of 
the equation f{is) = 0. For as r meieasps from «to fi,/(«), vary- 
ing eontinuously from f{a) to /(5), must begin by inereaaing 
and then diminisli, or must begin by diminishing and then 
increase. It must, therefore, pass through at least one maximum 
or minimum value during the passage from/(«) to f{b). This 
value if (a), suppose) corresponds to some value a oi x between 
a and h, which by the Theorem of Art. 70 is a root of the equa- 
tion/(a^) = 0. 

The figure in the preceding Article illustrates this theorem. 
We observe that between the two points of section A and B 
there are three maximum or minimum values, and between the 
two points £ and C there is one such value. The figure makea 
it plain also that the number of such values between two ooii- 
seoutive points of section of the axis is always odd. 

Coi-oUary — Two conaecittive roots of the derived equation may 
■not comprise between them any root of the original equation, and 
never can comprise more than one. The first part of this pToposi- 
tion is merely a statement of the fact that between two adjacent 
zero values of a polynomial there may be several maxima and 
minima values ; and the second part follows at once from the 
above theorem; for if two consecutive roots of/'(a') =0 comprised 
between them moro than one root of f{x) = 0, we should then 
have two oonseective roots of this latter equation eonipTising 
between them no root oif'{x) - 0, wbicli is contradictory to the 
theorem. 

72. Constitatlon of tlie Derived Fiiiietions. — Let the 
roots of the equation /(a;) = be o,, ai, oj, , . . «„. 

/(.).(.-.,)(=.^..)(«^„.)...(^-<„.). 

In this identical equation substitute p + x for x ; 
f{y + x) = (y + «-ai)0 + i2;-a,) . . . [y + x-an] 
= V" + q^tf' + g-if"^ + . . . + q».ip + q,„ 



y Google 



Multiple Moots. 



V,- (.-■..)(«.-..)...(«-<..) + (.e-.0(«'-..).. ■(«-.) + .. • 
+ (,r-<.,)(^-.,). ..(,«-.._,), 

We iiave, again, 

/(y + ^) ./H +/(»)!, t -Ql J- 1 . . . + ,„■. 

Equating the two expressions for/(^ + a^), we obtain 

/(.).(^-.,)(«,-<„), ..(»-„), 

/'fa;) = (a:-oa)(a:-03) . . , (s^-a„) + . - . . , as above written, 
'-— -! = the similar value of 'j„--i in terms oi ,'* find the roots, 



The value of /'(fl^) maybe conveniently wiitten as follows: — 

73. Multiple £ioot8. Theorem. — A multiple root of the 
order m of the equation f [x] = Q k a multiple rootofthe oirlerm-l 
of the first derived equation fix) = 0. 

This follows immediately from the expression given ioTf{x) 
in the preceding Article ; for if tlie factor (k-oi)'" occurs vaf{x), 

X-a^ X- o,„n X-an 

Each term in this will still have (« - a,)'" as a factor, except 
the first, which will have {x - oi)"'"' as a factor; hence (ib-oi)"'"' 
is a factor '\-af'\x). 
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150 Properties of the Derived Functions. 

Cor. 1. — Since /"(«) is derived from /'(^) in tbesamen 
&Bf{x) is homf{x), it is evident that f'{x) will have {x - a.)"'-^ 
for a factor. Similarly /"'{«) '^''^ "hB-ye [x - tu)""* for a factor ; 
and so on. Thus a root occunHng m times in the equation f[x) = 
occurs in decrees of multiplicity diminishing by imity in the first 
«i - 1 derived equations. 

Cor. 2. — The converse of the preceding corollary — viz. : If 
f{x) and its first m~l derived functions fix), f%{x), . . ./^,{x),aU 
vanishfor a value a ofx, then [x-a)"^ is a factor inf{x) — is most 
easily established as foUows. For x substitute a + x - a. "We 
have then 

.^^)_ (.-«)...... ..._/^"i- (.-„)«, 

1.2...m^ ' 1.2...}/ ' ' 

from ■which the proposition in question is manifest. 

74. Uetermi nation »r Multifile Roots. — It is easily 
inferred from the preceding Ai'ticle that if f{x) and/'(iB) have 
a common factor [it -a)'""', {x - n)'" will be a factor in/(«); for, 
by Oor. 1, the m ~2 next succeeding derived functions vanish 
as well 3,fi^f{x) and f(x) when ip = «; hence, by Oor 3, o is a 
root oif(x) of multiplicity m. In the same way we see that if 
f{x) and/'(3:) have other common factors 

the etjuation y'(a:) = will have p roots equal to /3, >j roots equal 
to y, &c. 

In order, then, to find whether any proposed equation has 
equal roots, and to determine those roots if it has, we must find 
the greatest common measure oif{x) wiiiif'{x). Let this he ip{x). 
The determination of the equal roots will depend on the solution 
of the equation <p[.r) = 0. 
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Examples. 



I. Knii the multipio tt 



f 20 = 



The G. C. M. of /(*■) sad. f {is) is easily found to be a: ~ 2 ; lienoe (i - if is a 
factor in /(a). The other factor is a; + 6. 

Wtenerer, after deteimining the mulliple f acfore of f[(c) , we wish to obtain the 
remaining faefors, it ivill be found conreniect to apply by repeated operations the 
method of division of Art. 8. Here, for example, we divide twice by a: — 2, the 
opemtion being represented as foEowe : — 



Thus 1 and 6 being tko two coefficients left, flie tliinl fiictor isa + h. This 
operation veiifiee the preYioua res^ilt, the remainders after each division Tanishing 
Hs they ought. 

2. Find the jnultiple roots, and the lemaining faitor, of the equalion 



a G. C. M. of ^{s;) aud/'(^) is found to be i= - 2.e + 1. Hence {i 
in/(3^). Dividing three times in aueoession by x ~- 1, we obtain 







/{^)^{^-if{^-' + 


31 + 8). 






a. Find the 1 


nultiple 


raots of the equation 


+ 36 = 






The G. C. M. 
; - 3. Ileni^e 


oSJW , 


md/»is*=-».-6. 


The factors 
-3)=. 


of thi 


•i. Fii>d idl the factor 












/M = 


,S5 - a** + 53^ + i>:c^ - 


- 14a;' - 


4* + 


S. 






Am 


. /W = 


(^- 


1)(:M 



llemar}!. — Tho process of finding the 
Rure of two polynomials tewmes laborious as the 
function increases. It is wrong, therefore, to spe 



ee of the 
s writei^ 
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152 Properties of the Derived Functions. 

on the Theory of Equations often do, of the determination in this 
■way of the multiple roots of numerical equations as a simple pro- 
cess, and one prelimioary to further investigations relative to 
the roots. It is chiefly in connexion with Sturm's theorem that 
the operation is of any practical value. The further e^nside- 
ration of multiple roots is deferred to Chap. IX., where the 
theorem in question is discussed. It will he shown also in 
Chap. X., that when any particular equation has equal roots, 
they can, in those cases which are of most usual oceuri-ence, be 
determined from simple considerations not involving the proee^ 
of finding the greatest common measure. 

75. This and the succeeding Article will he occupied with 
theorems which wit! be found of considerable importance when 
we come to the discussion of the methods of separating the 
roots of equations. 

XtaeoTem. — In passing continuously from, a mhie a-hqfx 
a little less than a real root a of the equation f{m) = (o a mlue 
tx + h a little greater, the polynommls f{x) mid f{a>) have unlike 
signs immediately before the passage through the root, and Uke signs 
immediately after. 

We have 

/(a-A) =/(a) -/(<,) /'^+4':2 A'-...., 
/(a-A)= /W -/'(a) A 4,...; 

since /(o) = 0, the signs of these expressions, depending on those 
of their first terms, are unlike. When the sign of h is changed, 
the signs of the expressions become the same. The theorem is 
thus proved. 

Corollary.— JVii's theorem is tiite no matter kote many times 
the root a is repeated tnf{ie) = 0. 

Let the root be repeated r times. The following functions 
(using suffixes in place of the accents) all vanish ;— 

/("),/.(■.),/;(«), ^ ■■•/-.(")■ 
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Theorem. 153 

In tlio series for,/;*! - h) and/'(o - /(] tho first terms wbioh 
do not vanish are, respeotively, 

137"* *'' 1.2. ...--l' "' ■ 

These have plainly l^nlike signs ; but after the sign of h is 
they will have lite signs. Henoe the proposition is 



76. Extending the reasoning of the last Article to every 
consecutive pair of the series 

we may state the proposition generally as follows : — 

Tbeorem. — W%en any equation f{x) = ha& an r-mulUple 
root a, a value a little infm-ior to a gives to this series of r functions 
signs alteniately positive and negative, or negative mid positive ; 
and a valve a little superior to it gives to all these Junctions the same 
sign; and thissign is, moreover, the same sign as the sign offr{a), 
thefirst derived function which does riot vanish when a is substituted 
forx. 

In order to give a precise idea of the use of this theorem, 
let us suppose that/5{o) is the first function which does not 
vanish when a is substituted, and let its sign be negative ; 
what we are able to conclude is, that for a value a - h ai x the 
signs of the series of functions /,/i, /s,/3,/i,/i, are 

and for a value a -^ li oi x they are 



for before the passage through the root the sign of /i must be 
different from that of /j ; the sign of /j must be different from 
that of /4, and so on ; and after the passage the signs must be all 
the same. We of course assume that h is so small that no 
root oift{x) = is included within the interval throiigh which 
X travels. 
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/i (a) = ix^ - 2W + 30a; - 13, 
/i(i) = 2(6i»-3l9:+ 15), 

/^(a;) = 2(I2a:-31), 

Here/a(a;) M the firEtftinctioiiirhich doBsnot Tanish wlieiiss 1 ; and./a[l) is 
negative. What we oaa conclude ft'Om tlie tiieorem is, that for a yalue a little less 
tlian 1 the eigne of /, /i,/j, /b are + — 1 — , and for a value a little greater thau 
1 tliey are all negative. "We are able from, this Eeriea of signs to trace the functions 
/, /i, &c., in the neighbourhood of the point a; = 1. Thua the curve iflpveeenfing 
/(x) is above the axis before reaching the multiple point x = 1, and ia below the 
axis iramedialely after reaching that point, and the axis must be regarded as cutting 
the curve in three coincident points, since {x — 1)' is a factor in /(a;)- Again, the 
curve correEponding to /i (a) is below the axis both before and aftei' the passage 
through the point a: = 1. It touches the axis at that point. The curve repi'esenting 
f%{x) is above the asis before and below the asis after the passage, and cuts the 
axis at the point. 

2. /(ic) = J!" ~ iOx' + box' - 603? + 56j^ •- 'lUx + 6. 

fs{x) is the fjvft function which does not vanish for x = 1, and/i(l) ia negative. 



1, Find the multiple roots of the equation 






f{3:) = x* + V2x' + S2i:'-2- 


tr + 4 = | 


n. 


■i. Show tlint the binomial ciuation 


Am. 


/(■'■)-(.' 


B»nnot have equal roots. 






3. Show that the equation 

X" - ,iq.C + (fi - I) !■ 


= 




will have a pair of equal I'oots if 5" = »■"-'. 






i. Prove that the equation 







ivill have a pair of equal roots when 5^ ^■ ij^ = ; and that if it hiivo oni! 
equid roots it must have a second pair. 
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Miscellaneous Examples. 



b. Apply the method of Art. 7-1, to deteraiiiie the tonditioii that tte cubic 
£K+ 3^2 + G = 
should luivH ii puii- of equfd loots. 

The last i-emaindw in tlio proceBS of finding the greatest common nieaEui'e must 
vanish. ^„s. G'' + iS^ = 0. 

6. Apply the same meltod to show that both G iiml S vanish when the cubic 
has its three roots eq^nal. 

7. If a, P, y,S be the roofs of the hiqufiili'atic/(a;) = 0, prove that 

/■(.) +/■(«) +/'h-) +/'(•) 

can be expressed as a product of three factors, 

K. Ifo, S, 1, 5, &c. betheroot3of/(3;)=0, and o', fl', 7', 5', fi:c. ol:/'(i-] = 0; 

f{.'^)fmr(i) ■ ■ ■ ■ =n'^fWfmj[y) 

u the equation of the squares of the 

9. If the eqi.uitioii 

»<+p,x"-'' -\-piJ?'-''^ .... +J«n-liC+i',i = 

liave a double root a ; prove fbflt a is a root of the equation 

ji|,r«-i+2?>33j»-^+3p3l"-3+ .... +np„ = li. 

10. Show that the max. and niin. values of the ciihiu 

0*= + 3bx^ + Sea: + rf 
ai'e the roots of tte equation 

bV^- 2(?p + A = 0, 
where A is Hie disoiiminant. 

If the curve representing the polynomial/(a:) be moved parallel to the axis of y 
(see Art. 10), tiirough a diatanoe equal to a max. or min. value p, the axis of x will 
become a tangent to it, i.e. the equation /(a:) - p = will have equal roots. Henea 
the max. and min. values are obtained by forming tte discriminant oi'/{jr) ~ p, or 
by putting d -'p foi' p in G^ + 4^' = 0. 

11. Prove similarly that the max. and min. values of 

ni* + ibs^ + 6^ + Irfi + e 
are the roots of the equation 

aV' - 3("''J - SJflp' + 3("i- ■ i.»JTJ)p- A = 11, 
wJicre A ie the discriminant of tlic qimitic. 
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CHAPTER VTTI. 

LIMITS OF THE ]tOOTS OF EQUATIONS. 

77. BSefiiDSSion of Ijlmifts. — Id attempting to discover the 
veal roots oi aumerioal equations, it is in the first place advan- 
tageous to naiTOw the region within which they must be sought. 
We here take up the inquiry referred to in the remark at the 
end of Art. 4, and proceed to prove certain propositions relative 
to the limit* of the real roots of equations. 

A mpm-ior limit of the positive roots is any greater positive 
number than the greatest of them ; an infenor limit of the posi- 
tive roots is any smaller positive number than the smallest of 
them. A superior limit of the negative roots is any greater ne- 
gative number than the greatest of them ; an inferior limit of 
the negative roots is any smaller negative number than the 
smallest of them ; tho greatest negative number meaning that 
nearest to - x . 

When we have found limits within which all the real roots 
of an equation lie, the next step towards the solution of the 
equation is to discover the intervals in which the separate roots 
are situated. The methods which have been advanced for this 
latter purpose will form the subject of the next Chapter. 

The following Propositions all relate to the superior limits of 
the positive roots ; to which, as wiU be subsequently proved, the 
determination of inferior limits and limits of the negative roots 
can he immediately reduced. 

78. Proposition 1. — In any equation 

X" + Pi!^^ -i PiX"^^ + .... +p^iX+pn=ii, 
if the first wgafiee term l)e-p,.a^"', and if the grealesf ne(jatice 
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coefficient he - pi,, then v pk + 1 w a svpeyi&r limit of the positive 
roofs. 

Any valuo of a: which makes 

X" >pi, {w"-' + x""+ . . .+-x + l)>p^ ^T"-l~ 
will, a fortiori, mali;e/(«) positive. 

Now, taking x gi'eater than unity, this inequality is satisfied 
by the following :— 

«" >Pk —^ , 

or a^"' - i^'> pk^^~''^', 

or ai'-' (a^ - 1) > pk, 

wliicli incijuality again is satisfied by the following : — 

{x-ly-'ix-l) = OT>p,, 
since plainly £'"' > (.c- 1)''"'. 

We have, then, finally 

{x-iy = or >pk, 
or ^ = or > 1 +vO))(. 

79. Proposition H. — If in any equation each negative coeffi- 
cient be talten positively, and divided by the mm of all the positim 
coefficients which precede it, the greatest quotient thus formed in- 
creased by unity is a superior limit of the positive roots. 

Let the equation be 

in which, in order to fix our ideas, we regard the fourth coeffi- 
cient as negative, and we consider also a negative coefficient in 



Let each positive term in this equation be transformed by 
means of the f<»inula 

«,„flf = «„, (a;- l)(a^"'-' + «'"-'-;-.. .+a: + l) + «,„, 
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■which is derived at once from 

and let each negative term remain ae it is. 

The polynomial y(^) beoomes then, each horizontal line of the 
following corresponding to each term oif{x) in succession— 

ai,{x~l)a"-^-ia„{x~l)af-^+ai,{x~\)x^'-^ + . . . + «o(a;-l) «""'■+... + Mo, 
+ fh{x-l) :(?'■-'' +a^{x-l):(f-^+.. .^ai{x-l)x''-''+...+ a„ 

+ ffli(3T-l) .»""'+. . .+a2(3:-l) «"-'■+... + fl!-j, 



We now regard the vertical columns of this expression as 
successive terms in the polynomial ; the successive coefficients of 
ii^', x"'"', &e., being 

aa{x- 1), («o + «l)(^~ l)' (*„ + «i + Ks) (tf - 1) -Its, &C. 

Any value of x greater than unity is sufEoient to make positive 
every term in which no negative coefficient Wj, a,., &c. occurs. 
To make the latter terms positive, we must have 

(«(, + f}i + a3){»-l) >rt3, 



■^,){x-l)>a„&<i. 

f 1, &c. 



Ua-i (ti + <t-i an + Hi + M3 -f «4 + . . . + flr-i 

And to ensure every term being made positive, we must take 
the value of the greatest of the quantities found in this way. 
Such a value of x^ therefore, is a superior limit of the positive 
roots. 
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80. Practical ApplicatioDs. — The propositions in the 
two preceding Articles furnish the most convenient general 
methods of finding in praotice tolerably close limits of the 
roots. Sometimes one of the propositions ■will give the closer 
limit : sometimes the other. It is advantageous, therefore, to 
apply toth methods, and take the smaller limit. Prop. I. will 
usually be found the more advantageous when the first negative 
coefficient is preceded by several positive eoeffieients, so that r is 
large ; and Prop. II. when large positive coefficients occur before 
the first large negative coefficient. In general. Prop. II. will 
give the closer limit. We speak of the integer next above the 
number given by either proposition as the limit. 



1. Find a .iiiparioi- limit of the positive roots of tlie equation 

x* - 5a^ + iOa:' - 8a; + 23 = 0. 
Prop. I. gives 8 + 1, or 9, aa limit. 

Prop. II. gives t + I, or 6. Henue 8 is a superior limit. 

2. Find a eiipeiior limit of the positiTe roofs of the ec[uatio!i 

3;5 + 8a:» + a^ - SajS - Sla: + 18 = 0. 
Prop. I. gives v^5I + 1 ; and 5 is, therefore, a limit. 



Prop. II. gives 



L, and 13 is a limit. 



+ 3 + 1 
In ttia CEiae Prop. I. gives tlie closer limit, i.e. 5. 

3. Find a superior limit of tJie positive roots of 

a' + ix" - 3s^ + Ss^ - 9h;' ~ I \sfl + 6,1; - 8 = 0. 
Of the fractions 

3 9 II K 

r+4' 1 + 4 + 5' 1+4 +~.5' 1 + 4 + 5 + 6' 

tJie third is the greatest, and Prop. II. gives the limit 3. Prop, I. gives S. 

4. Find a superior limit of the positive roots of 

a," + 203^^ + 43^ - llaS _ I20a^ + ISr - 25 = 0. 

Aiis. Both Propositions givo tie limit li. 

5. Find s. superior limit of the positive roots of 

4a* - 81* + 22sS + 983!' - 733: + 5 = 0. 

Aim. Prop. I. gives 20. Prop. 11. gives 3. 
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It is usually possible to determine by inspection a limit 
(jloaer than that given by either of the preceding propositions. 
The method consists in general in arranging the terms of an 
equation in groups having a positive term first, and then ob- 
serving what is the lowest integral value of x which will have 
the efCeot oi rendering ea<!h group positive. The form of the 
equation will anggest the arrangement in any particular case. 

e. The uquBtioti of Es. 2 can be aiTanged a? foEons : — 
37= (a^a - 8) + s:(Zx^ - 61} + 3^ + 18 = 0. 
K = 3, or any greater numljer, lendei's each group positive ; ieneo 3 is a jtuperior 

7- The equation of Ex. 4 may be arranged Ihus : 

1-5 (k'- II) + 10x*(x>-6) +43;8 + 13.c-25 = 0. 
K = 3, or any greater number, renders each group pctsitive ; hence 3 is a limit. 
3. Find a Bnpeiior limit of the roots of the equation 

This cEin bo airaaged in The form 

a:»(i» -ix + (>) + 2i=:{x - A} + 18 = 0- 

Now the frinomial x^ ~ 4:X + 5, having imaginary roots, is positive for iill 
vaiviea of x (Art. 12). Henee a: =^ 1 is a superior limit. 

The introduction in this way of a quadratic whose roots are imaginary, or of one 
n-lth equal roots, will often be foufid useful. 

9. Find a superior limit of the roots of the equation 

5i.*-7:t'-I0a:5- 2&r= -90a: -317 = 0. 
In exflmplee of this lind it is convenient to distribute the higliest power of '£ 
among the negative terms. Here the equation may he written 

a;*(jT-7) + a;V3:^-!0) + i'(3;S-23) + a!(s*-90) + a*-317 = 0, 
BO that 7 is evidently a superior limit of the roots. In fhia case the general methods 
give a very high limit. 

10. Find a superior Ihait of the roots of the equation 

a:" - 3^ - 2a;2 - 4a: - 24 = 0. 
When there are several negative terms, and the coefScient of the higliest temi 
unity, it is convenient to multiply the whole equation by such a number as will 
enable ua to distribute tiie highest term among the negative terms. Mere, multi- 
plying by 4, we can write the equation as follows :— 

a!3{9:^4) + K»(a^~8) + ar(!(3-16) + a;<-96 = 0, 
and 4 is a superior limit. The general methods give 2S. 
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81, Pro|»ojsitloii IM. — Anynvmber which renders postiwe 
the polynomial f{x) andaUitn derwedJmiciionsfi{x),/%{a>), . . ./n[iK) 
is a superior limit of the positive roots of the equation f{x) = 0, 

This method of finding limits is due to Newton. It is much 
more latorious in its application than either of the preceding 
methods ; hut it has the advantage of giving always very close 
limits ; and in the case of an equation all vrhoee roots are real 
the limit found in this way is, as will be subsequently proved, 
the next integer above the greatest positive root. 

To prove the proposition, let the roots of the equation 
f{x) = be diminished by h ; then x - h = y, and 

If now h be such as to mafee all the coefficients 

positive, the equation in j/ cannot have a positive root ; that is to 
say, the equation in x has no root greater than h ; hence ^ is a 
superior limit of the positive roots. 



f{!C) = Si) - 2a!S - 33:^ - 153! ~ 3. 

In appljTng Neivtoii's method of finding limits to any example the general mode 
of procedure is as follows :■ — Take tlie smallest integral number which renders 
/«.i(a:) poBitive ; and proceeding upwards in order to/i(a!), try the efleot of substi- 
tuting this number f or i in the other functions of the series. "When any function 
ia reached which becomes negative for the integer in qneslion, increase the integer 
successively by units till it makes that function positive ; and then proceed witi 
the new integer as before, increasing it again if another function in the scries 
should become negative, and bo on, tiU that integer is reached which renders all the 
functiona in the series positive. In the present example the series of functions is 

/(a) = a« - 2*3 - 3e= - 15a^ - 3, 
/.(a) = 4a!' -63^- ex- 15, 
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Herea = l makes /3{«) positive, ■Wetrytheutheefleetafi]ie8ubEtitutionaT=i 
iii/i(a:). Itiiiakes/a(«)negative. Increase by 1 ; aniia = 2 makes /!(k) positive. 
Try the effect of a; = 2 in/i (x) ; it gives a negative result. Increase by 1 ; and 
a! = 3 makeB fi {x) positJTe. Proceeding upwards, the aubelitnlion ai = 3 makes 
/((() negative ; and increasing agoan by unity, wefindtliat a; = 4makeB/(3:) positive. 
Hence 4 is tbe superior limit required. 

It is a^iuned in this mode of applying Hewton's nile, tbat wheD any numhei 
makee aU tie derived functions up t« a certain stage positive, any h^ber number 
will also make them positive ; so that there is no occasion to try the effect of that 
higher number on the functicmB in fie series below that one where our upward 
progress is aircBtod. This is evident from tie equation 

^(a + A) = *(«) + ^-(s)/* + ^"(a) -'--^ + . - . 

(taking $ [x) to repreeent any function in the series, and usit^ the common notation 
for derived functfons), which shows that if ^ {a), il>'{a), ^"(a), - . - are all positive, 
and k also positive, ^{a+k) must be positive. 

It may be observed that one advantage of Newton's method is that often, as in 
the present instance, it gives us a knowledge of the two successive integers between 
wbich the highest root lies. Thus in the present example, since /(a) is negative for 
X = 3, and positive for sr = 4, we know tliat the great^t root of the equation lies 
between 3 and 4. 

83. Inferior liimite, and I.iniit<8 of the KegatiTe 
Routed. — To find an inferior limit of tlie positive roots, the 

equation must to first transformed by the eubafcitutioa a; = -. 
Find then a superior limit h of the positive roots of the equation 
in y. The reciprocal of this, i.e. j, ■will be the required inferior 
limit ; for since 

,11. 1 



To find limits of tho negative roots, we have only to trans- 
form the equation by the substitution !» = — y. This changes 
the negative into positive roots. Let the superior and inferior 
limits of the positive lOots of tlie equation in ;/ be A and A'. Then 
- A and - H are the hjnits of the negative roots of tlie proposed 
equation. 
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S3. Iiimllliig Eqaatlons. — If all the real roots of the 
equation f {x) = could be ftmnd, it would be possible to determine 
the number of recti roots of the equation f{x) = 0. For, let the 
real roots of f'{x) = te, in ascending order of magnitude, 
a', ji', 7', ... X' ; and let the following series of Yaluea be sub- 
stituted for a; in/(») ; — 

When any successive two of those give results with dif- 
ferent signs tbere is a root of /(«) = between them ; and by 
the Cor., Art, 71, there is only one ; and when they give results 
with the same sign tbere is, by the same Cor., no root between 
them. Thus ea«h change of sign ia the results of the successive 
substitutions proves the existence of one real root of the pro- 
posed equation. 

If all the roots of/(^)= are real, it is evident, by the theorem 
of Art. 71, that all the roots oif'{x) = are also real, and that 
they lie one by one between each adjacent pair of the roots of 
f{x) = 0. In the same ease, and by the same theorem, it foUows 
that the roots of f"{x) = 0, and of all the successive derived 
functions, are real also ; and the roots of any function lie 
severally between each adjacent pair of the roots of the function 
from which it is immediately derived. 

Equations of this kind, which are one degree below the 
degree of any proposed equation, and whose roots lie severally 
between each adjacent pair of the roots of the proposed, are called 
Mmiimg equations. 

It is evident that in the application of Newton's method 
of finding Hmits of the roots, when the roots ol f{x) = are 
aU real, in proceeding according to the method explained in 
Art. 81, the function /(ai) ]& itself the last which will be rendered 
positive, and therefore the superior limit arrived at is tlie integer 
next above the greatest root. 
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Esamples. 

1 . Prove that any derived et[uation /«, [x) = cannot have more imagiuaiy roote, 
but may have more leal roota, than tlieeqTiatioii/(3;) = from which it is derived. 

From this it follows that if any of the derived functions be found to have 
imaginary roots, the same number at least of imaginary roots must enter the primi- 
tive e([uation. 

2. Apply the method of Art. S3, to dcli^rmine the conditions tbat tho cijiuifjon 

should have all its roots real. 

3. Deteimine by the' same method the nature of tlie roots of the equsttion 

ir^-nqx-V{n-l)r = <i. 
Ans. "When » is even, the equation has two real lOota or none, according as 

"When n is odd, tie equation has three real roots oi' one, according as 

4. The equation x''{x - 1)» = has all its roots real ; hence show that the fol- 
lowing equation has all its roots real, and situated between and 1 ;^ 

2m ^ 1.2 2s(2n-1) 

5. If any two of the quantities I, m, h in the following equation be pnt equal to 
zero, shoic that the qnadratio to which the equation then reduces is a limiting equa- 
tion ; and hence prove that the roots of the proposed are all real :— 
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CHAPTER IX. 

SEPARATION OF THE ROM'S OF EaUATIONS. 

84. By the methods of the preceding Chapter we are enabled to 
find Umite heiween which all the real roots of any numerical 
equation lie. Before proceeding to the actual approximation 
to any particular root, it is necessary to separate the interval in 
which it is situated from the intervals which contain the remain- 
ing roots. The present Chapter will be occupied with certain 
theorems whose object is to determine the number of teal jroots 
between any two arbitrarily assumed values of the variable. It 
is plain that if this object can be effected, it will then be possible 
to tell not only the total number of real roots, but also the limits 
within which the roots separately lie. 

The theorems given for this purpose by Fourier and Budan, 
although different in statement, are identical in principle. For 
purposes of exposition Fourier's statement ia the raOre con- 
venient, while with a view to practical appUcation the statement 
of Budan willbe fotmd superior. The theorem of Sturm, although 
more laborious in practice, has the advantage over the preceding 
that it is imfailing in its apphcation, giving always the exact 
number of real roots situated between any two proposed quan- 
tities ; whereas the theorem of Fourier and Budan gives only a 
certain hmit which the number of real roots in the proposed 
interval cannot exceed. 

85. Theorem of Fourier and Budan. — Let heo mtmhers 
a and i, of which a is the less, be stibsUtuted in the series foitned by 
fix) and ifs successive de^Hned functions, viz., 

m, /.W, /,(■>■■), . . . , /.{•>) ; 
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tfte number of real roots which lie heiiceen a andb cannot be greater 
than the eaxess of the tmmbm of changes of&ign in the series when 
a M substituted for x, ovet the mimber of changes when b is sub- 
stituted for x ; aidvjfen the mmhei of real roots in the interval 
falls short of tf at diffm ence it will be by an even number. 

This is the form in ■whicli Pounei states the theorem. 

It is to he understood here, as elsewhere, that, when we 
speak of two numbers a and b, of which a is the less, one or 
both of them may be negative, and all we mean is that a is 
nearer than b to -- tc . 

The Tfllue of le is supposed to increase continuously horn, 
a to b; and we proceed to examine the changes which may oc- 
cur among the signs of the functions in the above series. The 
following different eases can arise : — 

(1). The value of ,« may pass through a single root of 
/(.r).0. 

(2). It may pass through a root occuning r times in/(^) = 0. 

(3). It may pass through a root of one of the auxiliary 
functions /m (»■) = 0, this root not occurring in either /„^, (cc) = 
or /„,(«) = 0. 

(4). It may pass through a root occurring r times in /,„ {x) = 0, 
and not occurring in/„^.i(«) = 0, 

In what follows the symbol a; is omitted after ,/' for con- 
venience. 

(1). In the firat case it is evident, from Art. 75, that in passing 
through a root of the equation f{a>) = one change of sign is 
lost ; for / and f have unlike signs immediately before the 
passage, and like signs immediately after the passage. 

(2). In the second case, in passing through an I'-mnltipio 
root of/(a;) = 0, it is evident that r changes of sign are lost; for, 
by Art. 78, immediately before tho passage the series of func- 
tions 

/, A A,--- M, /'- 

have signs alternately + and -, or - and +, and immediately 
after the passage have all the same sign as /,.. 
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(3). In the third case, the root oif„Sx) = must give to/^-i 
and/iB+i either like signs or unlike signs. Suppose it to give lite 
signs ; then in passing through the root two changes of sign are 
lost, for before the passage the sign of /,„ is difEerent from these 
like signs, and after the passage it is the same (Art. 76). Sup- 
pose it to give unlike signs ; then no change of sign is lost, for 
before the passage the signs of f^-u fm, /m+i must be either 
+ + - , or - - + , and after the passage these become 
+ - - , and - + + . On the whole, therefore, we con- 
clude that no variation of sign can be gained, but two variations 
may be lost, on the passage through a root oifm{^) - 0. 

(4), In the fourth case a; passes through a value (let us say a) 
which causes not only/,„ but also/,,,,,,/^^, ■ ■ .,fm-^-\ to vanish. 
It is evident from the theorem of Art. 76 that during the passage 
a number of changes of sign will always be lost. The definite 
number lost may be collected hy considering the series of func- 
tions 

We easily obtain the following reaiilts : — 
(«). When/^i(«) and/,„i,.(a) have like signs. 

If r be even, r changes are lost. 

If r be odd, r + 1 changes are lost. 

(b). When/„^.i(a) and/,;^fr(a) have unlike signs. 
If r he even, r changes are lost. 
If f be odd, r -1 changes are lost. 



We conclude, therefore, on the whole, that an oven immher of 
changes is lost during the passage through an »'-multiplo root 
ot/,.«. 

It will be observed that (1) is a particular case of (2), and 
{3} of (4), i.e. when r = 1. Since, however, these are the cases 
of ordinary occurrence, it is well to give them a separate classifi- 
cation. 

Reviewing the above proof, we conclude that as x increases 
from « to 5 no change of sign can be gained ; that for each 
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passage through a root of /(«) = one change is loat; and that 
under no cuoumstanoes except a passage through a root oif{x) = 
can an odd numher of changes be lost. Hence the numher of 
changes lost during the whole variation of (C from a to l> must he 
eithei equal to the number of real roots of/{3')==0 in the interval, 
or must exceed it by an even number. The theorem is thus 
proved. 

86. Application of the Theorem. — The form in which 
the theorem has been stated by Budan is, as has been already 
observed, more convenient for practical purposes than that just 
given. It is as follows : — Let the roots of an equation fix) = 
be diminished, Jir$t by a and then by b, where a and b are any two 
numbers of tahtch a is the less ; then the number of real roots be- 
tween a and b cannot be greater than the eteeess of the number of 
changes of sign in the first transformed equation over the number in 
the second. 

This is evidently included in Fourier's statement, for the 
two transformed equations are {see Art. 34) 



/(«) +/.(«)» + 



1.2.. 



/(») +/.(*)s *^f^f +■■■ + ot:;, "" - " ■ 

from which, assuming the results of the last Article, the above 
proposition is manifest. 

The reason why the theorem is in this form convenient in 
practice is, that we can apply the expeditious method of dimi- 
nishing the roots given in Ai't. '64. 

Ex.01PI,BS. 

1 . Find the sitiuitions of the i-oots of the equation 

3!*- 3i*- 343^+963;' -40a;- 101 = ' 
We shall esamine tiis function for vnluee of .v between the inteivnls 
- 10, -1, 0, 1, 10; 

these numhei-s heing asaumed on aiieouiit of the fsuiility of ciilenlatien. J'tiniiniition 
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(if (he roots by ! 
equation ;— 



givoe thu following e 



f coefficients of tlie transformed 



63, 



In diminialiine the roots by 10, it is apparent at the very oulaet of the calculalion 
that the signs of the coefficients oi. tie transformed equation will he all positive ; so 
that Ibere is no ocoflsion to complete the caloulafion in this case. 

In diminishing the roots by — 10 and - 1, it is conyenient to change the alter- 
nate signs oi the equation, and diminish the roots by + 10 and + 1 ; and then in the 
I'esult change the alternate signs again. The coefficients of the transformed equa- 
tion when the roots are diminished hy - 1 are 

1, -8, -2, 139, -291, 60. 

In diminishing by — 10 we ohsorvo in the couise of the operation, as befoTG, that 
the signs will be all positive in the result, i.e. when the lUternute signs are changed, 
fhey will be alternately positive and negative. 

Hence we have the following scheme :— 

(-10) +- + - + - 

(-11 + - - t - + 



(1«) + + i + H H 

These signs are the signs token by/(ir) and the several derived f unctions /i,/3, 
fi, ft, ft, on thB subafltutdon of the proposed numbers ; hut it is to be observed fliit 
they are heiB written, not in the order of Ait. 85, but in the reverse order, viz. , 

A/.,/.,/../.,/. 

From these we draw the following conclusions: — AU the real roots must lie 
between — 10 and + 10 ; one real root lies between — 10 and — 1, since one change 
of sign is lost ; one real root lies between - I and 0, since one change of sign is lost ; 
no real root lies between and I ; and between 1 and 10, since fliiee changes of sign 
are lost, there is at least one real root ; hnt we are left in doubt as to the natum of 
the other two vooia -. whether they are imaginary, or whether there are three real 
roots between 1 and 10. 

We m%ht proceed to examine, by further transformations, the interval between 
1 and 10 more closely, in order to determinelhenatureofthe two doubtful roots; but 
it is evident that the opemtionB for this purpose might, if the roots \vere nearly equal, 
become very biboiioua. This is the weak side of the theorem of Fourier and Sudan. 
Both wrilOTB have attempted to supply this defect, and have given methods of deter- 
mining the nature of the I'ools in doubtful intervals ; but as these methods are 
oompUoated, we do not stop to esplain fliem ; the more especially as the theorem of 
Sturm effects fully the purposes for which the supplemenlary methods of Fourier 
and JBudan were inyonted. 
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2. Analyao the equation of Ex. 1, p. 98, -nz., 

3!= + a!» - 2s^ - 1 = 0. 
The roots of thia nre ^ real, amd lie between - 2 imd 2 (seeEs, 5, p. 98). When- 
ever Ite roots of an equatiou ore sll real, the signs of Pourier'e fmicfiona dotanoinc 
the esaet nnmber of teal roots between, any two proposed integara. We obtdn the 
following leaulta : — The roots lie in the interrali 

(-2,-1); (-1,0); (1,2). 

3. Analyse the equaiioa of Ex. 3, p. 98, viz., 

^6 + a;4 _ 4^3 _ gj;5 + 3^ 4. 1 ^ 0. 

Aia Two roots in tbe interval (- ^ - 1), and ono root in each 
ot the interrols (- I, 0) ; (0, 1) ; (I, 2). 
i. Analyse the equatiuii 

J* - 80j;i+ lODSi'- 14S373i + 5000 = 0. 
The equatioii oan have no neg^tlTe roofs. Diminiah the roots suooeasively by 10 
lall the signs ot the roeffiLienti become all poaitive. We obtain the following 
iiiault : — 

iO) + _ + - + 



(iU) + + + + + 

Thus, thete ia one root between and 10, and one between 10 and 20 ; no root 
between 20 and 30. Between 30 and 40 either there are two real roots, or there ia 
an indicaldon of a pair of imaginsry roota. That the former is the esse will appear 
by dinunishing the roota of the third transformed equation by units. This process 
will separate the roots, which wiU be found to lie between (2, 3) and (4, S) ; so that 
the proposed equationhasa tliirdcealT00tia1heinterval(32, 33),a»dafouithintho 
interval (34, 35). 

87. Application of tlae Theorem to the Detection of 
Imaginary Roots. — Since there exist only n changes of sign 
to be lost in the passage oi x from - 00 to + cc , if we have any 
reason for knowing that a pair of changes ia lost during the 
passage of x througli an interval which inelttdes no real root of 
the ec[iiation, we may be assured of the existence of a pair of 
imaginary roots. Circumstances of this nature will arise in the 
application of Fourier's theorem when any of the transformed 
equations contain vanishing ooeffioients. For we oan assign by 
the principle of Art. 76 the proper sign to this coefficient, corre- 
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sponding to values of x immodiately before and immediately 
after that value ■whieli causes the coefficient to vanish; the 
whole interval being 80 small that it may be supposed not to 
include any root of the equation f{x) = 0. An example will 
make this plain. 

ExiMPlES. 

1 . Analyse the equation 

/(a^) 155 2^-43:= -3^+23 = 0. 
Wc sliftll cxamiiic (Ms function between tiie intervals 0, 1, 10. The fraijsfonnoil 
equatioas aie 

A/. m-'*U> (o)rf + i/. (0)^+/, (0).+/ {o).o, 

A/i (!)"•+ w ii)>'+w w»'+/i (!)«+/ m-o, 

A/.(ioli'+i/s|io|»' + i/.(:o)rf+/,(io).+/(io).o, 

the first of iheee being tie proposed eqiiation itself. 

Making the calculalionfl hy Uie method of the preceding Article, we find that the 
ft(l) = 0, and we get the following scheme: — 

(0) + - - + 



(10) + + -(+ + 

We may now replace each of the rows containii^ a zero coefficient by two, the 
firflt oorrespoodiog to a value a little leea, and the second fo a yalue a little greater, 
than that which gires the zero coefficients ; the aigna heing determined by the 
principle establiahed in Art. 76. It must be remembered that in the aliove aohemo 
lie signa representing the derived functions are written in the reverse order to that 
of the Article referred to. The Bcheme will then stand as followB, naing h to repre- 
sent a very small quantity ; — 

/-» T - + - + 
(«) 



(10) + + + + i 

In thia scheme the signs corresponding to — ft and + A ate determined by the 
condition that the sign of the coeffideot which is zero when x = li must, when 
K--h, be different from that next to it on the left-hand side ; and when a; = -f ft 
it must be the aame. Similarly the signs correspondingt I -h and 1 + S are de- 
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Now smce a pair of changes is lost ia tke interval (- ft, + h), imd since the 
oquafion haa no real root tetween — h ami + h, we liave prayed the eiietenoe Of a 
pair of imaginary roots. Two changes of sign are lost hetween I + h and 10, so 
that this interval either includes a pair of real roots, or presents on indication of a 
pair of iraagimay roots. Which of these is the case remains still douhtful. 

2. If several coefficient* vanish, we may he able to establish the existence of 
sevei-al pairs of imaginaiy roofs. This will appear from tho following esample :— 



Tlic s^s corresponding to ~ /j and + h, are, applying Art. 7fi, 

(-») +- + - + -- 

{+;.) + + + + + + - 

Hence, Brace no root exisls between — h and + h, and since 4 changes of sign 
ai'B lost in passing from a value veiy little less than to ouo very little greater, we 
are assured of the existence of two pairs of imaginaiy roots. Tiie other two roots 
are in this case plainly real (see Aii. 14). They are in fact I and — 1, 

The number of imaginary roots in any binomial equation can be determined in 
this way. 

3. Find the character of the roots of the equation 

1*4-1033 + 1-4 = 0. 

In passing from a small negatiTe to a small positive valno of ^ we obtain the 
following series of signs ; — 

[-!■) + ^ + - + + ~ + ~ 

(0) +0000+0-S-- 

(-i-ft) ++ + -(- + + + + - 

Since six changes of sign are here lost, tliere are six imaginary roots. The 
remaining two roots are, by Art. 14, real ; one positive, and tie other negative. 
The negative root lies between - 2 and - 1, and the positive between and 1. 

4. Analyse completely the equation 

a:*- 33:=-a; + l = 0. 

There are two imaginary roots. Whenever, as in thopresent instance, the roots 
are eompiised within small limits, it is convenient to diminish by successive units. 
In this way we find here a root between and I, and another between 1 and 2. 
Proceeding to negative roots, we find on diminishing by - I that — 1 is itself a root, 
and wilting down the eigne corresponding to a value a litfle greater than — 1 , wc 
oljserve an indicaticn of a second negative root between — 1 and (I. 

5. Analyse lie equation 

»> + t' + I* - 35i - 36 = 0. 

There are two imaginary roots ; one real positive root between 2 and 3 ; and two 
real negative roofs in the intervals (- 3,-2), {- 2, - 1). 
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88. Corollaries from the Theorem of Fonrier and 

Badan. — The method of detecting the existence of imaginary 
roots explained in the preceding Article is called The Rule of 
the Double Sign. A similar rule, due to I)e Gua, was in 
use before the discovery of Fourier's theorem. This rule and 
Descartes' Buk of Signs are immediate ooroUaries from the 
theorem, aa we proceed to show. 

Cor. 1. — De Gua's Rule for finding Imaginary Moots. 

The rule may be stated generally as f oUowa : — When 2m sue- 
eessive terms of an equation are absent, the equation has 2m imaginary 
roots; and when 2m + 1 successive terms are absent, the equitation 
has 2m + 2, or 2m imaginary roots, according as the two terms be- 
tween which the deficiency occurs hme like or tinlike signs. This 
follows, as in ease (4), Art, 85, by examining the number of 
changes of sign lost during the passage of a; from a small nega- 
tive value - A to a small positive value h. 

Cor. 2. — Descartes^ Mule of Signs. 

When is substituted for x in the series of functions 
/« (a;), /„-,(«), . . . fM,M^)>A^)' tlie signs are the same as the 
signs of the coefficients ao, fli, Sj, . . . a^i, a„, of the proposed 
ec[uation ; and when + oo is substituted the signs are all positive. 
Fourier's theorem asserts that the number of roots between 
these limits, viz., the number of positive roots, cannot exceed the 
number of variations lost during the passage from to + oo , 
that is the number of changes of sign in the series Oa, «„ as . . . ««. 
This is Descartes' rule for positive foots ; and the similar rule 
for negative roots foUows in the usual way by changing the 
negative into positive roots. 

Cor. 3. — Newton's Method of finding Limits. 

When a number A has been found which renders positive 
each of the functions /„(«;),/„_,(,«), . . . f{x), f{si},f{x) ; since 
^ CO also renders each of them positive,' it follows from Fourier's 
theorem that there can be no root betweoii h and + co , i.e. A is 
a superior limit of the positive roots ; and this is Newton's 
proposition (see Art. 81). 
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89, Sturm's Theorem.— We have already ehown (Art. 74), 
that it is poBsiHe by performing the eoromon algehraieal operation 
of finding the greatest common measure of a polynomial /(«) 
and its first derived polynomial to find the equal roots of the 
eqKation/(«) =0. Sturm has employed the same operation for 
the formation of the auxiliary ftmctions which enter into his 
method of separating the roots of an equation. 

liet the process of finding the greatest common measure of 
f{x) and its fii«t derived be performed. The successive re- 
mainders win go on diminishing in degree till we come finally 
either to one which divides that immediately preceding without 
remainder, or to a remainder which does not contain the variable 
at all, i. e. which ia numerical. The former ia, as we have 
already seen, the case of equal roots. The latter is the case 
where no equal roots exist. It is convenient to divide the dis- 
cussion of Sturm's theorem into these two cases. "We shall in 
the present Ai-tiole consider the case where no equal roots exist ; 
and proceed ia the next Article to the case of equal roots. The 
performance of the operation itself will of course disclose the 
class to which any particular example is to he referred. 

The auxiliary functions employed by Sturm are not the 
remainders as they present themselves in the operation, but the 
remainders wUh their signs changed. In finding the greatest 
common measure of two expressions it is indifferent whether the 
signs of the remaiaders aj:e changed or not. In the formation of 
Sturm's auxiliary functions it is essential that the sign of each 
remainder should be changed before it is made the next divisor. 

Contining our attention for the present, therefore, to the ease 
where no equal roots exist, Sturm's theorem may be stated as 
follows :— 

Xlieorem, — Let any two real quantities a and b be substituted 
for X in the series ofn + 1 funetions 

/("), /.W, Ai"), /.W. • ■ ■ ./-.W, M"), 

consisting of the given polynomial fix), its first derived fix), aiid 
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8 remainders (mih their signs changed) in the process 
of finding the greatest common measure of /{ie) andfi[x]; then the 
difference between the number of changes of sign in the series when 
a is suhaUtuted for x, and the number when b is substituted for x 
e(tpresses exactly the number of real roofs of the equation ffte) = 
between a and b. 

Tlie mode of formation of Sturm's functions supplies the 
following serios of equations, taking qi, q^, . . . g„^i to represent 
the successive quotients in the operation : — 



/„W-j,/,W-/„,M 



These equations involve the theory of the method of finding 
the greatest common measure ; for it follows from the first equa- 
tion that if /(a;) and/i(a:) have a common factor, this must be 
a factor in fi{x) ; and then from the second equation it follows, 
by the same reasoning, that it must lDeafaotoria/s(^),andsoon, 
till we come finally to the last remainder, -which, ■when/(^) and 
fi{se) have common factors, wiU bo a polynomial consisting of 
these factors. In the present Article, where we suppose the 
given polynomial and its first derived to have no common 
factor, the last remainder /„(«) is numerical. It is essential for 
the proof of the theorem to observe also, that in this ease no 
two consecutive functions in the series can have a common fac- 
tor ; for if they had we could, reasoning backwards, show from 
the equations that it must be a common factor in/(aT) and/i(«) ; 
and such, according to our hypothesis, is not here tbe ease. In 
examining, then, what changes of sign ean take place in the 
series during the passage of x from a to b, we may exclude the 
case of two consecutive functions vanishing for the same value 
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of X ; and the different cases in which any change of sign can 
take place are the following : — 

(1). "When X passes through a root of the proposed equation 
/(,r).0. 

(2). When x passes through a valuo which causes one of the 
auxiliary fuuctions/u/B, . . ./,^i to vanish. 

(3). When x passes through a value which causes two or 
more of the series ff, . . . /^i to vanish together ; no two of 
the vanishing functions, however, being eonseeutive ; 

(1). When X passes through a root of f(x) = 0, it follows from 
Art. 75 that one change of sign is lost, since immediately before 
the passage /(a;) waAf,{x) have imlike signs, and immediately 
after the passage they have like signs. 

(2). Suppose X to take a value a which satisfies the equation 
fr{x) = 0. From the equation 

fr-.{x)=qjrix)-fr.i<r) 

we get /-.(<.) = -/„,(«}, 

which proves that this value of x gives icifr-i[x) and/,.n(a^) the 
same numerical value with different signs. In passing from a 
value a little less than a to one a little greater, we can suppose 
the interval so small that it contains no root of /r_i(^) oifr+i(x) ; 
hence, throughout the interval under consideration, these two 
functions retain their signs. The sign oif,-{x) changes ; but no 
variation of sign is either lost or gained thereby in the group of 
three ; because, on account of the difference of signs of the two 
extremes /r_i(K!)' and /r+i(a?), there will exist both before and after 
the passage one variation and one permanency of sign, whatever 
be the sign of the middle function. If, for example, before the 
passage the signs were + — ; after the passage they are + + — , 
i. e. a variation and a permanency are changed into a perma- 
nency and a variation ; but no variation of sign ia lost or gained 
on the whole. 

(3). Since our arguments in the two preceding cases are 
founded on the relation of the function to those adjacent to it 



y Google 



177 

only ; and since those relations remain unaltered in the present 
ease, because no two adjacent fimetioos can vanish together ; we 
conclude that ii/{x) is one of the vanishing functions, one change 
of sign is lost, and if/(3;) is not one of them, no change is either 
lost or gained. 

We have proved, therefore, that when x passes through a 
root of /[x) = one change of sign is lost, and under no other 
circumstances ia a change of sign either lost or gained. Hence 
the numher of changes of sign lost during the variation of x 
from ff to 5 is equal to the number of roots of the equation 
between a and &.*' 

Before proceeding to the case of equal roots, we add a few 
simple examples to illxisttato the application of Sturm's theo- 
rem. It is convenient in practice to substitute first - qo , 0, 
+ 00 in Sturm's functions, so as to obtain the whole number of 
negative and of positive roots. To separate the negative roots, 
the integers - 1, - 2, - 3, &o., are to be substituted in succession 
till we reach the same series of signs as restdts from the substitu- 
tion of - 00 ; and to separate the positive roots we substitute 1, 
3, 3, &a., till tho signs furnished by + co are reached. 

Examples. 
1 . Find the number and situatiim of the real roots of tlie equatioa 
fix)sx^~ 2x^6 = 0. 
We find /i(.;) = B.r=-2, M^) = iiC+U, Mx) = - Gii. 

CoiTespoading to the "vulucs - co , 0, + «> of j.', we luivsi 
(-») - 4 - -, 

(0> - - + ', 

Hence ttere ia only one real root, and it ia positive. 

* The Btudeiit often finds a diffic.iilty in perceiying in what way a aumbej- of 
cbangss of aga can be lost in Sturm's series, since llie only loss of sign takes place 
between ilie fii'st two functions, /(£) and /.(a:). To I'emove this difficulty we 
obeeiTe, that as a increases fwm one root a of /(«) = to a second S, olfhougli no 
alteration takisa place in the nutaier of cbimgeB of sign, tlie distrHuiioii oE the signs 
Bnumsfi i'^) and tbe following funetiona aYters in such a way tJiat the signs oif{x) 
and/i !x), which were the same immediately affei- the passage of a: through a, be- 
come again different immediately before the passage tbroii;"h li. 
N 
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Agiiiu, correspondiug to viilues 1,2, 3 of i; we hiwe 
(1) ~ + H- -, 

(3) ^ + + -, 

|3) + + + -. 

Tho I'cal root, therefore, lies 'bctwoen. 2 and 3. 

2. Find tliG nLimter iind sitxuttion of tlic red roots of Uie e[|imtion 
a* - Ta: + 7 = 0. 



'e easily tind 






(U) + - • 

Hence all tie roots me I'eal : one negative, and two p( 
We liaye, furtlier, for the following valueB of x 

(..,] - + - + 

(-3) + + - + 

(-2) + 4 - + 

(^1) + - ^ + 

(1) + - - + 



« 






o imd + CO ; hence we ai 
; and the two positive 



and + 2 give tiie same seiiee of s 
Tie negative root lies between - 
between 1 and 2. 

THb example illusfi'ates the euperuuity of Stirmi's method overlJiat of Fouriw. 
The aiihatiiution of 1 and 2 in Foniier's functiona gives, aa can he inuuediatelj' 
verified, the follomng series of signs ;— 

(1) + - + +, 

(2) -!- + + +. 

From Fourier's theorem wc aie authwised to tonclude only that Ihere camtot ho 
more tham two roois between 1 and 2. From Sturm's we conclude that Uiere arc 
two roots between \ and 2. If we have occasion to separate theae two roots, we 
muat, of coiu'se, make further aubsfttuticms in/(a;). 



3. Find the uimiber and 



f the I'eal roots of tie equatioi 



y Google 



Btwnnh Theormi. Equal Roots. 179 

We obtain, remOTing the factor 2 from the detived, 

fiix) = 2a-3 - 8^2 - 8k + 5, 
/^(a:) = Sii;^ - 27ii; + 11, 

fi{^) = - 1433. 
[N. B.— In forming Sturm's ftinctjoos we may. as is evideut from the etiiiationB 
(I), Art. 89, lEtroduce or euppress nmnBriocil factors just as in the proceea of find- 
ing the G. c. M. ; taMng eare, howerei-, thivt these lu-e positive, so that tlie s^ns of 
the remainders are not thereby Bltewd.] 

"We obtain the following series of eigns ;— 

(-«) + - f + -, 
(0) -++__, 

(-!-») + + + 

Hence &are are two real roots one pOBitiye aal one negatiTe and two imagi- 
nary roots. To find tite position of the real lo ts it is su&cient to substitute 
positiTe and negative integers successivelj ui/(j-] alone luiLe therp is only o«c 
positive, and one negative root and we easily flni that the nei,ati-v6 root lies 
between - 2 and - 3, and the positive it of between onl I 



90, StMrm's Tlieorem. ISqual Roote. — Let the opera- 
tion for finding: the greatest common meastire oif{x) and/'(ic) 
be performed, tiie signs of the euocesslve remainders being 
changed as tefore. The last of Sturm's functions will not now 
be numerical, forBince/{K) and/'t*) are here supposed to eon- 
tain a common measure involving x, this will now be the last 
fimction arrived at by the process. Let the series of funotions 
be;- 

/w,yiW,/iW, ,y;-w- 

During the passage of x through any value exoept a multiple root 
oif{x) = 0, the conclusions of the last Article are still true with 
respect to the present aeries, since no value except such a root 
oan cause any consecutive pair of the series to vanish. When x 
passes through a multiple root of /(«) = 0, there is, by the Cor., 
Art. 75, one change of sign lost between/and/i ; and we pro- 
ceed to prove that no change of sign is lost or gained in the rest 
of the series, i. e.fufi, , . , ./r. Suppose there exists an m-mul- 
tiple root « ot/{x). It is evident from the eijuations (1) of Art. 89, 
n3 
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that (« - a)"'"' is a factor in each of the functions /, _/i, .... f,- 
Let the remaining factors in these funotioas be, respectively, 
^1, ^3, .... 0,.. By dividing each of the equations (1) by 
{x - a)'""', we get a series of equations which establish by the 
reasoning of the last Article that, owing to a passage through a, 
no ehangeof signs is lost or gained in t!ie series ^i, ^2, . . . , ^,.. 
Neither, therefore, is any change lost or gained in the series 
/i)A •■■/■; for the effect of the factor (a^-a)'"""^ in the passage 
of X from a value a - /« to a value a + A is either to change the 
signs of all (when -in - 1 is odd) or of none (when m - 1 is even) 
of the functions 0,, ^3, . . . . 0,. ; and (ihanging the signs of all 
these functions cannot increase or diminish the number of 
variations. 

We have, therefore, proved that when x paseee through a 
multiple root of /(a:) = one change of sign is lost between/ and 
/i, and none either lost or gained in any other part of the series. 
It remains true, of eourae, that when x passes through a single 
root of /(*) = a change of sign is lost as before. We may thus 
state the theorem as follows for the case of equal roots : — 

The difference betweeti the number of changes ofmjn when a and b 
are substituted in -the series 

/./../. /,; 

the last of these being the greatest common measure of fandfi, is 
equal to the number of real roofs between a and b, each multiple 
root counting only once. 

Examples. 
i. rind the nature of the roota of the equation 

a;' - Sa^'' + 93--* - 7.r + iJ = 0. 
AVe easily oltliiin 

/s(a) divMea/!(9') without remainder; hence in this case Sturm's Gerits stops iit 
/j(3.-), thus eatablishing the exiataace of equal rootE. 
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To find tlie mimbcr of real roofs of the ec|iiatioii, we substitute - 
ir 3T in the series of functions/, /], f-i. The result is 



, Hence the equation lias only two real distinct roots ; but one of these is ii tiiple root, 
as is evident from the form of /^(j;), which is e^ual to (a — 1)^. 

% . Find the nature of the roots of the eqoalion 

E» - 6# + I3*i= - 12* + i = 0, 

/2(i) = 2^ - 3k + 2 ; 
pi{£) is the last Stitrmian function ; so the equation has equal roots. 

{^«>) + ^ +, 

(+«] + + +. 
There are only two real distinct roofs. In fact, since /^(i) ss (i;- !)(.''.■- 2), each of 
the roots 1, 2 is a double root. 

3. Find the natiu-e of the roots of tlie equation 

ffiS + 23!' + s' - le^ - 2a! - 1 = 0. 
Here 

/i = 5a;* + %%^ + 3a^ ~ 2e - 2, 

Since /6 = 0, a: + 1 ia a common measuii; of/and /i, and/(a) has a double root - 1, 
We have also 

(-«) - + - - H-, 

( + ") + + + - ^. 
Hence there are two real distinct roots. The eqiiafion has, therefoi-e, hcsuk the 
double root, one other real root, and two imiieinaiy roots, 

4. Find the natnre of the roots of the cqiuition 

a= - 7a;S + 15a;' - 40a;= + 483; -10 = 0. 
/i(j;) = ems - 35j^ + 60^3 - 80a; + 48, 
/3(aT) = 13r* - 84a;5 + 192a= - 176a; + 48, 
/3(s) = j:3 _ 63;* + 13a; - 8 = (i - 2)'. 
Am. There are thiee real distinct roofs, one of fhem being quadruple. 
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91. A|ipllcatlon of Sturm's Tfieorem. — In the case of 
eijuations oi high degrees the calculation of Stiirm's auxiliaiy 
fimotions becomes often very lahorious. It is important, there- 
fore, to pay attention to certain ohBervations which tend some- 
what to diminish this labour. 

{]). In calculating the final remainder when it is numerical, 
since its sign is all we are concerned with, the lahour of the last 
operation of division can be evaded by the consideration that 
the value of « which causes f,i.t to vanish must give opposite 
signs to , A-j and /„. It is in general possible to teU, without any 
calculation what would be the sign of the result if the root of 
/«.,(«) =0 were substituted in/,,^^. Thus in Ex. 3, Art. 89, if 

the value - 5, which is the root oi /^{x) ■= 0, ho substituted 

for x'ra. Qx^ - 27iK + 11, the result is evidently positive ; hence 
the sign of /„(a;) is -, and there is no occasion to calculate the 
value - 1433 given for/„(fl;) in the example in question. 

(2). When it is possible in any way to recognize that aU tho 
roots of any one of Sturm's functions are imaginary, we need 
not proceed to the calculation of any function beyond that one ; 
for since that function retains constantly the same sign for all 
valiies of the variable (Cor. Art. 12), no alteration in the number 
of changes of sign presented by it and the following functions 
can ever take place, so that the difference in the number of 
changes when two quantities a and h are substituted is indepen- 
dent of whatever variations of sign may exist in that part of 
the series which consists of the function in question and those 
following it. 

With a view to the application of this observation it is al- 
ways well, when we arrive at the quadratic function [ax^ + bos+c, 
suppose), to examine, in ease the teim containing x' and the 
absolute term have the same sign (otherwise the roots could not 
be imaginary), whether the condition 4ao > b" is fulfilled; if so, 
we know that the roots are imaginary, and the calculation need 
1 fai-ther. 
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Example B. 

1. Analyse the equation 

s* + 3k= + 7a= + 10« + 1 = 0. 
Wo find 

/3 (iC) = - 203^2 _ 783; + 14, 

/f!W = -108G3:-48I, 

Here we see immecliately fliat the value of x giyon Ly tho eqiuition /a (a:) = 0, 
wHoh differs little from - J, makes /a (x) positive ; hence fi {x) k negative. 
There are two real, and two imaginary roots. The I'eal nwta lie in the intervals 
{^2,-1!, (-1,0). 

2. Analyse the eqiiatioii 

x'-i^- S.V + 23 = 0. 
■\Vg find 

/s (i) = 12.1!^ + Sx- 89, 

/a (x) = - 49U + 1371, 

/*W= '■ 

Here /a (») = gives x ^ -^ > -^^^- > 2-74 > -, and 3^ = ^ makes 

/■! (a;) positive ; henoe tho raot of /j (a;) makes it positive also. 
There are two I'eal and two imaginary roots. 
The ved roots lie in tho intervals {2, 3}, [3, i). 

3. Analyse the equation 

23^ - 139;5 + lOa; - 19 = 0. 

Here fi{3:) = in? -Ux + 5, 

/2{a:) = 13a^-15a + S8. 
Since 4 x 13 x 38 > 15', the roots of/s(i) aie imaginaiy, and wo proceed no 
farther with, the calculation of Sturm's remainders. 
SubsHtuting - « , 0, + =o , we ohtain 

(-«) + - +, 



( + «) + + r-. 

There are two real roots, one positive, tlio ofher negative. 

4. Analyse the equation 

f {x) = 0^ + 2x^ + 3? -ix^-ix- a = 0. 

Here /iM -= 5j^ -i- 8s0 + 33^-8^-3, 

fi{x) = fijiS + 66a^ + 44a! + 119, 
/3(a!) = -118a:=-57a:-223, 
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may stop tlto ealeiilation here. Wo fiml, i 



Sinco 4 




116 


x223>5 


■7^ 


sulstituling 






0, +« 

{0) 


) 

) 



Tlicve tire four imaginary roots, and one real positive loot. 
5. Find the number and situation oi the real roots of the equation 
x.i - ix^ -1^ + 10a + 1» = 0. 
Ans. The roots are all real, and are situatcil in tlip intervals 
[-3,-2), {-1, 0}, and two between {2, 'A). 
0. Analyse the eijiiation 

,1= + 3.E* + 2a' - 3,«2 - 2.r -2 = 0. 
It will he found tluit Hie ealouktion may cease with the quadratic remainder. 
Ans. There is only one real root; iu the interval {1, 2}. 

7. Analjse the ciination 

;(5 + 11,^3 _102» + 1S1 = 0. 
We find 

,/i(s!) = 854a-27Sl, 

In some eKamplos, of which the present is an instance, it is not ensy to tell 
immediately what sign the root of the penulldmate function ^ves f» the preceding 
fiinotion. Wo have here calculated /a (*), and it turns out to he a much smaller 
figure than might have been, expected from the magnitude of (he coefficients !»/»(»). 
Infaet whentieroot of/!(!c)is Buhstitutedin/i(,T) the podtive part is nearly equal 
to the negative part. This is always an indication that two roots af the proposed 
egttatim are marly equal. There ate in the present instance two positive roots be- 
tween 3 and i. Subdividing the intervals, we find the two roots still (o lie between 
3'2 and 3'3 ; so that they Bxe very close together. We see here another illuBtra- 
fion of the continuity whioh eiista between I'eal and imaginary i-oota. If fi(x) 
tin-neS out to be zero, the raote would be .actually equal. If it turned out tfl be 
small negative number, the two nearly equal roots would be imaginary. 

8. Analyse the equation 

a;» + !■< + or' - 3i;= + as - 1 = (I. 
'I'iie qiutdrntic funQtion is found to have imaginary roots. 

Alls. One reiil root between {0, Ij; four imtigiiuiiy roots. 
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fl. Analyse tlio equation 

i" - Ga;S - 303)5 4- 123; _ 9 = 0. 
We find 

and as thie has plainly aU imagiDaiy roots, the cnlculation may stop here. 

Am. Two wal roots ; inthe intervals {-2, - 1}, {fl, 7j, 

10. Analyse the eq^tmtion 

2ic« - ISa^i + 60a^ - I20s,-^ - 30*^ + 18a^ - 5 = 0. 
We find 

/2(s) = 5:i-» + 220k=+1; 
and the calcniation may stop. 

Ans. Two real roots ; in the intervals {-1, 0}, {S, 6j. 

1 1 . Examine how the roofs of the eqiiation 

2a;= + 15k' - Sla: - !90 = 
are situated in the snvoriil inteiTiJs hetween the mimbcrs - m , - 7, 6, -f m , 
Here /, (a;) = k' + Ss; - 14, 

.AW = 27^ + 40, 

'i'he snbsfitution oE the above quantities gives 

(-7) "■ + - +, 

(6) + + + +, 

{+«) + + + +. 

Whenever, as in this example, any qnantity makes one of the auitiliaiy functions 
Viuiish (here — 7 satiefles /i (a:) = 0] , the aero may fae dieregarded in ooimling the 
number of changes of sign in the corresponding row ; for, since the signs on each 
side of it are diilereiit, ao alteration in the nnmber of changes of sign in the row 
could tahe place, whatever sign he supposed attached to the vanishing quantity. 

The roots are all real. There is one root between - so and - 7 ; and two be- 
tween - 7 and 6. 

93. Conditional for the Reality of tbe Roots of an 
Etiuatlon. — The mimber of Sturm's functions, including 
f{x),/'{x), and the m - 1 remainders, will in general be n + 1. 
In certain cases, owing to the absence of terms in the proposed 
function, some of the remainders will be wanting. This can 
occur only when the proposed equation has imaginary roots ; for 
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it is plain that, in order to ensure a loss of n changes of sign in 
the series of fnnetioae during the passage of st from - co to + co 
(namely, in order that the equation should have all its roots 
real), all the functions must be present. And, moreover, they 
must all take the sajne sign when ir = -!- oo ; and alternating 
signs when a: = - cc . Since the leading terra of an equation is 
always taken with a positive sign, we may state the condition 
for the reality of aU the roots of any equation as follows : — In 
order thai all the roots of am, equation of the n"' degree should be 
real, the leading eoepicients of all Sturm's r 
n - I, must he positive. 



. Find ttfi condition thnt the roots of the equatioi 

[d be 1-eal. 

lere fi{x)=ax + i, 



elioiild he all real. 

When, thk cubic has ita roots all real, it ia erident that the general binomial 
cubic from ivHohitis derived (Art. 37) has also its roots aH real; so that, in inrea- 
tigaling the conilitionB for the reality of th« roots of a cubic in general, it in suffi- 
cient to disonsa the form here written. 

We find 

/i('i) = ^' + ff. 

Mi) = -2Ss- G, 

/.(.} = -{^» + 4ffS). 

[In calculating these, before dividing /, {:) bj' fi (a) multiply the former by f he 
positive factor 2^^.] 

Hence the two conditions are 

7/ negative, 0^ + liP negative. 

These can be oxproaacd as one condition, i.e. f?^ h- iff' negative, since this 
implira the former {ef. Art. 43). 
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3. Calftilate Sturm's remainders for the bic[uaj3rafio 

z* + esifi + 4(?s + £■! - Sff* = 0. 
We find 

M^) = - 8ir2= - SGz - {a^I-31P), 

fi (s) = - {2SI - 3a7) s - GI, 

These are obtained wittout much diffieuify bj ttid of the relation 
6" + 4H"==^a=(SI-G/). 
Before dividing /: hy/2, multiply by tiie posMve factor BB^ ; and when the te- 
mainder is found, remove the positive factor a'. Before dividing /j by /a, multiply 
hy the positive factor (2ff7— SilJ")'; and when the remainder is found, remove tin 
positive factor a^IT'. 

93. Criterion of tiie Nature of the Hoots of the Bi- 
qnadratie. — We are now in a position to resume the disoussion 
in Art, 68, and to give complete criteria of the nature of the 
roots of the general algebraic equation of the fourth degree. 
For this purpose it is sufficient to consider the hiquatlratic of 
Ex. 3 in the last Article. The leading coefficients of Sturm's 
remainders are 

-JI, -{2iri-3aJ), P-27,P. 

When the roots are all real we must have, in addition to the 
condition A positive, the functions S and 2JII - 3aJ both 
negative. If either, or both, of these he positive when A is posi- 
tive, the roots will be all imaginary. The student will have no 
difficulty in verifying, by means of Sturm's remainders, the 
oonolusions of cases (1), (3), and (4) of Art. 68. 

Examples. 

1. Prove thfit when the biquadratic 

ax' + 4i,T^ + Gea^ -i; 4ite + c 
has a triple root, it coneJEts of lie fact^jrs 

2. Prove that when d = 0, = 0, and ZSI-SaJ-O, the Mquadrfttio has two 
distinct pairs of equal roofs, and tliat it is then (he square of the quadiutio 

(ax + iy + SR; 
and verify the conditions of Ex. 12, p. 130. 
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MlSCBLIrANBOUS ExAMPIES. 

1 . Deteimino tin nmnlier and poajtion of the real roots of tlie equation 

3^ - 12s^ + 133^= + 24s! - 30 = 0. 

2. Deteiinine the mim1]er and signs of the real roots of Uie cqiiflUon 

.-c* - 5.^5 + 10^= - bx - 21 = 0. 

3. Applj' Shirni'a tlicorem to the analysis of the equation 

a;i _ ija + 7jJ! _ 6a _ 4 = 0. 

4. Find tlie mimter and position of the real roots of 

u. Prave tliat the roots of the equation 

3^ _ (bS 4- J3 + (!) 2 _ 2aJo = 
are all real, and solve it when two of the quantities a, i, c hecome equal, 

6. If, in the following, the sequences of signs are those of the leading o 
ficients of Sturm's remainders for a biquadratic, prove 

4- + ^- four real coots ; + — - > two real roots ; 



7. If tiieEigns of tlie leading coeffieientsof the firat two of Sturm's remainders 
for a quintio be — I- , prove thiit the munber of real roots is determined. 

Am. One real root only. 

8. If fl" and .r are both positive, prove that all the roots of the binomial biqua- 
dratic are imaginary ; and that imder the same conditions the binomial qmntic has 
only one real root. Mr. M. Eoberts, Bablin Exam, takers, 1862. 

Compare Ei. 11, p. 139. 

y. Prove that, if o has any value except nnitj', the equation 
eU-* - 2^1^ + 2« - 1 = 
has a pair of imaginary roots. 

10. Apply Budau's method to separate the iDots of the equation 
a* - 16^ + 603:' - IHx -42 = 0. 

Ans. Hoots in inten-iils [-1, 0}, {2,3), )4, 5}, {9, 10}. 



y Google 



CHAPTER X. 

SOLUTIUN OF KUMEKICAL EUUATIONS. 

94. Algebraical ami IVmuei-ival JCquatiuiis. — There is 
an essential distinction between the solutions of algebraical and 
numerioal equations. In the former the I'esult is a general for- 
mula of a purely symboHoal character, which, being the general 
expression for a root, must represent all the roots indifferently. 
It must he such that, when for the functions of the coefficients 
involved in it the corresponding symmetric functions of the 
roots are substituted, the operations represented by the radical 
signs ■/ , y^ become practicable; and when the square and 
cube roots of these symmetric functions are extracted, the whole 
expression in terms of the roots will reduce down to one root : 
the different roots resulting from the different combinations 
± ^ of square roots, and ^, lo^, iJ'l/ of cube roots. 
For a simple illustration of tliis we refer to the ease of the 
quadratic in Art, 55, In Articles 59 and 66 we have similar 
illustrations for the cubic and biquadi-atio. It is to be observed, 
also, that the formula which represents the root of an algebraic 
equation holds good even when the coefficients are imaginary 
quantities. 

In the case of numerical equations the roots ai'e determined 
separately by the methods we are about to explain ; and before 
ting the approximation to any individual root, it is in 
1 essential to know that it is situated in an interval which 
s no other real root. 

The real roots of numerical equations may be either com- 
mensurable or incommensurable ; the former class including 
integers, fractiorm, and terminating or repeating decimals whioh 
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are reduciMo to fractions ; the latter coneisting of intermina'ble 
decimals. The roots of the former class can be found exactly ; 
and those of the latter approximated to with any degree of 
afloiiraey we choose, by the methods we are ahont to explain. 

We ahaU commence by estabUshing a theorem which enables 
118 to reduce the determination of the former class of roots to 
that of integral roois alone. 

95. Theorem. — An eqtiaHon in which the coefficient of the 
first term is unity, and the eoeffiaents of the other terms whole 
numbers, cannot have a eommenmrabk root which is not a whole 
number. 

For, if possible, let y , a fraction in its lowest terms, be a 
root of the equation 

a!"+^ia!""' +pi^^~' + . . . . +p,t~-iX -rp„=0 ; 
we have then 

from which, multiplying by /)"~\ we obtain 

- T- =jjifl"-' +p,a"-"'b+ .... + p,^,ab"-' + p„li"~' : 

now a"- is not divisible by b, and each term on the right-hand 
side of the equation is an integer, "We have, therefore, a frac- 
tion in its lowest terms equal to an integer, which is impossible. 

Hence t cannot be a root of the equation. The real roots of 

the equation, therefore, are either integers or incommensurable 
quantities. 

Every equation whose coefficients are finite numbere, frac- 
tional or not, can be reduced to the form in which the coefficient 
of the first term is imity, and those of the other terms whole 
numbers (Art. 31) ; so that in this way, by the aid of a simple 
transformation, the determination of the commensurable roots 
in general can be reduced to that of integral roots. 
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Newton's Method of Divisors. 191 

We procGQd to explain Newton's process, called tho Method 
of Divisors, of obtaining tlie integral roots of an eqimtion whose 
coefficients are all integers. 

96. Slewton's Metiiud of Bivisors. — Suppose h to he an 
integral root of the equation 

ff^«" + «!«"-'+ .... + a,^ia; + (7„ = 0. (1) 

Let the quotient, when the polynomial is divided by a; - h, be 

bijX"~' + hiX"''' +....+ hii.'iX + S,i_„ 

in which be, i„ &c., 3,ve plainly all integers. 

Proceeding as in Art. 8, we obtain the following equations: — 

("Ci = bn, a, = bx-- hha, (1^ = 1).- hbi, .... 

«7i-j = &(i-'i - /i i,i-j, B,i-i = 5,i_i-A6,^s, «,,= -hb,^i. 

The last of these equations proves that «„ is divisible by h, 
the quotient being - ^,j_i. The second last, which is the same as 

h 

proves that the sum of the quotient thus obtained and the se- 
cond last coefficient is again divisible by h, the quotient being 
- i„_2 ; and so on. 

Continuing the proce^, the last quotient obtained in this 
way will be — h^, which is equal to - ««. 

If we perform the process here indicated with all the divi- 
sors of a„ which lie within the Umits of the roots, those which 
satisfy the above conditions, giving integral quotients at each 
step, and a final quotient equal to - n^, are roots of the proposed 
equation. Those which at any stage of the process give a frac- 
tional quotient are to be rejected. 

When the coefficient ao = 1, wc know by the theorem of the 
last Article that the integral roots determined in this way are 
all the eommensm'able roots of the proposed equation. If «o be 
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not = 1, the process will still give the integral roots of the equa- 
tion as it stands ; but to be sure of determiriing in this -way all 
the commensurable roots, the equation must be first transformed 
to one which shall have the coefficient of the highest term equal 
to unity. 

97, Aii|ilica<ion oftlie Metliod of Divisors. — With a 
view to the most convenient mode of applying the Method of 
Divisors, we write the series of operations as follows, in a n 
analogous to Art. 8 : — 



-hb,^., -Jib,,., -hh ~hh. .0 



The first figure in the second line ("^,,-i) is obtained by 
dividing «„ by h. This is to be added to ff.^i to obtain the first 
figure in the third line (~ A6„.j), This is to be divided by /; to 
obtain the second figure in the second line (- ^„-a) ; this to be 
added to «„_s ; and so on. If A be a loot, the last figure in the 
second line thus obtained will be - «„. 

When we succeed in proving in this manner that any integer 
A is a root, our next operation with any divisor may be performed, 
not on the original coefficients a,„ a-a-i, . . . . , but on those of the 
second line with their signs changed, for these are the coefiicients 
of the quotient when the original polynomial is divided by x-Ii. 
When any divisor gives at any stage a fractional result it is to 
be rejected at once, and the operation so far as it is concerned 
stopped. 

The numbers 1 and - 1, which are always of course integral 
divisors of »,„ need not be included in the number of trial divisors. 
It is more convenient to determine \>y direct substitution whether 
either of them is a root. 
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1 . Find the integinl roots of tlie eiiuiifion 

x* - 2..' - 131-= + 38.t - 24 = 0. 

Uy grouping flie terms (see Art. 79) wo obswve without dJiSoulty thai all the 
lote lie between — 5 and + 5. The (oHowiag djyisoiis ai'e possible roota ;■ — 



The operalioTi "Stops here, for since — 5 
We proceed lieu witii the number 3. 

- 24 as - 13 



henoa 3 is n root; nnd in pioceeding wifh tlie next integer, 2, 
utove explaineil, oi the coeiEcients of the second line •xUh sign 



K 2 also k a root ; and we prouocd with - 2 ; 



hence — 2 is not a root, for it dots uot divide o. - 3 is plainly not a root, for it 
does uot divide — 4. 

[We mfgbf. at once have struck out - 3 as not being a di^oc of the absolute 
teim 8 of flie reduced polynomial. This remark will of teu be of use in diminishing 
the niunbei' of diviaora.] 
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Wo piTjceed, llicn, with the liist divisor, - i . 



The eqiialion has, tliei'efoi'G, tlie integral roofs 3, 2, - 4 ; and the last stage of 
the operation ehowa that when the original polynomial is divided by the binoniials 
a'- 3, a- 2,* + *, thei-estilt is«-l ; so that 1 is also a iwit. Hence the original 
polynomial is equivalent to 

2, Find the integral roots of 

Sa;' - 23a:» + S5i= + 31a: - 30 = 0. 
The roots lie between - 2 and 8 ; hence we have only to test the divisoiii 
■I, 3, 5, 6. 

We find immediately that G is not a root. 
For 6 we have 

-30 31 35-23 3 



hence 8 ia a root ; and we eatiily find that 2 is not a root. 

The quotient, when the original polynomial is divided ly (a:-5){j!-3), is, fiuni 
the last operation, 

Zx' + x-l: 

of (Mb, 1 is not a iwit, luid - 1 is a root. Hence all the integral roots of tlic pro- 
posed equation are — 1, 3, 5. 

The otier root of the ei^uation is - , It is a eommensm-able root ; but, not bein^ 
integiiJ, is not given in the above operation. 

S. Find aU tlie roota of the eqiiation 

LiniitB of the rouls are - 4, 3. 

Am. Roots - 3, 3, + 2"/'~, 
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4. Find iJi the roots of the ec[uation 

The loots lie between - G nnd 6. 

We find that 2, 3, - a are roots, and tiiat (he factot left after the final division 
is 11 — 1; hence 2 is a ilouhle raot. The polynomial is therefore eqmTideiit lo 

In Art, 93 tlie case of multiple roots will he fiii'thcir considered. 

d8. method of Eilmiting the Wniiiber of Trial Divi- 
sors. — It is possible of course to dotermlne by diroet substitution 
whether any of tlie divisors oi «ij are roots of the proposed equa- 
tion ; but Newton's Method has the advantage, as the above 
examples show, that some of the divisors are rejected after very 
little labour. It has a further advantage which will now be 
explained. When the number of divisors of «„ within the limits 
of the roots is large, it is important to be able to diminish the 
number of these divisors which need be tested. This can be done 
as follows : — 

If A is an integral root of f{x) = 0, then f{x) is divisible 
by » - A, and the ooefficients of the quotient are integers, as 
was above explained. If then we assign to x any integral value, 
the quotient of the corresponding value of /(a) by theei 
ing value of a^- A must be an integer. We take, ford 
the simplest integers 1 and - 1 ; and, before testing any divisor h, 
■we subject it to the condition that /{!) must be divisible by 
1 - A (or, changing the sign, by A - 1) ; and that /(- 1) must 
be divisible by - 1 - /* (or, changing the sign, by 1 + A). 

In applying this observation we first calculate /(I) and 
/(- 1) ; if either of those vanishes, the corresponding integer is 
a root, and we proceed with the operation on the reduced poly- 
nomial whose coefficients have been ascertained in the process of 
finding the result of substituting the integer in question. 
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- 231* -t 160^' ~ 2811° - 237j; - -140 = 



The loofs lie bcttt-L-cn - 1 lij 
We have the foUomng (tiris' 



We, fiierefoi-e, exclude all the aLove di^riaoi's wHch, when diminished hy 1, do 
not divide 840 ; and \phiiib, when increased hy I, do not divide 648. The flrat 
uondition esoliides 10 ajid 20, and the Eecoud 4 and 22. Trying the remaining 
integeis 2, 5, 8, 11 by tie method of last Aitioh?, we find tJiat 5, 8, and 11 aic 
roote, and that the resulting qiiotiont is a^ + ii;+ 1. Hence the given polynomial is 
e([uivalent to 

(j.'-5)iii;-S)(;.-ll)[^ + ^ + l). 

■I. 3fi - 29a:' - 31lS + 3Ia;= - Z'ix + 60 = (I. 

Tlie voots lie between — 3 and 33. 

Divisoiisi -2, 3, 3, 4, 5, (i, 10, 12, 15, 20, 30, 

/(I) = ; so I is a root. 

f(— I) = 124 ; andtheaboTe conditionesoludesalllJie divisors except- 2, 3, 30. 
We easily find Hiat — 3 and 30 are rooSs, and that tie Gnnl ([uoldeut is a^ + 1 . 
The given polynomial ia equivalent to {,i;-I](a;-30](a^-f 3](a-' + l). 

99. Dcteriiii nation of niultiitlc Roots.— The Method 
oi Divisors determines multiple roots when tliey are commeji- 
surable. In applying the method, when any divisor of iT„ whioh 
is found to be a root is a divisor of the absolute term of the re- 
duced polynomial, we must proceed to try whether it is also a 
root of the latter, in which case it will be a double root of the 
proposed equation. If it be found to be a root of the next 
reduced polynomial, it will be a triple root of the proposed ; and 
so on. Whenever in an equation of any degree there exists only 
one multiple root, r times repeated, it can bo found in this way ; 
for the common measure of /(»■) and f'{x) will then be of the 
form {x - aV"', and the coefficients of this could not be com- 
mensurable if a were incommensui'able. 



y Google 



Determination of Multiple Roots. 197 

Multiple roots of equations of the third, fourth, and fifth 
degrees can be completely determined without the use of the 
process of finding the greatest common measure, as will appear 
from the following observations : — 

(1). The Cubic. — In this case multiple roots must he com- 
mensurable, sinoe the degree is not high enough to allow of two 
distinct roots being repeated. 

(2), The Biquadratic. — In this ease, either the multiple roots 
are commensiu'able or the function is a perfect square. For the 
only way in which two distinct roots can be repeated is when 
the biquadratic is of the form (cf - af {x - ^)', i.e. the square of 
a quadratic. The roots of the quadratic may be incommensu- 
rable. If WG find, therefore, that a biquadratic has no commen- 
surable roots, we must try whether it is a perfect square in order 
to determine further whether it has equal inoommensurable 
roots. 

(3). The QiiinHc. — In this case, either the multiple roots are 
eonmienflurable, or the function consists of a linear commensurable 
factor multiplied by the square of a quadratic factor. For, the 
only way in which two distinct roots can be repeated is when 
the function is of either of the forms 

(.r-„)'(.T-P)'{«^-7), (»-a)-(.r-/3r: 

in the latter ease the roots cannot be inoommensurable ; but the 
former may correspond to the e^e of a commensurable factor 
multiplied by the square of a quadratic whose roots are incom- 
mensurable. If then a quintic be found to have no commen- 
surable roots it can have no midtiple roots. If it be found to 
have one commensurable root only, we must examine whether 
the remaining factor is a perfect square. If it have more than 
one commensurable root, the multiple roots will be found among 
the oommeusurable roots. 
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Examples, 
T . rind all tlio eomm.cnsui'aWe roots of 

23fl- 3l3T'+ U2s+ 64 = 0. 
The roots lio Letrt'oon the limits - 1, 16. The divisors nre 2, 4, 8. 
04 112 -31 2 



8 is therefore a root. Proceed now with tho reduced eqimtion. : 



k a root again, and the remaining facttii' is 2x + 1. 

2. Knd the eommeiisurahle and multiple roots of 

a:i-:(a_30,i«-76«-B6 = 0, 
The roote lie bot^7een the limits — 6, 12. (Apply method of Eit. 10, Art. 80). 

3, Find the commensurahle and multiple roots of 

fla^ - 12a^ - Tlie' - 409! + 16 = 0. 
The roots lie between the limits - 2, 5. 

The equation as it stands is found to haye no integral root ; hut it may still have 
~ ' ' - - - - - -to get lid 



x' - 4,1^ - 7U^ - 120a: + 144 = 0. 
Limits: - 6^ 15. 

We find - 4 to be a douWa root of this, and the fimction to he equivalent to 
(.r' - 123; + 9) (a: + 4)*. The oiiKinnl equation is therefore identical n-ifh the fol- 
lowing:- 

(.,''- ix^iHS^ + if = 0. 

i , Find llio commensurable and multiple roots of 

x' + 123^ + 32.r^ ~ iix + 4 = 0. 
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The roots lie between - 12 and 1. The only divisors to be tesfri are, therefore, 
- 4, — 2, — 1 . We find that the equation has no eommenEurable root. We pro- 
need to try whefier the given function ie a perfect square. This can ho done by 
exfracling the square root, or by applying Ex. 2, Ait. 93. We find that it is the 
square oi x' + 6a: — 2 (ef. Ex. 1, p. 154). Hence the given oquatian has two pairs 
of equal roola, both ineommensui'able. 

5. Find the eoromenaurabla and multiple roots of 

/(s) = j^ _ ^ - 123;3 + S.^ + 28,r + 12 = 0, 



The limits of the roots are 


■ - 4, 4. 


We find that -3 is a iwt, 


and that the reduced equatior 




3^ - 4iH 89; + 4 = 0, 


and that there is no other coi 




The only case of possible 


occurrence of multiple roots 



I, when this 
latter function is a perfect square. It is foimd to be a perfect square, and we have 

6. Pind the commcnsmnble and multiple roots of 

/W ^ a' - 8a:« + 22a^ ~ 26a;= + 2lx -18 = 0. 

^™./W = (:c=+l)(^^2)(:V-3)^. 

7. The following equation has only two difforont roots, find them ;^ 

x^-lZx' + ela?- 17l9!2 + 2I6.r- 108= 0. 
In general it is obvious that if on integiiil root h occurs twice, the last coefficient 
must contain A= aa a factor, and the second last k ; if the root occurs liree times, 
h^ must be a factor of the last, A' of the second last, and A of tie tiiird last coef- 
ficient. The last coefficient here = 2' . 3*. Hence, if neither - 1 nor 1 is a root, 
tile veqiiired roots must he 3 and 3. That these are the roots is easily verified. 

8. The equation 

8009.-* - 1023? -x + S = 

has equal roots : find all the roots. 

In this example it is convenient to change the roots into their reciprocals before 
applying the Method of Divisors. 



100. IVewton's Method of Approximation, - 

now to explain certain methods of approximation to the incom- 
mensurable roots oi equations. The method of the present 
Article is commonly ascribed, to Newton, although one very 
similar had been employed by Vieta.* The principle on which 
this method is founded is important in approximations gene- 

" See Note B at the end of the volume. 
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rally, and is not confined in its application to algebraical equa- 
tions. It will appear, also, thai the most convenient practical 
method of approximating to the real roots of uumerieal equations 
(j. e. Horner's, Art. 101) is in some degree foiinded on Newton'a 
principle. 

In all methods of approximation the root we are seeking is 
snpposBd to be separated from the other roots, and to be situated 
in a known interval between close limits. 

Jjeif{x) = be a given equation, and suppose a value a to 
be known, differing by a small quantity h from a root of the 
equation. We have, then, since b + /; is a root of the equation, 
/(fi + /0=O; or 

Neglecting now, since /; is small, all powers of h higher than the 
first, we have 

/(»)+/(») s-o, 

giving, as a first approximation to the root, the vakif 

n-y 

Representing this value by h, and applying the same process a 
second time, we find ss, a closer approximation 

:m ■ 

By repeating this process the approximation can be carried 
to any degi'ee of accuracy required. 



Plml an apprasimate value of tht positive root of tiio equation 

aS - 2« - 6 = 0. 

The root lies between 2 and 3 (Ex. 1, Art. 89). NaiTOwing the luoils, the root is 

found to lie between 2 and 2-2. We talce 2-1 as the quantity repi-eaented by n. It 

fannot differ from the tj'ue value b + * of the root by more thnr 0-1, Wp find 

fl,) /(!■!) U-23 
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A first approximation is, therefore, 

2'i - 0-0084H = 2-0946, 
Taking this as b, and cnleiilating the fraction "^ , we ohtain 

i--^*^ = 2'094fi5Ufi 
for a sPKoncI sppmsimftfion ; and so On. 

The approximation inNewtou's method is, in general, rapid. 
When, however, the root we are seeking is accompanied hy an- 
other nearly ec[ual to it, the fraction -jj—, ia not necessarily small, 

since the value of either of the nearly equal roots reduces f'{ic) to 
a small quantity. A case of this kind requires speoial precau- 
tions. We do not enter into any further discussion of the 
method, since for practical purposes it may be regarded as 
entirely superseded by Homer's method, which will now be 



101. Homci-'s Method of Solving ATnineriuitl E(||iia- 
tloiis. — By this method both the commensurable and incom- 
mensurable roots can be obtained. Tho root is evolFed figure 
by figure : first the integral pai't (if any), and then the decimal 
part, till the root terminates if it be commensurable, or to any 
number of places required if it be inoommensurable. The pro- 
cess is similar to the known processes of extraction of the square 
and cube root, which ai-e, indeed, only particular eases of the 
general solution by the present method of quadratic and cubic 
equations. 

The main principle involved in Horner's method is the suc- 
cessive diminution of the roots of the given equation by known 
qitantities, in the manner explained in Art. 34, The great ad- 
vantage of the method is, that the suceesbive transformations 
are exhibited in a compact arithmetical form, and the root 
obtained by one continuous process correct to any number of 
places of decimals required. 

This principle of the diminution of tlie roots will be illus- 
trated in the present Article by some simple examples. In the 



y Google 



203 Solution of Numerical Equations. 

following Articles we shall proceed to certain considerations 
whioh tend to facilitate the practical application of the method. 



. Find the positive raot of the equatioi 
2)? ~ SS.e' - 8( 



- 87 ^ 0. 



The first step, when, any numerical equation is proposed for solution, ia to find the 
firsl /gore of the raot. This oan usually be done by a few trials ; although in cer- 
faiu eases the metJiods of separation of the raots explained, in Chap. IX. may have 
to be employed. In the present example thei* can be only one positive root; and 
it is found by trial to lie between 10 and 50. Thus the first figme of the root is 4. 
Wo now diminish the raots hy 40. The transformed eguation htU have one root 
between and 10. It is found by tiial to lie between 3 and 4. We now (liminiBh 
the I'oots of the ti'anBfonned equation by 3 ; so that the roots of the proposed equa- 
tion will be diminished by 43. The seeond transfoimed equation will have one root 
between and 1. On diminishing the toots of this latter equation by -5, we find 
that its absolute term is reduced to zero, i. e, the diminution of the roots of the pro- 
posed equation by 43*5 reduces its absolute form to zero. We conolude that 43-5 is 
a root of the given equation. The series of aiilhmetical operalioas is represented (is 
follows ;— 

2 - 85 - 85 - 87 (43'.^ 

SO - 200 - U400 



The broken lines mark the conclusion of each transformation, and the figures in 
dark type are the coeflieients of the Buecessive transfmmod equations {see Art. 34). 
Thus „ , „„,., ,,.„._„ 
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is the equation whose roofs fire each less by 40 than the roots of the given etiuation, 
and whose positive root is found to Ka between 3 omd 4. If the second ti'ansfoi'med 
equation had not an esact root '5 ; but one, we shall Euppoae, between -5 and '6, the 
first thteo flgui'es of the root of the pi'oposed equation would be 43-5 ; and to find 
the next figure we should proceed to a fui'thei- transformation, diniiiuBhing the loofs 
hy '5 j^andsoon. 

2. Find the positive root of the et[iiation 

4^!= - 13k» - 31x - 375 = 0. 
"We first uTite down the avilitnelioalwoi'lr, and proceed to mal;c certain observations 



- 13 



-31 



-275 



(6-2i 



We find bj' trial that the proposed equiition has its positiTe root between 6 and 7. 
The first figure of the root is, therefiwe, 6, Diminish the roots by 6. The equation 
i» + 59ie= + 346^ - 65 = 

has, then, a root between and 1. It is found by trial to lie between '2 and'3. 
Tlio first two figures of the root of the proposed ai'O therefore 6-2. Biminish the 
roots again by '2. The tiimsfotmed equation is found to have the iixit "OS. Hence 
6-25 is a root ot the proposed equation. 

It is convenient in practice to avoid the use of the deoimal points. This can 
easily be effected as follows ; — When the decimal pai't of de root (suppose -aie , . .) 
h about ta appear, multiply Ihe roots of the corresponding transformed equation by 
10, i.e. annex one zero to tiie right of the figure in the first column, two to the right 
of the flgiue in the second column, three to the light of fliat in the third ; and so on, 
if there be more eehmms (astliere will of oourse be in equations of a degree higher 
than the third). The root of the ti'ansfoimed equation is, then, not •abe . . . , but 
a'h . . . Diminish the roofs by a. The transformed has then the root -be . . . 
Multiply the roofs of this equation again by 10. The root becomes b-e . . . , and 
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the proeeK is contiraied as before. To illustrate tliie, we repeat tie above opera- 
lioii, omitting the flecimol points. In all subBeqiient esamples this simpMcatiou 
will be adopted : — 



35 
210 


; -65000 
51392 


24600 

25696 
1312 


1-136OS0OO 

13608000 



3 Find the positiTe root of fhii eqiinfion 

2033 - 12I.r' - 121.r - Ml = 0. 
The loot is easily fovind to lie between 7 and 8. It is, tlievefore, of the form 
1 ,ab .. . After diminishing the roofs l)j 7, itml amlliplying by 10, flie resulting 

209!» + 2990j;3 + 112500s - 57000 = 0. 
The positive root of this is h. . i . . . ; and us the root plainly lies between and 1 , 
we haye a — 0. We theiefoii; place zero as tbs first figure in tie deoiraal part of 
the i-oot, anil multiply the iDol^ again by 10, before proceeding to the second trans- 
formation. 5 is easily seen ta be a raot Oi the equation thus transfornied. 

Ans. 7.05. 
In the examples here considered the root terminates at an 
early stage. When the calculation is of greater length, if it 
wei'e necessary to find the suoeessive figures by substitution, 
the labour of the process would be very great. This, however, 
is not necessary, as will appear in the ttest Article ; and one of 
the most valuable practical advantages of Horner's method is, 
that after the second, or third (sometimes even after the first) 
figure of the root is found, the transfonmd equation itself suggests 
by mere inspection the next figure of the root. The principle of 
this simplification will now bo explained. 
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102. Principle of tlie Trlal-rtivisor. — We have seen in 
Art. 100 that when au equation is transformed, by the substitution 
of a + h for w, a being a niunher differing from the true root by 
a quantity h amail in proportion to a, an approximate numeri- 
cal value of h is obtained by dividing /(a) by /'(«). Now the 
successive transformed equations in Homer's process are the 
results of transformations of this kind, the last coefficient being 
,/'(«), and the second last/'(a) (see Ai-t. 34). Hence, after two 
or three steps have been completed, so that the part of the root 
remaining bears a small ratio to the part already evolved, we 
may expect to be furnished with two or three more figures of the 
root cori'eetly by mere division of tlie last by the second last 
coefficient of the final transformed equation. We might thus, 
if we pleased, at any stage of Homer's operations, apply New- 
ton's method to get a further approximation to the root. In 
Horner's method this principle is employed to suggest the next 
following figure of the root after the figures already obtained. 
The second last coefficient of each transformed equation is called 
the tiial-divisor. Thus, in the second example of the last Ar- 
ticle, the number 5 is correctly suggested by the trial-divisor 
2690800. In this example, indeed, the second figure of the 
root ia eoiTectly suggested by the trial-divisor of the first trans- 
formed equation, although, in general, thb is not the case. In 
practice the student will have to estimate the probable effect of 
the previous coeifieients of the equation ; he will find, however, 
that the influence oi these terms becomes lees and less as the 
evolution of the x-oot proceeds. 



1. Find tte posifavG root of the equation 



correct to four docinml places. 

Wo easily see tiiat fie root lies hetweea \ iuul 5. "We write down the »or]!, and 
proceed to mate ol)seiTa,tionB on it : — 
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8106 
631396 



13793 
First diminisii tlie roofs Tjy 4. As tiie decimal pait is now about to appear, al- 
taoh ciph.ei's to the coefficientE of the tranefoiiued eq^iiation as explained in Ex. 2, 
Art. 101. Since the coefficient 130 ie email in proportion to 5700, -we may expect 
fhnt the tiial-diviaor will give a good indication of the nest figui-e. The Sgur© to 
be adopted in every eaae as part of the root ie tliat highsst nmtthr which in tlie inv- 
cess of Iramfomiatimi inill not eliaiige She eign of the absohtie term. HeiT! 2 is tho 
proper flgiu'e. In diaiinisTiing by 2 the roots of lie transformed equation 

i3 + 130e* + 570O:e - 16000 = 0, 
Uj.0 ahsolnte term retains its agn (- 4072). If we had adopted the figure 3, the 
nbsoluto term would have become positive, the change of sign ahoiving that we had 
gone beyond the root. "We must take care that, after the first transformation (the 
woaon of this restriotion will appear in the nest example), the absolute feim pre- 
serves its s^ throughout the operation. If we were ta take by mistake a numher 
too BmoU, the eriDr would show itself, jnst as in oi'dinary division or evolution, by 
the next suggested numher being greater than 9. Such a mistake, however, will 
rai'ely be mode. The eiTor which is most common is to tuke the numher too lai'gc, 
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and this will show itaeH in the wort by the chanjje of sign in the ahsolute teim. In 
the ohoTB wwk it is evident, wilioiit peiiorming the fifth tranafoimation, that the 
coiresponding figui'e of the iDot is 4, so that the coneet root to font deoiratJ places 
is 4-2644. 

2. The equation y^ + 4a,-" - 4a« - Ila; + 4 = 

has one root between 1 Mid 2 ; find its vuliie coneet to 4 decimal jilaecs. 



5 1 
1 6 


-10 1 -60000 
7 1 50976 


6 7 
1 7 


- 3000 - 00240000 
11496 - 72690561 






1400 
a 16 


8496 
14808 1 


152131052016 


80 

8fl ■ 
6 
92 


1916 1 
652 I 


23304000 
926187 




-25363337^84 


2468 1 


24230187 
935601 




3129 
U08729 

3133 
311867 

3147 


2^ie6,788p00 
1S9387336 






25355175336 
189766488 




1040 
3 


1 3^64^824 




1013 

3 

1046 

1049 
3 


31S01400 

63150 
31564556 

63193 
31627748 

63228 ■ 


i 


10S20 




31690976 
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We see wittovit completing tie fiftli traosformation that 9 is tiie next figure ol: 
titeroot. Ihei-ootis, therefore, l-e369 eori'eot to4 dedmal places. 

The trial-divisor hecomes effective after the second transforraafioii, suggesting 
uoireotly the number 3,aniiallsuhsequentnmnher3. The first transformed eqtiation 
has its last two teniis negative. "We may espect, thei'efore, that lie ioiuence of 
the pi'eceding coefficients is greater tban tliat of the tiial-divisor, as in fact is here 
the case. The number 6, the second figui'e of the root, must be found by substitu- 
tion, "Wo have to determine what is the situation between and 10 of tlie i-ooi of 
the equation 

2,4 ^ 8o.^s + 1400a^ - 3000a.' - 60000 = 0. 

A few tiials show that 6 gives a iieEative, and 7 a positive ■■esid.t. Hence the 
wot lieB between 6 and 7 ; and 6 is tbo number of which n-e aie in search. la tbo 
subsequent trials we tiJie those gi'oatest numbers 3, 6, 9, in sucoession, which allow 
the absolute toim to retain its negative sign. In the first transformation, diminishing 
the roots by I, there is a obiuige of sign in the absolute temi. The meaning of this 
is, that we have passed over a root lying between and 1, for gives a positive 
residt, 4 ; and 1 gives a negative result, - Q. In all subsequent faansformatiduE, 
so long as we keep below the root, the sign of the absolute teim. must be the eame 
OB the sign resulting from the substitution of 1. This supposes of eonrae that no 
root lies between 1 and that of which we are in seareb. This Btipposition we have 
ali'eady made in the statement of the question. Infact the proposed can have only 
two positive roots, and one is between and 1, and thei'efore only one between 
land 2. 

When two roots esist between the limits employed in Homer's niethod, 
i.e. when the equation has a pair of roots nearly equal, certain precautions must ba 
observed whioh will foim the subject of a subsequent AitJsle. 

3. Find the root of the preceding equation between and 1 to 4 decimal places. 
Commence by midtiplying by 10. The coefficients are then 

I, 40, -400, -IIOOO, 4O00O; 

the tiial-divisor becomes efEective at once in consequence of the comparative small- 
nesB of the leading coefBcienta. The positive sign of the absolute term must be pre- 
served tiufoughont. Ann. -3373, 

4. Find t* three places of decimals the root situated between S and 10 of the 

equation 

x> - 33." ■;- 75^: - 10000 = 0. 

Ans. 9-866. 
[Supply the aero coefficient of a:'.] 

In the examples hitherto considered the root has been foimd 
to a few deeinnal places only. We proceed now to explain a 
niethod by which, after 3 or 4 places of deeimals have hoen 
evolved as ahove, several more may he correctly obtained with 
great facility by a contracted p 
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103. Contracted IWetliotI of a|»plyliig Hoi'iici-'s JPro- 
<!e)«s. — In the ordinary process of contracted DiYision, when the 
given figures are exhausted, in place of appending ciphers to 
the successive dividends, we cut olf figures successively from the 
right of the divisor, so that the divisor itself becomes exhausted 
after a number of steps depending on the number of figures it 
contains. The resulting quotient will differ from the true 
quotient in the last figure only, or at most in the last two 
figures. In Horner's contracted method the principle is the 
same. We retain those figures only which are effective in con- 
tributing to the result to the degi-ee of approximation desired. 
"When the contracted process commences, in place of appending 
ciphers to the successive coefficients of the transformed equation 
in the way before explained, we out off one figui'e from the 
right of the last coefficient but one, two from the right of the 
last coefficient but two, three from the right of the last coef- 
ficient but three ; and so on. The effect of this is to retain in 
theu' proper places the important figures in the work, and to 
banish altogether those which are of little importance. 

The student will do well to compare the first transformation 
by the contracted process in the first of the following examples 
with the con-esponding step in the second example of the last 
Article, where the transformation is exhibited in full. He will 
then observe how the leading figures (those which ai'e most 
important in contributing to the result) coincide in both cases, 
and retain their relative places ; while the figures of little im- 
portance are entirely dispensed with. 

In addition 4o the contraction now explained other abbrevia- 
tions of Homer's process are sometimes recommended ; but as 
the advantage to be derived from them is small, and as thoy 
increase the chances of error, we do not think it necessary to 
give any accoimt of them. The contraction here explained is 
so important that it must not be overlooked. 
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I. Fiiid the root betweei 
miiTCct to 8 oc D deouoal plaoi 



ExiMl'LES. 

1 and 3 of the ajiiatJon in Ex. 3 of Llie laaL Arliulo 



Aestaning tiio I'esult of the Example in qiieEtion, we sliall tMiumeuco the coEtractec! 



procesB after the thud tiansfoi'miitioii "h 
stands as follows : — 
1&5SS 31501,^ 

e 

SloCi 



jnplefed. The sul)sei[ueut work 



Here the oft'ect of tlie first eutdug o1t of flgui-es, iia.uiciy, 8 fiom tlie aeeoad Ijist 
ooefficient, 11 fium the tMrd last, and 053 fwun the fouttli lust, is to lianish altu- 
geiher the first ooeffiuient of tlie hiq^uodmtic. "We proceed to diminish the mots 
by 6 as if the coefficients 1, 3150, 2516578, - 17549439 which are loft woi'c 
those of a ouhie enufttion. In multiplying hy the oorreBpondiiig flguve of the raot 
the flgnres out off sluwld be multiplied mentally, and account taken of th imb 
to bo carried, jnst as in eonti™!ted diidsioii. 

After the diminiitioa by 6 has been completed, we cut off again in the t msf rm d 
cubic 7 from the last coefficient but one, 68 fmrn the last but two, nd the fl Et 
coefficient disappears altogether. The work ^eu proceeds as if wc re 1 1 n 
with the coefficients 31, 255448, - 2336349 of a quadratic. The effect i th n nt 
process of cutting off is to banish all*^ther the 'leading coefficient 31. The sub 
sequent work coincides Avith that of contracted division. When the operation ter- 
minates, the munber of decimals in the quotient may be depended on up to the last, 
or last couple of figiuea. The extent to which the erolution of the root must he 
carried before the contmcted process is commenced depends on the number of decimal 
places required ; tor after the coabaction commences wo shall bo furnished, in addi- 
tion to the figures aii'cady eyolved, with aa many more as there are figures in the 
trial-divisor, less one. 

2. Find to 8 or 9 decimal places the root of the equation 



which lies between 3 and 3. 
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This e[[uation can have oiily two positive roots ; one lies lietween ani 1, iind 
theofiev Tietween 2 and 3. Fovtlie evolution of the hitter we have the following : — 



13 

12 i 


20000000 j , 


-I6I08544 

15493401 

-615143 

446262 


210001) 
3216 


20972864 
98579^ 




3232 
'246448 


21958656 
17478 

2213343 


-168881 

156226 

- 12655 

11150 










"* 


223082^ 
49 

223131 
49 


-U9G 
133B 


-158 
156 



ti 



On this we wmai't, that «ftei' diminishiag tte roots by 2, iuid inullipIyiHg tho roots 
ofth£tran3ronncde([uationby 10, we fiiidthat the trial-divisor 20000 will not "go 
into " the absohife tarn 10000 ; ive put, therefore, zero in the quotient, and mul- 
tiply again by 10, and fien piuceed as before. 

3. Find to 8 or 9 decimal places tie root of the same eqiiation between and 1. 



re i-out of the eciuation 

■? + 24'84*-= - 67-613* - 3761-2758 = 



[When tliB uoeffioienis of the p: 



id equatioi 



n decimal points, it will be 



found that they soon, disappeoi' in tie work iu ooiiaeiuenue of the multiplications b; 
10 after the decimal pari of the raot begins to appeal'.] 

Ana. 11-1973222. 
ot the equaliou 



■) . find the aegati 
,0 7 places of decimals. 



- 13*- + 12s; - S 



"When a negative root has to be foimd, it is convenient to change I 
and find the correspondiug positive root of the tiansformed equation. 
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104, Axitilivatioii of lloriier'H Mctliud to Cases wliere 
Roots arenearly S^qual,— Wehave seen in Art. 100 that the 
method of approximation there explained fails when the pro- 
posed eqiiation has two roots nearly equal. Examples of this 
nature are those which present most dif&cultiee, hoth in their 
analysis (see Ex. 7, Art. 91) and in their solution. Homer's 
method enables us, with very Httle more labour than is neces- 
sary in other eases, to effect the solution of such equations. So 
long as the leading figures of the two roots ai'e the same, certain 
precautions must be observed, which will be illustrated by the 
followiag examples. After the two roots have been separated, 
the subsequent operations proceed for each root separately, ]ust 
as in the examples of the previous Articles. It is evident, from 
the explanation of the tiial-divisor given in Art. 102, that for the 
same reason s& that which explains the failure of Newton's me- 
thod (see Art. 100), it will not become effective till the first or 
second stage after the roots have been separated. 



1. The eniiatlon 

3? _ 7a! + 7 = 

has two roots between 1 aad 2 (see Lx ' iit S <) fin! i nh ol th m to S 
decimal plae^. 

Dimiiiisliing the roots by 1, we lind tbit ILl ti insfoimnd equation (iitt i ito 
mote iue multipKed by 10) i. e. 

a.3 + gOjS _ 400» + 1000 = 0, 
mmt havo two roots betweea and 10. We find liiat these wots lie, one between 
3 and i, and the other between 6 and 7. The roofs ai* now separated, and wo pro- 
ceed with each separately in the manner ali'endy explained. If the roots were not 
separated at this stage, we should find the leading figwe common to the two, and, 
having diminished the iDots by it, find in what intervals the roots of the resulting 
equation were situated ; and so on. 

Aus. 1-35883584, 1'6EI2(I2U7. 

2. Find the Uyo itiots of the ©([UiLtion 

3? - i'dx- -i- Qai» - 1370 = 1) 
which lie between 30 and 30. 

We shall eshibit the complete work of approximation to the Bmaller of the twi> 
roots to 7 places ; and then make certain observations which will bo a guide to the 
student in sill cases of the kind. 
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313 


-iS 658 -1370 (23'213I2r7 


20 -580 1560 


-28 78 1 181 


20 
-9 


-180 1 -180 


K> 


-103 


IOC 


20 42 


-993 






11 -60 


; sooo 


3 


51 




-6739 


U 


-SOO 


,' 


1261000 
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The diminution, of the roots ty 20 chunges the sign of the altaolufe term, Tliis 
is an indiuatioti that a root exists between and 20, ivitt which wp !iio not at pre- 
sent concerned. The ronte of the first trnnsformed eqnation 

^ + Utrf'- 10ar+ 181 = 
are not yet sepai^ted, lying hoth between 3 and 4. The suhstJtution of each of 
these nurahera gives a positiye result, so that ive have not here the same ciiterion 
1o guide us in oiir scju'ch for tlie proper figure as in foiiner eases, viz., a chnnge of 
si;^n i]i Ihe iibsnliiln trnii. Wc have, lion'cycr, a difFerent cn'tfrion wliieh enalilos 
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iia to find by mere aubstituticin Urn interval within wMcb tbe two roots lie. If we 
(Uminish tie i-oots of 1"+ U.x^~ 102a + 18i = by 4, tie resulting equation ie 
a.-" + 23j,'' + 34a; + 13 = 0, wMeb has no change of sign. Hence the two roots nrast 
lio between nnd i. If we diminiGh its roots by 3, the I'esulting equation (as in 
the above work) has the same number of changes of sign as Ibc equation itself. 
Hence the two roots lie between 3 and 4. They are, therefoi'o, not yet separafeil ; 
anil we proceed to diminish by 3. The next traosfoiined equation 

!»+ 2003;!' -900a: +1000 = 
is found in the same woy to have both its roots between 2 and 3 ; the diminution by 
2 leaving two changes of rign in the coefBoients of the toansformed equation (as in the 
above wor^), and the diminution by 3 giving all positive signs. So far, then, the 
tworootsagreeintheirfirst three figuT'es, i.e. 23-2. We diminish again by 2. The 
I'esulling equation ^ + 2l)60a^ - 8800a + 1261000 = has one I'oot only between 1 
and 2 ; 1 giving a positive, and 2 a negative result : its other root lies between 2 
and 3 ; 3 giving a positive result. The roots are now separated. We proceed, as in 
the above worJ:, to approximate to the lesser iwt, by diminishing the ixiofs of this 
equation by I ; the trial-divisor becoming effective at the nest step. To approxi- 
mate to the gieatcr i-oot, we must diminish by 2 the roots of the same equation, 
faHng cai'e that in the subsequent operations the negative s^, to which the pi'O- 
viously positive sign of the absolute term now changes, is preserved. The second 
i-oot will be foiuid to be 23-2295212. 

So long es the two roots remain t(^ther, a guide to the proper figure of the root 
may be obtained by dividing twice tie last coefficient by the second last, or the se- 
cond hat by twice tire third last. The reason of this is, that the proposed equation 
approxiniat*s|now to the quadratic formed by the last tlu'ee tejms in each titmsforraed 
equaiian, just as in previous cases, and in Newton's method, it approximated to the 
simple equation formed by the last two terms, this quadratic havii^ the two nearly 
equal roots for its roots; and when the two roots of the equation Bs'+i^ + « = 
are nearly equal, either of them is given approximately by — r- or —- . Thus, in the 
above exam.ple, the number 3 ia suggested by - — , and the number' 2 by . 

In this way we can generally, at the first attempt, find the tM-o integei's between 
which the pair of roots lies. We shall have, also, an indication of the separation of 
the roots by observing when the numbers euggrated in this way by the hsst three 
coefScients becoma different, %. r. when — au^ests a diflei-eat number fiiMu — - , 

3. Calculate to three decimal places each of the I'oots lying between * nnd 5 of 
the equation 

3;' + S.>;5 - 70,1!^ - \i-U + OSG = 0. 



,-een 2 and 3 of the e^imtion 
- 3923!' + 16493; - 1445 = 0. 

Am. The iwris are both = 2-125, 
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Here "we find that the two roots nre not sepamtod. at the 1111111 deeimal place. 
When sve dimimsh by 6 the absolute term, vanish^, shewing that 2-125 is a mot ; 
and pi-oceediog with this (Uminution the second lust coefficient also vanishes. Henec 
2-l25isaf'[oiiMeroot. 

When an equation contains more than two nearly eqital 
roots, they can be all fonnd by Homer's process in a manner 
fiimilar to that now explained. Such cases are, however, of 
rare occurrence in practice. The principles ab«ady laid down 
will he a sufficient guide to the student in all cases of the kind. 

105. I^agrangc')!! Df etliod of Approximation, — Lagrange 
has given a method of expressing the root of a numerical equa- 
tion in the form of a continued fraction. As this method is, for 
practical purposes, much inferior to that of Homer, we shall 
content ourselves with a brief account of it. 

Let the equation/((e) - have one root, and only one root, 
between the two consecutive integers a and a + 1. Substitute 

« + — for a; in the proposed equation. The transformed equation 

in y has one positive root. Let this be determined by trial to 
He between the integers h and 6 + 1. Transform the equation 

in y by the substitution y = h ^ --. The positive root of the 

equation in s is found by trial to lie between c and c -i- 1. Con- 
tinuing this process, an approximation to the root is obtained in 
the form of a continued fraction, as follows : — 

1 



ExAMPtTlS. 
1. Find in the form of ti pontinned fraction the pasltiye root of llie equation 

The raot lies Ijetn'Sen 2 and 3. 

To mnke the transformation ,t = 2 + -, \re first employ the process of Art. 34, 
ilimiiiishing the roots hj' 3. We then find the equation whoso root? are the reci- 
procals of those of the tianfiformeil. 
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The equation in ;/ is in this way found to be 

This has ti root between 10 ond 11 . 

Mute now the subsfitntion */ = 10 + -. 
The equation in i ia 

(;1s3_84e=-20!-1 = 0. 

This lias n root between I and 2. Take a = 1 + ~. 
The ecinalion in « ia 

.5W + 25i(2 - 89(s - 61 = 0, 

which has a root hetween 1 and 2 ; and so on. 

We haye, therefore, the following expiesaion for tho I'oot 



. 'Fiml in the form of a continued fiaction the positive rt 



106. Numerical Solution of the Biquailrntic. — It is 

proper, before closing the subject of the solution of numerical 
equations, to illustrate the practical uses whicli may be made of 
the methods of solution of Chap, YI, Although, as before 
observed, tho numerical solution of equations is in general best 
efEeoted by the methods of the present Chapter, there are certain 
oases in which it is convenient to employ the methods of 
Chap. YI. for the resolution of the biquadratic. When a bi- 
quadratic equation leads to a reducing cubic which has a com- 
mensurable root, this root can be readily found, and the solution 
of the biquadratic completed. We proceed to solve a few 
examples of this kind, using Descartes' method (Art. 64), which 
will usually be found the most convenient in practice. 
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ESAMPIES, 

1 . Eesolve the quartic 

into qutidialio factors. 

MaMug the assiirapfion of Ait. 64, wp easily obtain 

p + p' ^ ^ 3, 3 + 3' + ipp' = 3, pq' +p'q- 11, jf' = - 6, 
Also 5* " n —PP' = 7 (S +5' ~ '^Ji 

irnil, caloulfiting J find 7, the eqnntion for ip is 

j_m 225 _ 

MiUliplying tlio roots by 4, ive hnTe, if 4^ = 1^, 
^=- nu -150=0. 
By the Methoil of Diviroi's this k easily found to have a root - 6 ; hence 

From these, combined with, the preceding e([nations, we get 

When the values of 5 and 5' are found, the e([uation giving the yalim of jjj'+ji'j 
determines which value of q goes with p, and which with }/, in tho quadratic 
facturs. The qiinrtio is I'esolved, therefore, in1« the factoiB 

(3;!_4,,: + l)(i.-»-2a;-6). 

By means of the other two values of ^ we can resolve the q^uarlie into ([uadratio 
factors in two other ways ; or we can do the same thing by solving the two qua- 
dratics ah'eady obtained. 

2. Hesolve into factors the quartic 

:if-Sx^- 12*5 + G0S- + G3, 

TIio equation foi' ^ is found to lio 

4$^ - 105iJj-475 -^0. 

Tbis has a root - - S, and we easily find 
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[giving the f oUowing values : — 

p = — \, y = — 3, 5 = — 3, 5'=— 21. 
TliR qiiaiiJE i?, thevefore, ec[uiy9lent to 

{a:=-ac-3)(*=-6a-21). 
S. Besolve into factora 

f[p) = a' - I7.'s» - 20j - 6. 

The reducing ouliic i' found to be 

j_217 3185 

* " Ta" * "*" "aia" ~ ' 

or, raiiltipiyiiie; the roots by G, 

\n- 051(4 3185 =<l. 

Thill hns a vnot = 7 ; hence ^ = 2' ^""^ ^^'^ ohtniii, Gnallr, 

J. licisolvp iuto faotors 

/(s;) ~ s* - 6,^3 - 3,;;' + G6j: - 22. 
The reducing euhic is 



A«./[»:)^(,^-ll)(r^_li.,H. 2). 
, RcKolve into quadratic factors 

^M. /(,r) = (.r= - 3^ + 2] (*' ^ G^ .^ 7), 



yGoosle 



Miscellaneous Examples. 



MlSCELLiNEOTJS ESAJCri.Ef 
1 . Find the positive rant cf 



Find the poaitive i 


-ootof 










it to 9 or 10 places. 


x^ ~ 23i - S 


. =0 


Am. 


2-0045, 


jU815. 


The eqiwlion 


3.iS-650-8k= + 53.- 


- 1627 = 








I'Oot hetweeii 300 and 400. Findit. 


Ana. Commensurable rool. 


, 325-1. 


Find the rant behvpen 20 and 30 of the eqiwtion 










^■■'^lSOi(= + 1896,1 


;- 457 = 0. 














Am. 


2e'5ai2r73RS. 



f). Find the root hetween 2 sind 3 of 

2* - i^afi + Br,S.v - 1379 ^ 0. 

Ann. 2'55r3f)I. 
0. Find the root betireen 2 and 3 of the eiuntion 

a:*- 12^:°- + 12ji- 3 = 
to sis plaeee of decimals. Ans. 2-858033. 

7. Find the podtive root of the equation 

a' + 2t'= - 2Si; ~ 70 = 
correct to ohout 12 decimal places. Ans. 5'13'1G7872S282. 

8. Find the ctihe root of 673373097125. Am. 8765. 
3. Find tho fifth root t£ 537824. Ans. 14. 
1 a. Find all the rootj* nf the cuhic equation 

a^ - 3a; + 1 = 0. 
The equation i" + a;H 1 = 0, of Ex. 7, p. 98, lediiees to tliig. 

Am. - TS70R3, -34729, 1-53200. 

Noic. — The smaller positive root fiimiahes the solution of tie prahlcm — To 
divide a hemiaphei'e wheaa radius ie unity int« two equal pai-ts hy a plane parallel 

1 1 . Find all the roots of the cubic 

iir' + j;^ - 2i! - I r= 0. 
(See Ex. 1, p. 98.) Jh«. - 1-80194, --44.504, 1-24698. 
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12. Find to five decimnl places the negative root between — I and (see Ex. II, 
p. 98) of tlio equation 

a' + K» - i:c^ - 3,i;2 -h 3a: + 1 = 0. 

A«s. - ■28483. 

13. Solve tlio equation 

^ _ Sl&a:= ~ 19684 x- + 29772G0 = 0. 

Wo Iiore finil -fiat a root exists between 70 and 80. By Hoiner's process it is 
found to be 78. The depressed equntion firaiisbes two roots, which, increased !iy 
78, are the other roots of the cubic. 

Am. 78, 347, - 110. 

14. Find the two i-eal roots of tte erniation 

,-j'-n727x-f 403SSr^0, 

Ans. 3-45392, 21-43067. 

This equation is pven by Mr. G. H. Darwin in a paper On tlte Fi-eiessioit of a 
Visdom Spheraid, and on the Ssmole Siatorii of the Earth. Fhil. Trims., Part ii., 
1879, p. 608. The roots are " the two values of the cube root of the earfli's rota- 
tion for wMot the earth and moon move round na a rfgid body, ' ' 

15. Find all the roots of the cubic eguation 

30#-24^= + 3 = 0. 



This equation occurs in the solution by Professor Ball of a problem of Professor 
Townsend's in (be Sfi(e«(io«ni Tiinss of Dee. 1 878, to determine the deflection of a 
lieam uniformly loaded and supported at its two ends and points of triseetion. 

10. Find the positive root of the equation 

U)? + 12*5 - 9a: - 10 = 0. 

Ans. O'850O6. 

Nole. — The equations of t}iis and the next example occur also in the 
tiou of questions relative to beams supported by praps. 
17. Find the positive lOot of the equation 
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CHAPTER XI. 



DETBKMINANTS. 



107. Klenieutarj' IVutioii^ and Dcllnitioiis.— This chapter 
will be occupied with a disciiBsion of an important class of func- 
tions which constantly present themselves in analysis. These 
functions possess remaikahle properties, by a knowledge of which 
much eimplifieation may be introduced into many mathematical 
operations. 

The function a,b-i + ei^bi, of the fom' quantities 



is obtained hy assigning to « and h, wi'itten in aphabetieal ordei-, 
the si;ffixes 1, 2, and 2, 1, corresponding to the two permutations 
of the numhers 1, 2, and adding the two products so fbrmed. 
Similai'ly the function 

(iib-Ci + (hb..,Ci + (i-Jhd + a-ihii^-i + a-ihiCs + (hhCi, (1) 



of the nine quantities 



is obtained by adduig all the products aba which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suiSxea corresponding to all the permutations of the numbers 
1, 2, 3. The whole expression might he represented by [abc), 
or any other eonvenientnotation, from which all the terms oould 
be wiitten down. 
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The notation {abed) might be employed to represent a similar 
function of the 16 quantities a„ b„ c„ d„ a-., &o. ; consisting of 24 
terms, which oan all be written down by the aid of the 24 permu- 
tations of the numbers 1, 2, 3, 4. 

And, in general, taking n letters a,b, c, . . . f, we can write 
down a similar function consisting of «(»-!){« -2) , . . .3.3.1 
terms, this being the number of permutations of the first n num- 
bers 1, 2, 3 . . . n. 

Now the functions above referred to, which are of such 
frequent oocuiTence in mathematical analysis, differ from those 
just described in one respect only ; namely, of the 1 . 2 . 3 . . . « 
(which is an even number) terms, half are affected mth posi- 
tire, and half with negative signs, instead of being all posi- 
tive, as in the examples just given. 

We shall now give some instances of these latter functions. 
They occur most frequently as the result of elimination of the 
variables from linear equations. If, for example, x and y be 
eliminated from the equations 

«,!* + 6,y = 0, 

the result is aJh - ajji = 0. 

Again, the result of eliminatuig x, y, s from the equations 

a,x + hiy + tiS = 0, 

a-iX -v b^y + CjS = 0, 

th'-" + Say + CsZ = 0, 

is, as the student will readily perceive by solving from two of 
them and substituting iii the third, 

(hhiC, - aibaCi + a^bac^ - fljfiiCs + Ozb^e-i - Ushci = ; (2) 

and this function differs from (1) above written only in having 
three of its terms negative, instead of having the six tei-ms posi- 
tive. 
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Similarly the elimination of four variaHes from four linear 
eyuationa gives rise to afimotion of the 16 quantities 
rti, bi, d, d„ ih, O-s, &o., 

which differs from the function above represented by (i//>al) only 
in having 12 of its terms negative. 

Expressions of the kind here described are called Detenid- 
imnts* The notation by which they are usually represented was 
first employed by Cauehy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are aiTanged in a square between two vertical 
lines. Thus 



s the determinant a^h - (hbi. 
Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 



a-A 



And, in general, the determinant of the 
, ii, ui . . . /„ ih, 5„ &o., is represented by 

hi t'l . . . 



By taking the n letters in alphabetical order, and assigning 
to them suffixes corresponding to the n{n- l)(»-2) . . . 3 .2 . 1 
permutations of the numbers 1, 3, 3, . . . n, all the terms of the 

'■ Sec Note a,t tiie end of the volume. 
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determmant can be ■written down. Half of the teimB muat 
receive positive and half negative signs. In the next Article 
the rule will be explained by which the positive and negative 



The individual letters »], hi, Ui, . . . a~, . . . &o., of which a 
detei-minant is composed are called its constituenis. 

The several terms a,l>iC^ ■ . . l,„ &c., consisting each of the 
product of n constituents, are called elements. 

A:aj series of constituents such as ch, ij, Ci, . . . h, arranged 
horizontally, form a roio of the determinant ; and any series such 
as «„ flj, a-t . . . a,,, arranged Tcrtieally, form a eokimn. 

The tei-m line will sometimes lie used to express a row or 
column indifferently. 

108. Rnle wltli i*esai*(( to ^Igns. — It is evident from 
the preceding Article that each element of the determinant will^ 
since it oontains all the letters, contain one constituent {and only 
one) from every column ; and will also, since the suiHxes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may thus regai-d the square array 
(3) of Art. 107 as the symbolical representation of a function con- 
sisting in general of «(!!- l)(»-2) . , . 3 . 2 . 1 terms, comprising 
all possible products which can be formed by taking one con- 
stituent, and one only, from each row, and one constituent, and 
one only, from each column. All that is reijuired to give perfect 
deflniteness to the function is to fix the sign to be attached to any 
particular element. For this purpose the following two rules are 
to be observed : — 

(1). The element cijbiCi . . . /,„ f&rmed by the comtiiuents 
situated in the diagonal draicnfrom the left-hand fop comer to the 
rtf/M-liand bottom comer, is posiUve. 

This element is called the leading or piincipal element. In 
it the aufflxoB and letters both occiu: in their natural order ; and 
from it the sign of any othw element is determined by means of 
the following rule. 

(2). Any interchange of two suffixes, the letters retaining their 
order, alters tlie sign of an e 
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This rule may be otherwise expressed thus : — Any h 
of two ktiei's, the suffices retaininy their order, alters the sign of an 
element. For if two letters he interchanged, and then the two 
corresponding constituents interchanged, the process is ec|;uiva- 
lent to an interchange of suffixes. If, for example, in chbiCsdie^ 
the letters 6 and e be interchanged, we get a,i.c^dibi, which is 
equal to aib^Csdie,, and this is derived from the given element by 
an interchange of the suffixes 2 and 5, 

In applying this rule it is evident that an even niunber of 
interchanges will not alter the sign of an element, and that an 
odd number will. 



1. "Whut is tlic sign of the el 
ir? 



Examples. 



1 the detemi 



.t of (he 5th 



The q^ueatjcm ia, How manymterchangeBwillchaDgBtiieoi'der 12345 into 34251 f 
Here, when 3 is interchanged with 2, and aftei-waixls with 1 , it comes into the lead- 
ing place, the order beeoming 31245. Again, the interchange in 31245 of 4 with 
2, and aJtei-wwds with Z, presents the order 34125. The interchange of 2 with 1 
gives the oi'der 34215 ; and finally the interoiiange of 5 with 1 gives the re([uired 
Older 34251. Thus there are in all six interchanges ; and thei^efore the leq^iiii'ed 
sign is positive. 

The general mode of proceeding may plainly he etated bs follows; — Take (he 
figure which stands Brat in the reiuirod order, and move it from its place in the 
nahn-al order 1234 . . . into the leading place, countmg one displacement for eaeh 
figure passed over. Take then the figm-o which stands second in the required onler, 
and move it from its place in the natural order into the second place ; aud so on. If 
the number of displacements in this pracess he even, the sign ia positive ; if it be 
odd, the sign is negative. 

2. "What sign is to be attached to the element oa^ne^seififfi in the determinant 
of the 7lh order P 

Here two displacements hiing 3 to the leading place ; ive diaplacements then 
bring 7 to tie second place ; foiu' then bring 6 to the third place ; three then bring 
6 to the fourth place ; the figui-e 1 is in its plaee ; and finally, one displaoement 
brings 4 info the sixth place. Thus there are in all fifteen displaoements ; and the- 
sign of the element is therefore negative. 

3. "Write down all tlie tenns of the dotenninant 
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The six permutations oi sufflies in wMoh the figiire 1 oocui* fiiBt are 

1234, 1243, 1324, 1342, 1423, 1433. 

The sLs ccoresponding elements ai'e, as the student will easily see ]>y applying 
the BiUe (2), as in the prnvious examples, 

aibicsdi — aiiiCidi-i- aibactih — iiiheiiii + 016402 (^3 — 1:^4 cai^^. 

The other 18 tarms, eoo'espooding to the petmutafiocs iu whith the figure 
2, 3, 4, I'espeotively, stand firet, are as follows :— 

+ oiibieidt " oiiiCidn + a3i2<ndi - asbicidi + asbiCidi — nsbteidi 
+ liiiiCjrfj — fljSiCarfj + aiSaCufa - ajijcsf?! + fltia'^'^i — n4^ci<^. 

It will be ohserved here that the number of positive terms is equal to the number 
of negative terms. The same must be tnie in general; for, corresponding to any 
pofdtire term there exists a negative term obtained by dniply interchanging the l!ist 
two suffixes. 

4. Show that if any two adjacent figures are moved together over any mmiher 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is ec[uivalent to a movement 

5. Detemiine the sign, to be attached to the second diagonal elcmciiL, i.e. 
(Tuin-Ku-i . . . i'ih, in the deteimmant ot the «*'' onier. 

Here the number of displa»,emPnl8 ie<|uired to chan;;e the natural order to the 
requh'ed oiiler is plninly 

(. - 1) + (. - 2) + (, - 3) - . . + 2 + 1 = !i(!'_J. 
Hence the reijuired sign is (—1) ' . 

109. Ill this and the foUowing Articles will be proved those 
properties of detenninanta which, by the aid of Cauchy's nota- 
tion above described, render the employment of these fmictions 
of Bucli practical advantage. 

Prop. I. — 1/ any two rows, or any two columns, of a determi- 
nant be interchanged, the sign of the determinant is changed. 

This follows at once fi-om the mode of formation (Rule (2), 
Art. 108), for an interchange of two rows is the same as an 
interchange of two sniSxes, and an interchange of two columns 
is the same as an interchange of two letters ; bo that in either 
case the sign of every element of the determinant is chi 
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This proposition enables ns to state the ride for determining 
the sign of any element in terms of displacements of the rows 
(or columns) ; and this will be found convenient for practical 
purposes. The student wQl readily perceive that the general 
mode of procedure explained in Ex. 1, Art. 108, is equivalent 
to the following : — Bring, by movements of rows [or eoluimis), 
the element whose sign is required into the position of the leading 
diagonal term. Its sign will he positive or negative aeeording'as tlie 
number of displacements is even or odd. 



Example. 
"Whiit sign is to bo iilfacliecl to tie element Aliiii: in the detcrminitnt 



Hei-e a movement of the loiuth row over three rows (i.e. three ilisplacemaits) 
ijiings \ into the leaiing place. One displdcement of the originitl second itdw up- 
wards hiiiiga 8 into the req^uired place in the diagonal teim. And one furflier 
displacement of the oiiginol third row upwards effects the required an'aiigement, 
hringing \$iix into the diagonal place. Thus the number of displacements beicg 
■odd, the required sign is negative. 

110. Peop. H. — When, in any determinant, two rows or two 
columns are identical, tlie determinant vanishes, 

'For, by Prop. I., the interchange of theso two lines ought 
to change the sign of tlie determinant A ; but the interchange 
ef two identieal rows or columns cannot alter the determinant 
iu any way ; hence A = - A, or A = 0. 

111. Pkop. III. — The value of a determinant is not altered if 
the rotes be written as columns, and the columns as rotes. 

For all the elements, formed by taking one constituent from 
each row and one from each column, are plainly the same in value 
in both cases ; the principal element is identically the same ; 
q2 
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and to determine the sign of any otber element (ty Prop. I.) the 
number of displacements of rows necessary to bring it into the 
leading diagonal in the first case is the same as the number of 
displacements of columns necessary in the second place. 






Esau PI 



di 



dl dz ^3 ^ \ 



Here tbe sign of anj' element, e.g. nsSieida, is the same Jn both determinants. 
For thi'ee displacements of ro\ra are required to bring this element into the leading 
position in the first itetermioant ; and the same number of displacements of columns 
is I'equii'ed to bring the same element into the leading position in Uie seeend de- 



112. Pitor. rV. — If evBi-y constituent m any line h 
ly the same factor, the deteitninant is mtiUipUed b 

For every element of the determinant must contain one, and 
only one, constitiient from any row or any column. 

Cor. 1. If the constituents in any line difEer only by the 
same factor from the constituents in another Hne, the determi- 
nant vanishes. 

Cor. 2. If the signs of all the constituents in any line bo 
changed, tbe sign of the deteimiuant is changed. For this is 
equivalent to multiplying by the factor - 1, 



Examples. 



Sni *i ft 




"i 


h Cl 


iOj h 63 


= k 


a. 


h Ci 


A-fl3 h ft 




.. 


h ft 






ai 


B] =. 


fii im3i Pi 


^m 


^1 


&i »■>. 


71 )»T, -p 




71 


71 -n 
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. Show that the following detetminMii vanishes 
3 I .5 2 
3 5 7 ■■! 

K 1 1 



WJien the conBtituants of the last row aj-e divided by 3j they become idenlical 
H'ith those of the second row. 
4. ProTO the identity 

be a ei" 



b ht 



W- ¥ 



Represent the first determiniint hy A, and multiply the rows by n, i, e, respec- 
tively. We have then. 



■md, dividing the first column by alis, tlie result follows. 
5, Prove the identity 



1 S" B' S> 
1 7= 7^ 7' 



75a B H' S^ 
SaQ y y- 7= 
aSy. S S^ S^ 
■G. Prove the identity 

1 -7 
^3 S 



Cliango iill the signs of the second row, and aitera'ai-ds o£ the third column. 

7. Prove the identity 



a- 3' 7' 
a" H" 7" 



a'sr flV r'oS 

«"fi7 fl"7a 7"hS 



This is easily proved hy multiplying the eolvunns of the first dctoiTniniuit by 
Sy, ya, aB, respectively ; jmd then dividing the fii'st row by aSy- 
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It is evident that a similai' piwess may be employed in general to I'ediice any 
detetininant to one in M-liicli !iU tie constituents of anj- selected idiv or column alisill 
lie imifs. 

K. Jtediice the following determinnnt to one in nhieh the first tow shjill consist 
of units : 



Since 20 is the legist common multijilc of 4, 2, 5, 10, it i? sufEiilent to TOtiltip 
the columns in order hy 5, 10,4,2; wo thus ohtain 



TnMngont the multipKer 20 from the flrai row, j from the third row, and4.fioi 
the fourth row, Ave get flnjilly 

; I I 1 1 

5 10 24 6 



Since if j8 ve\-e equal to y, tB"0 columns would become identical ; ? —y muat'hc* 
a f aetjB' in the determinant. Similaily, 7-0 and a~S must be factors in it. Hence 
the prodnct of the three diffei'ences can differ by a numerical factor only fcom the 
value of the determinant, since both fnnctions are of the third degree in a, ;8, 7 ; 
imd by comparing the teim fi-f we ohseire that this facfoi- is + 1 . 

10. ProTc sirailnrly the identity 



-7)(o-3)[7-<')((3-S)(o-^)(7-5). 
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It is evident that a similar pi-oof ahoivs in general that tte value of the detenni- 
nant of this form, constitntedhy the ftqiiautitiee a, |8, 7 ... X, is the product of tho 
g«(™ — 1) differences which can be formed with these « quantities. 

113. ]ninor lleteniiiiiRiit^i. Definitions. — When ia a 
determinant any number of rows, and the same number of 
eoliunns, are erased, the determinant formed hy the remaining 
constituents (maintaining their relative positions) is called a 



If one row and one column only be suppressed, the corre- 
sponding minor is called a first minor. If two rows and two 
columns be suppressed, the minor is called a second minor; and 
so on. The suppressed rows and columns have common con- 
stituents forming a determinant ; and the minor which remains 
is said to be compkmentary to this determinant. 

It is iisual to denote a determinant in general by A. We 
shall denote fcy Aa the minor obtained by suppressing in A the 
row and column which contain any constituent a ; by A„_3 
that obtained by suppressing the two rows and two columns 
which contain a and /3 ; and so on. 

The determinant A, formed by the constituents «i, 5i, c,, &c., 
is often denoted for brevity by placing the leading term within 
brackets, as follows: A = (siSaCs . . . . la). The notation 
S + a^biCs . . ■ hi is also used to represent A ; this expressing its 
constitution as consisting of the sum of a numbei- of elements 
(with their proper signs attached) formed by taking all possible 
permutations of the n suffixes. 

114. Mevelopment of neterminants. — Since eveiy term 
of any determinant contains one, and only one, constituent froni 
each row and from each column, it follows that A m a Unearamt 
homogeneous funetion of the constiiuents of any one row or any one 
column. Thus we may write 

A = (hAi + (i.A. + (uA-:, 4- &e. 

A = S,£i + hB^ + h,B-s + &e. 
or, again, 

A = a,A, -r hBi + C|Ci + &c. 
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The student, on referring to Ex. tJ, Art. 108, will c 
that the determinant of the fourth order there written at length 
is constituted in the ijray here descrihed, naonely 



h c, d, 


1 S, c, A 


4. «, * 


h e, d. 


+ fls 5s Ca f^j i + «i 


Sa fi! d^ 


h Ca rfa 


S, C, 4 


T>2 <h d: 



Now it ia true, ingeneral, that the coefficients J!i, Ai,Aa,&<i., 
are determinants of the order it ~ 1- Eor, siippose A to he 
written as follows : — 



5:1^1 + ciiA-i + a-iA^ + . 



^■ a,,A„. 



In effecting all the permutations of the suffixes 1, 2, 3, . . . )(, 
suppose first 1 to remain in the leading place, as in the example 
referred to, we then ohtain 1 . 2 . 3 . . . (ji - 1) terms which have 
«, as a factor, and 



lience 



A,= ^± hc; . . . 4 = ! 



and this determinant is the minor corresponding to the consti- 
tuent «i, or A^ = A,,,. 

To find the value of A^, we bring «i into the leading place 
by one diaplaoement of rows. This changes the sign of A, so 
that we obtain 

A; = - A. J 

i.e. Ai = the minor corresponding to a. with its sign changed. 
Again, bringing cfa to the leading place by two displacements, wo 
have 

and so on. 
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Tliug we conclude that, in general, 

A = f/i A„^ — Ui &a, + O'i An^ - «4 A,,^ + &e. 

Similarly, we can expand A in terms of the constituents of 
any other eolnmn, or any row. For example, 

A = «i A„, - b, Af,, + e, A,, - &e. 

If it be req^uired to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading place. For example, sup- 
pose the determinant {a^hcscker^ is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to (^A,;^. Heretwo displacements upwards, andafter- 
wajds three to the left, wiU bring d^ to the leading place ; hence 
the sign is negative. This rule may be stated simply as follows : — 
Proceed from ai to the constituent in question along the top row, and 
'him the column containing the constituent; the number of letteru 
j)assed over before reaching the constituent toill decide the sign to be 
attached to the minor. In the example just given ; beginning at 
Bi we coimt ffli, bi, Ci, d„ d., i. e. five ; and this munber being odd, 
the required sign is negative ; if the number were even the sign 
would he positive. 

ExAJipins. 



(Compai'c (2), Alt. 107.) 



1 ft / I I '' ? 1 \ I' s 

h b f = a\ \-h\ I+J7 

I / '^ I I / -^ I * / 
!/ J " 

= «ifl + 2fgh -af-bf-- cJiK 
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8. Expand the determiatmt of the f oiuih onler in terms of the 
le fourth low. 
= - BiAs, + h^h^ - flicj + <hA.i, 

ci rfi I wi Si ifi I I 









fl2 i: (/j +rf,l 
as ^ rfa 1 t 



When the deferminajita of the third oi'der are expanded this will g 
pression of Ex. 3, Ai-t. 108, as the student will easUy veiify. 



= 3 (iS - S) - 7 (IS - 12) + S (-2 - lil). 
= -3. 
S. Find tho value of thu determinant 



It is evidently convenient to expand this in terms of the third n 
s in that row vanish. 

■ 7 2 20 I 8 7 20 I 

5 i i 7 + 11 I 3 1 7 



and expanding the two determinants of the ^ird. oiiier, ivo find A = 21Sf 
6. Espimd 



Am. «'rf3 +43^3 ^. c!/3 _ 2hef- %cofd - laMe. 
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-B I i -& 



= 1 -1- E- + 5- + -)'" + W -I- ^3' + lif. 



-y B 
9. Expand 



10. PioTe the following identity, and oxpand tic dctoi'minants : — 
I 1 1 1 1 K J/ 5 ■ 



. SlioM- tliat if the first two columns of a determinant of tlie tliii'd order W 
!n after tlie third, m folloiva :— 



/:>o<: 



\ 



then the espansion of the detemiinoiit may be obtained by writing M'ith positiTO 
signs the three pioduots which lie in the diagonal lines descending irom lelt to 
right, and with negative sigiLS the three products which lie in the diagonal lines 
ascending from left to right. 

This mle, due to M. Sorrus, is practically coaveiiient in espanding a determi- 
nant of the third order. 

1 2. rind the value of the detcniiinirot 

1 „ ;, ,, X 



Expand first in terms of the last row or last tolumn, and then each of the deter- 
linante of the third orfer in terms of A, fi, v. 

Am. ^^ = (bc-ri>? + (ea-f)^^^(cih-k-')^ + Hgl-af)ixv 
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115. Development of Determinants continued. — 

The expansion explained in the preceding Article is included 
in a more general mode of development given by Laplace. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we expand it as a linear func- 
tion of the minors compiised in any number of lines. 

Consider, for example, the first two columns («, h) of any 
determinant ; and let all possible determinants of the second 
order {(tphq), obtained by taking any two rows of these two 
eolumns, be formed. Lot the minor formed by suppressing 
the ctp and hq lines be represented by Aj,, q ; then the deter- 
minant can be expanded in the form S ± {dpliq) ^p,q, where 
each term is the product of two eomplementaa-y determinants 
(see Art. 113). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
<i and one from the column h. Suppose a tenn to contain the 
factor ap\, there must then (interchanging^ and <]) be another 
term containing the factor -o^fij,; hence, the determinant can 
be expanded in the form 'S,{aph,i)Ap,q; and Ap,q is plainly 
the sum of all the terms which can be obtained by permuting 
in every possible way the « - 2 suffixes of the letters c, d, e, 
&c., viz., + i^p,q, the sign being determined in any particular 
instance by the rule of Art. 108. This reasoning can easily be 
extended to the case where any number p of columns are taken, 
and all possible minors formed by taking p rows of these 
columns. Each minor is then multiplied by the complementanj 
minor, and the determinant expressed as the sum of all such 
products with their proper signs. 

Examples. 

1. Expnad tie deteroiiuiuit [niboCidi^ in toms of tlie minora of the Eecond order 
formed ft-om the first two columns. 

Employing the bracket notation, we can write down tte reanlt aa follows : — 

(«i*a) {f^d,) - {ffli*3) (uaiii) + {ffii,){'!idi) + (ai6a){cidi) - (na*j)(Ci^3) + (as J*) (ch^jI ; 
the signs being determined by the method of Art. 108 ; for since the letters ■within, 
the brackets represent tiie leading tsrms of tie seTerol detenniaants, the signs may 
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3 then elements 



be deteimmed as if flie Li'iicltete were expunged, aiid tie te 
of the determinant. 

2. Expand eimiliuiy the deteMninant (a\h2Cidie5). 

- ("ih) ["i^iei) + (S4S5) {cidies). 

3. Prove the idenlity 



ai i\ (ii Ji 



TMs appears by expanding Hie determiniiiit in tei-ms of the minors formed from 
Uie fiiBt tliree eolimme, for it is evident that all tlieae minors vanish [having one row 
of ciphere) escept one, viz. {aihcs). 

' -. In general it appesw in the sam* ^-ay that if a determrnant of the Sm'* order 
contfuna in any position a square of wj' ciphers, it can be expressed as the product of 
two detormioaats of the m"' order. 

4. Expand the dctomiinnnl 



\ h b f 






gya+lh^S- 



116. Addilion of Determinants. Prop. Y. — If evety 
eomtituent in any rmc or cohitmi can be resolved into the sum of 
ttvo oikei^s, the determinant can he resolved into the sum of two 
others. 

Suppose the constituents of the first oolumn to be a-i + m, 
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Ui + 02, as + ns, &0. Substituting these in the 
Art. 114, we have 

A = («, + a,) At + («2 + an) A2 + {a^ + «j) As + &C., 

= a-iA, + azA~ + a^Ai + . . &c. + oi^i +a-iAi + os^s ■ 



«1 + «1 


J, <^, . . 


(ii 


s, 


a. . 




o. 


s, 


c, . . 


«3 + as 


S, ft . . 


». 


s, 


(73 . . 


+ 


a, 


fc 


ft . . 


ffa + as 


*.i t. . . ' 


ffs 


J. 


C, . . 




aa 


J. 


ft . . 



■which proves tlie proposition. 

I£ a second column consists of the sum of two others, it is 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant can 
he resolved into the sum of four others. For example, the de- 
terminant 

+ «. by + (i, 

+ c b, + fi, 

+ a-., h + i3,. 

is (using the notation of Art. 113) equal to the sum of the four 
determinants 

{(hhc) + (athc) + (a,)3,c,) + („.p.c,). 

Similarly it follows that if each of the constituents of one 
column consists of the algebraical siun of any number of terms, 
the determinant can be resolved into a corresponding number of 
determinants. For example 



s, 


ft 




a, Si ft 


0, 


i. 


ft 


[a' 


s. 


ft 


4, 


a 


= 


,1.. li, ft - 


a. 


b. 


ft 


+ 1 0'. 


6, 


ft 


h 


ft 




a-„ h ft 


03 


h 


ft 


U' 


h 


6 



And, in general, i£ one column consist of the algebraic sum of 
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m others, a second column of the sum of n others, a third of the 
sum of p others, &c., the determinant can he resolved into the 
sum of mnp . . . , &e., others. 

The results here established in the case of the columns are 
also of course true when rows can he similarly resolved into 
sums. 

117 Pitop VI — It tlie eo-nstituenU of one hne me equal to 
fhe mm of thi coi i t^ponding constituentt. of tlie otJm lines multi- 
phed by unstmttfaetois, the detei mtnant lanibheb 

Foi it can then be resolved into the sum of a nmnbei of 
detennmanfia whioh separately vamah Poi example, 



! + lib, «i 



inUi + nb-i ffa b-i 



h 




S, 


« h 


b. 




6. 
S. 


a. h 



and each of the latter determinants vanishes (Art. 110). 

118. Prop. VII. — A determinant is unchanged ichen to eaeh 
constituent of any rota or column are added those of several other 
roivs or columns, multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 116, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. Thus, for example, 



0, S, 


a 


fl, + mil + uci 


6 


0, 6, 


c. . 


Cti 4- skSs + «C2 


S. 


"3 ^i 


Cs 


«d + mis + nts 


h 



for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identically (Art. 117). 

The proposition of the present Article supplies in practice 
one of the most useful properties In the evaluation of deter- 
minants. 
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. Show that He f olloiviiig determiniint vanishes : — ■ 



AdiJing the constituents of the aeuond column to those of the first, li-e 
lit + ^ + 7 as a factor, and two eolunma then become identical. 
2. Find the value oS the determinant 



Subtracting the oonstituentE of the first column fcom those of the m 
three times the eonstituents of the first column from those of the third, n 



which vanishes identically. 



13 15 10 = 3 



13 15 10 =3 



= 30(18-24) =-240. 
Here the second transformation is obtained hy subtraeting tiree times tie firat 
column from the second, and twice the first from the third. In examples of this 
bind attempts should be made to reduce to zeio all the constituents except one in 
some row or column, in which ease the calculation I'ediices to that of a deteimi- 
nant of lower ocdei'. This can always he done hy reducing any one line to imits, aa 
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iiiEs. 7, Art. il2; butin 
tions or sulitoiolioaB, as in 



241 

: I'cadily liy (lii'uct adili- 



Tlie firat tranrfocmation is obtained by adding to the eeeond row thveo times tha 
fiiBt, Biibtiacting the first from the third row, and adding the first to the fouith 
TOW. The reduced determinant is easily cideulntBd by subtracting four times iho 



d column from the first, and thiee 



d oolimm from the third. 



G. Caloukte tho determinant 



The first sixteen natuml nnmbei's i 
square," i.e. the sum of nil the flguri 



11 'what is called a, 
in any column is constmit. In 



general for a square of the fii^t !i' numbers this sumia^n(«''+ 1). Determinajite 
of this kind can be at once reduced oai 
to iJie fij'st, and subti'acting the last va 



1 3 3 10 . i 1 3 2 IG I 

and subtracting the secojid tow from the last row, it i; 
terminant vanishes; hence A = 0. 

7. Calculate the determinant formed by tlie first n 
in a magic siuai'e : 



■vident that the reduced de- 
c natural numbers arranged 
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8. Calculate the determiniuit formed by tlie flvst twocty-fivc uatural numbers 
aiTanged in a magic squaw : 

10 18 1 14 22 



Here, to obtoia the second detciiuinant we subtract the second eoliunn ft'Om each 
of tie following ones. In the reduced defciiuinant, subtracting the first row from 
each of the following, we flad 



I j,s+2S_a:= 

= (^ + ^ _ iC3)! - if^- 

= (S(» + s= - «* + 2jm) (y3 + fis - ai3 - 2y2) 

= - {S + J/ + ^) (;/ + s - S] (^ + a; - !/) (* + y - ^). 
10. PiDVC the identity 

(* 4 c)= d'- d^ 



if + «)2 



m 



= 2abc{i(j-&-^cy. 



^ =^ (« + »)= 

Subtracting the last column from each of the oflicrs, (a + J + c)'' may ba taken out 
as a factoi'. Calling the remaining determinant A', and subtJ'acfing in it tbe siim of 
the first two rows from the laat, we have 
S+c-B 



i+c~0 


<fl , 


(!+«- 


b"- \ 


-2b -2a 


2ab \ 




a(6 + c~a) 


«■' 


1 


/ 


(. + «-*) }? 




-2,(b 


- 2oS 2rt6 
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A(l(Img the last column fo each of the ofliei-s, we obtain 

«(S+.) «^ a' I 



A = A' {ft + J 4- c)ii = 2aJi!((t + i + (] 
. Prove the idi!nti1.y 



-y}(-V-a)(a-B)(s + S + 7)- 



Subtrfieting tte first oolunm from each of the others, B - a and 7 - a become 
factor's. In the r'ediiced (leterminairt, aubtmct the fii^t row multiplied by b= fi-om 
the sGCond mvr. 



12. Besolve into simple faotovs the determinimt 



&>^ff^a^ 



7^ + y'-a + 70^ 



+ S^fl -i- Ba^ + 



Suhtraoting the first column from each of the others, (7 - fl) (B - R] come; out 
as fi factor, and the remaimng factor is easily fouml to he {B-7)[n-l-S + 7 + S). 
Hence, finally, 

A = -(fi-7)(o-3)(7-a)(fi-3)(a-B)(7-3)(a + ^ + T-i-5). 

119. MwlttpUcatioii of Determinants. Prop. VIII. — 
The product oftivo determinants of any order is itself a determinant 
of the same order. 

We shall prove tliia for two determinants of the third order. 
The student will ohserve, from the nature of the proof, that it 
u2 
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ia oqnally applieablo in general. We propose to show that the 
procluet of the two determinants [aJhc-i), {aifiiys) is 



4,P, + C,y, 


«,», + S.ft + o,y. 


rtl03+ hifi:i+Cir. 


S./3i + C;y, 


«..*; + hi3i + e!7i 


Chas + Ji/Ba + Cijj 


iA + «,T. 


«3«j + 6j/3:. + f:j-y.j 


«:,«. + &.P3 + C.7 



whoso constituents are tlie sums of the products of the con- 
stituents in any row of [(iih-iC^ hythe correBpondiDg constituents 
m any row of (a,^^73). 

Since each column consists of the sum of three terms, this 
determinant can he expanded into the sum of 27 others (Ai-t. 
116). Now it will bo observed that when any one of these 
is written down, a common factor can he taken off each column ; 
and that several of the partial determinants wUl, when these 
factors are removed, have two (or more) columns identical. The 
determinants which do not vanish in this way can be easily 
selected. Taking, for example, the first vertical line of the first 
column ; this would give a vanishing determinant if we were to 
take along with it the first line of the second column. We take 
then the second line of the second column, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Retaining still 
the fiist line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, we 
write down these two determinants as foUows : — 



Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms; and it is plain that {fhb-iC^ is a factor 
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in each of these. Taking out this factor, there remains the 
sum of sis terms — 

«i/3=r. - «./3.y. - «./3,7, + «.^,7, -I- «./3.7, - a-,&.y., 

and this is the determinant (oi/iJiys). We have thus proved 
that the determinant above written is the product of the two 
given determinants. 

In either of the given determinants the rows may be writ- 
ten in place of columns ; hence, the product may be written 
in several different forms as a determinant ; but these will, 
of course, give the same value when expanded, 

Cor. — The square, of a determinant is a symmetrical deter' 
minant. 

Two constituents of a determinant are said to be conjugate 
when one is situated in the rows in the same place relatively to 
the leading constituent as the other is in' the columns ; and a sym- 
metrical determinant is one in which the conjugate constituents 
are equal to one another. The student will find examples of 
such determinants on referring to Examples 3, 9, 10 of Ai't. 114, 
and Example 4, Ajt. 115. From these definitions the corollaiy 
follows immediately, by putting the several eonstituenta of 
(ai/SjyO equal to those of (wifijCj) in the above expression for 
the product of these two determinants. 

130. MuUlpliuatiwn of Determinants eontinued. — 
Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given determi- 
nants of the same order, may be derived from Laplace's mode 
of development already explained. 

In the first of the following examples this method is applie{i 
to determine the product of two determinants of the third order. 
The student will have no difficulty in extending the proof to 
determinants of any order by the aid of the principles estab- 
lished in Art. 115. 
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1. The product of tie tH'o deteimiiiiuits ( 
Art. 115] pMnly equal to the defenninant 



71 



73 



In this determinant add to the fouiti eoliimn the aum of tie flist muIlipEcd hy 
Bi, the second hj- Si, and the thii-d by 71 ; add to ihe fifHi colimm the sum of the 
first multiplied hy ai, the second by 32, and tte third hy yi ; Mid ndd to the sisth 
colunm the sum of tbo fli'st multiplied by 03, the second hy ft, and the third hy 73. 
The determinant beeomes then 



f Sij32 + 






And tliis is, by Art. 115, equal to the product (with the proper sign) of the defer- 



(wMeh is equal to - 1), 



-1 



hy the complementary minov, which is the same detenninant as that ohtiiincd in the 
preceding Article. That the sign to bo attached to the pnjduot is negatiTe is easily 
seen by moving down the first three rows till the diagonals of the tivo ramors in 
question form the diagonal of the detenninant itself. The student will have no 
difficulty in observing that, in the geneiul ease, the number of such displBeements 
is odd when the order of the given determinanta is odd, and even when it is even ; 
so that the sign to bo placed before the produet-deteiminant of Art. 119 is always 
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Examples. 

2. Show that the product of fte two detoxminant? 



24r 



I a + ib e + id t \ 1/ -iii' (f ~ id' 1 
\ -e + id a~ ib \ | -c^ -id' a' + ih' I 
ivlipro i - \/- 1, may be wnttcn in the foiiii 

I B-W B-iA \ 

\-JI-iA B + iO \' 

A = U - b'c + ad' - a'd, B^ca' - e'a + id' - I'd, 

C = ab' ~ a'b + ed' - a'd, H = ««' + bh' + i^' + dd' ; 

litiice prove Eulei's thoorem. 

(ft= + ^3 + (2 + ^5) (b-J + i-a + c'' + ll''') 

=- [W + ij' + ee' H- iJd')' + (*e' - *'c + «<;' - a'd)' 
+ (ca' - e'a + Id' - J/df-i- {«&' - a^S + cd' - <fd)\ 

viz., i/ie product of two swins each offowe s^mves can be accessed as the smn offow 

sqiiiwes. 

3. PixiTe the following exprossion for tlie square of a detennhiaiit of tie third 






This appen.rs by multiplying ilie two determinants 



-W 



which difEeT only by the factor 3. 

4. Show that two deteiminants of different orders may he multiplied together. 

For iheiv orders may be made equal ; since the order of any detenninant can be 
inciflttsed by adding any number of columna and the same number of rows oonMsting 
of units in the cliaKOiial, and all the ro5t ^cro constituents. For example, 
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the only effect of tlie added conatituenta being to multiply the determinant by iiuity. 
More generally, one set of aMed conetituenta (». e. those eiUier to the ligit or the 
left of the diagonal) might be talfen in ha anj quantifies whatever, the remaining 
set being tipheis. Thus (ni'is) might he \mtfen 



for, expanding this aecording to fiie left-hand cohimns i 

the added constituents o, 3, 7, B, e will not enter into the residt. 

12li Rectangnlar Aways. — Airays in whieli the num- 
ber of rows is not equal to the number oi columns may be called 
rectangular. These do not themselves represent any definite 
function ; but if two such arrays of the same dimensions are 
given, a determinant can be derived from tbcm by the process 
of Art. 119, whose value we proceed to investigate. 

(1). When the nwmber of columns exceeds the number qfrmes. 

Take, for example, the two rectangular arrays, 

a, 6, c, d, •) n, S, 7i g, 1 

(1), ' f^' T" (2) ; 

<k h, c, d, j «. /3. 7. S. ) 

and, performing on these a process similar to that employed in 
multiplying two determinants, we obtain the determinant 

I "afli + Sj/Si + Cjyi + C^Si «aa3 -I- h^-, + d-fi + (f.Sa 

The value of this is easily found to be 

(«,S.) (a.PO + (,r,c.} (a.y.) + («,.4) («i8.) + {h,C,) Hi.y.) 

+ (hd,) {^,S,) + {c^d,) {y,S,), 

i.e. the sum of the products of all possible determinants which can 
he formed from one array [by taking a number of columns equal 
to the numbrn- of rows) multiplied by the corresponding determi- 
nants formed from the other array. 
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Rectangtdar Arrays. 349 

The student will have no difficulty iu extending this proof 
to any two arrays of the kind here treated. 

(2). When the number of rotes exceeds the number of cohimm. 
Take, for example, the two arrays, 

«i h^ -) <-, p. -^ 

«. k > (1), ". /3, y (2). 

a-, h J ".^ P:^ J 

Performing the process oi multiplication, we obtain the det«r- 

minant 

Baa, + b-1,^1 «iOa + ^^a flaQs + SajSj 

It will he observed that this determinant is the same as woiild 
arise if a column of ciphers were added to each of the given 
arrays and the determinants so formed then multiplied. 

Hence tlie determinant mnishes, since it ia the product of two 
factors, each equal to zero- 
It readily appears that a similar proof applies in general. 
It is only necessary to add to each array columns of ciphers so 
as to make the number of columns equal to the number of rows, 
and then multiply the two determinants. 



+ W - lY + (B - T)-. 



- 2M')t ^ i ipc- - 17-) («J'- «'*) - ((TC-- ftV)=. 
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I. By squatiiig tlie army 



I . Verify, by squaring the array 



tJie result of Ex. 2, Art. 120. 

'>. Prove tiie detominant identity 

; (ai - *i)' («t - ia)" ("1 - hY («i - *!)" 

I (na - Si}^ (<!! - hf Ifit - h)^ ("J - h)^ 

I ("5 - *i)* (^3 - *s)^ ("3 - hy Wi - hf 

{(ti - bif {at - isf {m - hy {<H ~ hy 

This can lie proved by multiplying the two srcsiys 

I -2ii 

1 - 2h 



J 



I 



J 



123. Solntlwn of a System of Ijinear Equations. — 

We have seen in Art. 114 that a doteiTainant may he expanded 
as a linear homogeneone function of the constituents in any row 
or column, the coefficient of any constituent being the corre- 
sponding minor with its proper sign. We havo, for example, 

A = ciiAi + a-iA'i + «3^3 + &c. 

Now, the ooefflcients A^, A., &c., are connooted with the consti- 
titents of the other coliimns hy « ■- 1 identical relations, x'lz., 

b,A, + hA..+ kA, + &e,. = 0, 
CtA-i + CiAi + e!,A~^ + &c. = 0, &e,, 
for any one of these is what the determinant hefeomes when tiie 
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constituents of the oorreeponding column are substituted for 
«i, «2, «a, &e., and must therefore vanisli. 



we can write down the solution 

The following application to 

sufficient to explain the general 



By the aid of these relati 
of a system of linear eijual 
the case of three variables 
process. Let the equations he 

chS! + h^y + CjZ = Oh, 

(hx + i^y + CjS = ?»s, 

fh:« + hy -I- Cs3 = ll'h- 

Multiply the fii'st eqiuation by Au the second by A-i, and the 
third by A3; and add. The coefficients of y and s vanish, in 
virtue of the relatione above proved ; and we obtain 



[atAi + f(,^n -I- a-iA^x = m^A-i + f. 



f iiv^Ai, 



where A repr^ents the determinant formed from the nine con- 
stituents, ffli, S|, Ci, &o. 

Similarly, multiplying by Bj, Bj, B-^, we obtain 

{h,By + hB^ + hB3)y = MiBi + m^B^ + m,B,„ 



■where the determinant on the right-hand side is what A becomes 
when m„ ma, nh are substituted for the constituents of the second 
column. Similarly, we obtain for s 
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These values may be ■written more compactly, as follows : — 

A,^ = {myb'iC'^, Ay = (flimaCa), As = («i5jiKs). 

lu general, the values of x, y, z, &c., may be iwitten as fol- 
ws : — 



(ffii&aCa . . . /«)' {a-ihCii . . . l,,y (a,/hc, . . . l„) ' 

where, to obtain the value of any variable, the given quantities 
ith, ^h, &0; on the right-hand side of the given equations are 
to be substituted in A for the coefficients of the variable in 
question, and the determinant bo formed to be divided by A. 
123. lilnenr Homogeneous 9:q{uation8. — When n - I 
linear homogeneous equations between n variables ai'e given, the 
ratios of the variables can be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous article ; or we can determine these ratios more con- 
veniently, as follows. We take the particular ease of three 
equations between foui' variables, which will be sufficient to 
illustrate the general process : 

ii^x+h^ + e^^ + ditD = 0, )> ■ n\ 

a^^ + hp + G^ii + (hje = 0. J 

To these we can add a fourth equation whose cooffieients are 
undetermined, viz., 

fhx + hij + fljE + diW = \. (2) 

Calling [oihc^id^ as usual A, and solving fi'om these four 
equations by the method of the last Artiole, we obtain, since 
nii = 0, mt~ 0, lUi = 0, mt = A, _the following values : — 

Aa; = A^4, A;/ = \B,, An; = \C,, Aw = XJ),, 
or, 

X y % ic \ 
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253 



The first three of these equations express the ratios of the 
foiir variables in terms of the ooeffidents in the three given 
equations. And in general, the mnables are proportional to the 
coefficients in the expansion of d of the eonstitiwnfs of the «'* row 
supposed added to the n-1 ivtes remiUng from the given equations. 

We can now express the condition that n linear homogeneous 
equations should be consistent with one another ; for example, 
that the equation (2) should, when X = 0, be consistent with the 
equations (1). We have only to substitute in (2) the ratios de- 
rived from (1), when we obtain 

or 

A = 0. 



The same thing appears from the equations (3), for if \ = 0, 
and if the variables do not aE vanish, A must vanish. 

What has been proved may be expiessed as follo'ns — The 
result of eliminating the variables between n Itneai homogeneous 
equations in n variables is the mnishing of the detei mtiiant toimed 
, hj the coefficients of the giveii eg^iiattons 

134. Reciprocal Hetenninants — The quantities 
Ai, Bi, Ci . . . Aii &o., which oeour m the expansion oi a deter- 
minant {i.e. the first minors, -^^ith then piopei signs), miy be 
called inverse constituents; and the determmint framed ^ith 
them the inverse or reciprocal dttei mmant We proceed to piove 
certain useful relations eonneotmg the two determmants 

(1). To express the reciprocal in iutns ofthcgiien detei iiiinant. 
Let the reciprocal of A be denoted by A', and multiply the two 
determinants 

A, B, Ci i 
A, B, Cj. 
A, B, C„ , 



a, 


6i 


ey 




«3 


6. 


Ci 


, A' = 


a. 


b, 


c, 





All the constituents of the ] 



suiting ( 



icept 
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254 Determinants. 

those in the diagonal vanish (see Art, 122) ; and the result 



I A 

AA' = ' A 

0a 



a' = A-'. 



The process here employed is eijually a 
giving Aii' = A", or A' = A""'. Hence the reciprocal determinant 
is eqnal to the (n - 1)'* powei" of the given detenninmit. 

(2). To express any minor of the reciprocal determinmit in terms 
of the original constituents. 

We take, for example, the determinant of the fourth order, 
and proceed to express the first minors of its reciprocal. Multi- 
plying the two determinants on the left-hand side of the follow- 
ing equation, and employing the identical ccLuations of Art. 122, 
we obtain 



1 





», 











A, 


-B, C, I), 


a^ 


A 








A, 


B, C, S, 


fh 





A 





A, 


-B, « a 


1 ffj 








A 


A 


a B: 










B. 


■ G S, - 


ih\\ 








a 


G a 











or {B, V, A) - aA"-, 

thus expressing the first minor of A' complementary to A,. 
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Again, to express tlie second minors of ^', we liavo, by an 
exactly similar process, 



», i, 

II, s. 


e, d, 

Ik 4 




II: S( 


Ci (k 





1 





1 


<^i h 


1 





; 


«. 6. 


A, A 


G 


aT 


«. 6, 


A, A 


ft 


A : 


(h h, 




"■1 


A", 


(fti).) 


=^(« 


5.)i- 





The general theorem of which these are particular cases can 
be proved in a similar manner, and may be expressed as fol- 
lows : — A minor of the order m formed out of the inverse eonsti- 
tuents IS equal to the complementary of the corresponding minor of 
the original detm'minant A multiplied by the (m -ly'' poieer of A. 

125. Skeiv Symmeti-lcal Determinants. — We have seen 
in Art. 119 that a symmetrical determinant is one in which the 
conjugatfe constituents ai'e equal to one another. 

A skete symmetrical determinant is one in which each consti- 
tuent is equal to ita conjugate with sign changed ; and including 
the constituents in the leading diagonal, it follows that all these 
vanish since each is its own conjugate. 

In a symmetrical determinant the minor con^espondlng to 
any constituent is equal to the minor corresponding to its con- 
jugate ; for, since one occupies in the rows the same position as 
the other in the columns, the two minors wiU differ only by an 
interchange of rows and columns. 

It easily appears also that, in the case of a skew symmetrical 
determinant of the ji"* order, the minor corresponding to any 
constituent differs from that corresponding to its conjugate by 
an interchange of rows for columns, and by the signs of all the 
constituents. Hence the two minors are equal to one another 
when their order is even, f. e., when n is odd ; and they are 
equal with contrary signs when n is even. 
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The following are useful properties of skew symmetrioal 
determinants : — 

(1). A shew syimnetrical determinant of odd order i-anishes.— 
For any stew symmetrical determinantris unaltered by changing 
the columns into rows, and then changing the signs of all the 
rows ; but when n is odd this process ought to change the sign 
of A ; hence A must, in this case, vanish. For example, 
h g 
-h / =0. 
-V -f 

(2). A sheiD symmetrical determinant of even, order m a perfect 
square. 

This Proposition follows from the principles established in 
Art. 124. 

Tako, for example, the determinant of ilie fourth order 
\ a h 

__ I - « / e 

'\ -/j -f d 

- e -e -d 
and let the inverse constituents forming its reciprocal be de- 
noted hy A„ Si, . . . A,, &Q. We have then, by (2), Art. 124, 
] d ] 
A,B,' A,B, = a\ '■ = d:-6.. 

\-d i 
Now Ai, and B^, being skew symmetrical determinants of odd 
order, vanish ; and jij = - B,, since these are conjugate minors ; 
henoe d^ A = A-t, which proves that A is a perfect square. 
Similarly, for the determinant of the sixth order, it is proved 
that the product of A by a skew determinant of the fourth order 
is a perfect S(juai'e ; and since the latter determinant haB been 
just proved to be a perfect square, it follows that A is also. By 
an exactly similar process, assuming the truth of the Proposi- 
tion for the determinant of the sixth order, it follows for one of 
the eighth ; and so on. 
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■ ^ {ad- le + off. 



In tha above proof A is multiplied by a aqitaie factoi- ; liiit fhis must divide out 
in eveiy instance, since A is plainly not fractional. 

2. The scinare of any deteiiniaaat of eren order can lie expressed as a skew 
Eymmeti-ioal determinant. 

The following method of proof ia applioalle in general. 

The aijuaic of (aihic^ih) is obtam<xl hy multiplying the two following dctenni- 



di 



h 



and the product of these is 

0, - {<tib%)- {enh), 

which J3 a stew symmetiical deteiminjui 



— ^1 Oi - di cj 

- {mh) - (oiife), - {iil'i) - (cidi), 

- [aih] - (i!iA)> - [»2*j) - (e^di), 

0, - (B3S1) - (carfi). 



MiSCEIXAKEOUS EXAMPLES. 



■whei-e J has the sai 
2. Piovethftt 



signification as in Art. SS. 
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S. Piorc that 

ya ya- + y'a y'a . = [Sy] (r«') {b^'), 



where the factors nn. tlie i-igM-lumd side are determiniuits of the second order. 

Dividing the row's hy S'y\ y'a, n'fl'; mid putting A = -„ I'^ — ffi " - ~i 
detei'minnnt (omitting a fiwtoi) icQuccs to the form 



,.= ^(^-,)(„_A)^-ri,&t. 



-.. Prove that 



((■i 4-3 o'a <?!i 



treated in Is. 10, ii't. 113. 
5. Prove that 
^T3 + aSB= By + ttS 1 I 

i «^,8^ + 7'^8^ aB + yS 1 I 

Add the last column midtiphed by 2hS7S to the first. The dotoiminaBt becomes 
then of the foim of Ex. 9, Art. 112. 
e. Prove that 

I [H + y-a-d]' {8-l-y-a- S)'' 



7. Prove that 



\=Qi{B-y){a-S)ly-a){8-S) 



Suhtiatt from the thii'd row the second row pliis the fii'at multiplied hy x. 
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8. Ptotc aimilwly that 



c' + 2i« + c llc' + ^^ + d ca^ + 2cl3; + 






B. Givei: 



c= + 3iia:2 



/3(j;) = oan^ + SJgiE' + Scsa + ds 
prove tlio identity 

I /iw /I'w /i"(=^) M "■ 

f4^) A'M A"{^) ^-^^^1 ^' 

I AW /='(*) /3"(.^) j 

Tho first iletraininarLt redutsa caaay (omitting a factor) to tlio foUowiug :— 



in artifiee wMcli is often )ise£ul in simplifying a detacmumttt is to increase its 
orcier by tordering it with con's or coluiiuis whose constituent? ai* tiphei-s, except 



!e diagonal, which are imifj 
altored (see Es. 1, Ai-t. 120). The d 



The value of the detenu 
tei'minHut last wntten is plainly e< 



On ffsa + ia h^ + i^i as: + di 

Siibtnicting from the second column the first multiplied by x ; enhtracting then 
from the third the new Eecond column multiplied by * ; and, finally, from the fomth 
the new third column multiplied by k, we have the result above stated. 
83 
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10. Show that dc detennmaat 






eonlains \{x^ + ji' + s') - 1 
pendent of A. 

Border tlie detei^naot, a 
1, \x, \j/, w; and Tvith a fl 



IS 3 factor, and tliat the rei 



S factor is iiido- 



n Es. 0, with a tot column whose eonstituentB are 
; row whose constituents are 1, 0, 0, 0. Subtract 
then X times the . first column f rem the second, p times the first column from the 
third, and z times the first column from the forath. In the determinant thus altered 
subtract from the &Bt row x times the second, plus y times the thii-d, plus 2 times 
the fourth ; and the result follows. 
11. Expand the determinant 



+ {aim) + [hdi] + (biSj) t (C3(f4) } m^ + [ii + h ■¥ ei + d, 
12. Trove the identities 



where 



B' S5' 



A'={ff-y){u;-s'], B'=(y-»')(e'-8'), t"=(<^-^)(y-5'). 

Expanding the first determinant in terras of the minora foimed from the first 
two columns (see Art. 115), we easily preve that it is equal to 

A{By + a'S') + S{y-af + S'S') + C(k',3' + 7'3'] ; 
and employing the identical equsitaon A i- 2) + C^O, along with the reklioaE of 
Ex. Z8, Ai-t. 27, the result follows. 

13, Prove that the detenniiLant of Ex. 12 is eq^ual to 



fl7 + 



BY + 
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Miscellaneous Examples. 



TMfl folloira at oueo from the I'elatiotis of Ex. 18, Art. 27. If a', ,8', ■/, S" b 
put equal to a'", S"', 7™, 6'" in the reeiilt, we ottoin iui identity wMch include 
Es. 5, p. 258, as a partimikr case. 

14. Prove the eq^vmtion 



h h 



= (:.-a)(it-j3)(..-7)[^-S); 



ii, nj, "3, Si, *3> « boing any ([Uiintities. 

This follows by auttraotiiig a times the last column from the flrtrt, B times the 
last from the second, &o. The student will have no diffioulty in writing down the 
of the [n + I)"' degree which is eqiial to the polynomial 



faotors tho dotenninjmt 

o= n 1 I 1 1 



and these two determinants may he resolved as in Es. 9, Art. 
16. Eesolve into factors the determinant 

(o-oT W-n («-7T 

{S-a-f {S~B7 (S-V)' 
(7-«T {y-07 {y-Vf 
Multiplying tho two reotangulai' ari-ays 



■ (1). 



A hocomes eijiial to tlin sum of four terms, from each of which w 
factor tho pradud of the two determinants 
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The remaining facto ia 

S{Sofiy - 2^7 2b' + SflV'^o - Sa'B'V], 
^v\nch. can he wiitten eiIeo in the form 

3S(a-B')(j3-fl')(T-y) + ("-'3^(3-7') (7-«')-l- (■'-7'} (S-b')(7- 
. n. Prove tiat 



ivlicro i and Jf havn tlie rallies of Art. SB. 
This iippeni^ easily by nuiltiplying 



X8, PrOTG hy determiaaata the following relation : — 

= {(S-7)'(«-S)H(7-B)'(^-S)=+[«-j3?(7-B)n'- 
This appOEirg from the equation 

{B-^y (B-y)" iS-S)^ 
. 37^ -7= (7-n)3 (7-B)= (7-5)^ 

S-o]' (5-3)' (3-?)^ 

in applying tie expansion of a skew doterminant of thefom-th orilor given in Ex. 1 



This is easily proved by suMracting the first oohimn from each of the others, 
and then ospanding th.e determinant na a linear function of the constituents of the 
first column. It wip be apparent from liie nature of lie proof tbat tte value of the 
dmiki' deteiminant of the «'* order is aio^ai- ■ ■"» !l+3- f. 
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. ProTO tlio relation 






/(.)■(«-.)(.. 



S)(i-,1( - 



TMs ciui Iio doiiveS from the preyious eximple, or proved independently in 
similar ivay. As in the last example the deteirainint ot this form of the n"' dogri 
can be similarly expressed, 

21. PTOve that the eq^uation, in A 



/ 

has its roots all real. (Cf . Ex. 6, p. 164.) 

This determinant is lormed by suhtracting the Taiiable from each of the diagonal 
terms of a symmedical determinant. The following method of proof, due to Prof. 
Sylveafer, ia et[ually applicabb to the general case. Let ^(X) be multiplied by 
^(-a). The result is 

~\^ K G 



II 



-?<? F 



0-\^ 



This determinant, when expanded, may bo wiitton as follows : — 
\^-Z Ki + M \^--N=0, 
where J, M, JV are all essentially positive; for Jf is plaialy the square of ^(o), and 
Z, jlfare easily found to bo 

The equation $(aJ = 0, therefore, cannot have a root of the form Bv^~ 1, for 
this would lead to a negative I'oot of tlie ahore equation in X', and no such root can 
exist since the signs are alternately positiye and negative. It appeal's frntlior, by 
Buhstituting in (he above proof a- a, S - a, c - aiota, i, c, respecliyely, that a 
cannot have a value of the form a + S v^- 1 . 
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22. Show that tie most genoriil values of x, y, aj wj which satisfy the two homo- 
geneoiiB cq.«ation3 

aio-'rhy-i-cz-i-dv) — 0, a'a -i- b'y + e's + d'w = 
may he osproescil symmetrically in. terms of two indeferminates X, Y, in tlio form 
{ah')[ac') iad')x = eX + oT, 
{la-){h')[hr)y = hX + l/Y, &c, 
Ttiia can be proved by adding to the two given equations the two following : — 



o2 J! 



"<;'" 



^* + T2' + ^ 



where X, ft are indeterminate ([imntities ; by then solving for le, y, z, to, as in Art' 
122, and reducing the determinants as in Ex. 4, p, 258 ; and finally mating 
X = o'S'c'iTa, r = - abcdit. 

23. When a polynomial f7 is iiivided by another C of lower dimensiooE, the 
coefScients of tJie quotient, and of the remainder, can be expressed aa dctfliimnants in 
terms of the coefficients of V and JJ'. 

The method employed in the following particular case is equally applicable' in 
general. Let fbe of tlie 5th, and U' oftheSnt degi'ee; the quotient and remainder 
can then be jeptosentcd as follows ; — 

Q 3 fo^! + J, it! + J2, ij = fo*^ + J'lS; + 1-3. 

Also, let 

From the identity 

(7= GIT + a 

we have the following equations :— 



fl! = Sofa' + eioa' + 9!3i' + >"o, 
B,= jica' + ssaa' + n, 



Solving by Art. 123 ; qo, Ji, ?a ai-e espressed as determinants by means of the 
fii'st three of these equations ; and tating the fii'st three with each of the others in 
Euccessioo, wo determine ro, I'l, /j. For example, to find ri, we have from the first 
four equations 



aj aj ft] -C3 + /0 
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24. Each of tlie coefHoienis of finj eqiiatioa can 1je expressed in t«i-ms of the roc 
as the quotient of two determinants. 

The atudent will easily extend to imy degi'ee the following application to tl 
equation of the third degree. 

Fi-om Ex. 10, Alt. 112, we have 



^ -(j3-7)(7-„)(a-^)(a^-o){^--B)(*-7)- 
[pandlng )hc determinant, this identity a 



\0' 0^ Hi 



i {a^-pm^+PiX-pi), 



fi-om ivhicli tho abovo proposition follows; pi, pi, jjs being tic fioefficiente of tlio 
equation whose roots ai'e «, &, y. 

25. To eipiess aa a determinant the reducing cvitiio in tlic solution of a biqiia- 
di'atio. 

Employing Descartes' method, and substituting from etinalioua (I), Art. Si, in 
the identity 



wo find tbo equation 



2 p+p- q + </ 

o p+p' 2pp' pr/ +p''j =0, 

j+i' pq'+p's "iq'l 



b s^ up d =0, 

(! -I- Srti/j d e 

a cubic for p, wMch is oasfly seen to be identical with the cubic 

of Art. 61. 
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CHAPTER XII. 

SYMIIETRIC FUNCTIONS OF THE BOOTS. 

126. Wewlon's Tlaeorem oh the Sums »f tlie Powers 
of the Moots. — We now resume the disouesion di symmetrio 
functions of the roots of an equation, of ■which a short aeoonnt 
has been previously given (see Art. 27) ; and proceed to prove 
certain general propositions relating to these functions. 

Prop. I. — The stima of the similar powers of the roots of an 
equation can be expressed rationalhj in terms of the coefficients. 

Let the equation he 

/(k) = a?' + jjjiR"-' +p^x^''-''' + . . . +^„, 

We proceed to calculate Sa', Sa', . . . So"' ; or, adopting 
the usual notation, Sj, s^, ... s„„ in terms of the coefficients 
pi,p„. . .pn. 

We have, hy Ai-t, 72, 



/(^) = 



/(«') ^ /W 



/{^) 



3 naf-^ + {n~ l)pi_a>"^ + {n - 3)p,»"-= + . . . 
and we find, dividing by the method of Art. 8, 



If-' + a' 


iE"-=+«^ 


+Pia 


+ J)l<l' 


*lh 


*p,u 




+p^ 



+ 3j5„_2« +^„_. 






yGoosle 



+ Si 


a;"-^ 4- Ss 


+ plSi 


■i-p^s. 


+ lijjj 


+ IhS, 




+ np. 



Newton^s Theorem on Sums of Powers of Moots. 267 

If in this equation we replace snocessirely « by each of the 
quantities ^i, 02, . . . a,„ and put Sp = Sa*' = a,^ + a/ -i- «/ + . . . + a,f, 
■wo have, by adding all theso results, tHo following -value for 
/'W :- 

fix) = 11X"'''+Si i «"-^ +5a a;""^ + Ss «""* -h . . . + S„_i 



■whence, comparing this value of /'{^j ■with the foraier, we 
have the following relations; — 

Si + piSi + 2p'i = 0, 

Si ^piSi + JJjSa + JJjSi + 4^34 = 0, 



^»-i + PlSn-i +_P3S,^3+ .. . +Pn-sS,+ [n --1)^,1-1 = 0. 

The first equation determines si in terms of pi, pi, . . . |i„ ; 
the second Sj ; the third Sj ; and so on, until s,i_i is determined- 
We find in this way 

■5i ^ - pi, Sj = p,^ - 2pi, Si --pi" + Sp,pi - 3pj, 

s, = p^^ - ipi'pi + 4pi pi + 2p-^ - ipi, 

S5 = -p^^ + 5j3i'j3s - 5p,'p3 - 5{pi^ ~ pijPi + ^{PiPs - Pi) ; &c. 

Having shown how Si, Sj, sa, , . . Sn_i can be calculated in 
terms of the coeiBeienfs, we proceed now to extend our results 
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to the sums of all positive powers of the roots, viz., s,i, s,m . . . «,„■ 
For this purpose we have 

ai™-"/(ic) s x^" + pi 3!"'"' + PiX"^"^ + . . . + j)„ie"'"". 

Replacing, in this identity, x by tho roots «), «j, . . . «,„ in succes- 
sion, and adding, we have 



Now, giving m the values n, w + 1, j* + 3, &e., successively, 
and observing that s, = n, the last equation 'gives 



+ pySi^i^l- IhSn 


-3 + ■ . 


. . + n2ht = 0, 


+PiS„ +PiS, 


1-1 + ■ 


. ■ + P„Si = 0, 


■+PiSmi+PA 


1 + ■ ■ 


■ . + PuSi = 0, &c. 



Hence the sums of all positive powers of the roots may be 
expressed by integral functions of tho eoef&cients. And by 
transforming the equation into one whose roots are the reci- 
procals of ai, as, oa, . • . o™, and applying the above formulas, 
we may express similarly all negative powers of the roots. 

127. Prop. II. — Every rational symmetnc function, of the 
roots of an algebraic epilation can be expressed rationally in tenns 
of the coefficients. 

It is sufficient to prove this theorem for integral symmetric 
functions, since fractional symmetric funotione can be reduced to 
a single fraction whose numerator and denominator aM integral 
symmetric functions. Every integral function of ai, a-i, . . . a„ 
is tho sum of a number of terms of the form JVoi^ os^ Oi. . . , where 
iV is a numerical constant ; but if this function is symmetrical 
we can write it under the form iVSai^ a^ n^"" . . . , all the terms 
being of the same type. Therefore, if we prove that this quan- 
tity can be expressed rationally in terms of the coefficients, the 
theorem will be demonstrated. We shall fii'st establish the 
following value of the symmetric function Sa/wj'' ; — 

2a;"oi'! = s^S5-Sy.;. (I) 
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To prove this, multiply together Sp and s^, where 



or 

SpSg = Sj,,j + Sa/ n/, 

which espressee tho douhle function ^aP a^' in terms of the 
single funetionB Sp, s,, Sj,+,; in the form ahove written. 

We proceed now to prove a similar expression for the triple 
function, i. e,, 

Soi''aj'a/ = SpSijSi-- Sji,-Sji - SnpSg ~ Sj.t^s,- + Ss^n^^,.. (2) 

Multiplying together ^n/u;.^ and s,-, whore 



the result will consist of three different parts, viz., terms of 
the form Sai^^'oj*, Soi'-'*''a/, and Sai^'o/'n/. 
Hence 

a formula connecting douhle and triple symmetiic functions of 
tl) "!, 03, . . . o„. 
But, hy(l), 

Substituting these values, we find tho triple function 
So/wj'flj'- expressed as above in terms of single functions in 
the series s,, ss, s^, &c. 

In the saone manner the quadraple function So 1^' 0^*03'"/ 
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can be mado to depend, on the triple function Soi^'oi^n/', and 
ultimately on Si, s^, Sj, &o. ; and so on. Whence, finally, 
every rational symmetric function of the roots maybe expressed 
in terms of the coefficients, since, by Prop. I., s„ s-,, Ss, &c., 
can be m expressed. 

The formulas (1) and (3) require to be modified when any of 
the exponents become equal. 

Thus, if ^3=^, u/ni' - a/fli*, and the terms in (1) become 
equal two and two; therefore Sai^oa' = SSai^'oj*' ; whence 

Similarly, ii }} = q = r in Sai^'wa^oa'', the six terms obtained 
by interchanging the roots in ai^'az^a/ become all equal ; hence 

And, in general, if t exponents become equal, each term is 
1.2.3...^ times. 



Examples, 

v/hcve 2 ott tlie right signifies "Hie siun of all aimilai terms found by combining the 
sufflses 2>, !i ''i *■ 
2. Prove 

128. Prop. III. — The mhe of s,-, ea^ressed in terms of 
Pi, Pi, . . . p,i) is the coefficient of if in the ea^msion by a 
powers ofij of-r \<:>gy''f[A- 



mtting - for x in this identical equation, we find 

1 +piy^p-,y' +p,f + ... +j3„|/" = (1 - a,y]{l - w^y) ... (1 - a„y]. 
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1 



of Sums of Pozoers of Roots. 271 
Now, taking the Napierian logarithms of both sides 



J'+ft 


f*lh 


</' +ft 


-Mh 


--PiA 


~PiP^ 


1 , 


1 , 

-2"' 


*PtPf 
+P^P^ 




*pfp. 


-PiPi 




1 , 


-PiPi 
1 , 



^-y^i-^y'Si- 3/S3 -...--■ y''s,. - &c. 

Therefore, equating coefficients of y in both expansions, 
s, = - rF,, 

where P, is the coefficient of y'' in log y"/[ - 1. 

Remark. — IVom the above identical equation it may be seen 
thatsr (r lees than «) involves only the coefH,cient8j?„j55,iJ3, . . .p.,-; 
and, therefore, ^,-+i, ^,-«, . . • p,i may be made to vanish without 
affecting the form of the expression of s,- in terms of the coef- 



129. To express the coefficimtsin ienns of the sums o/the poicers 
of the roots. 
Since 

we have 

log (1 +iJi2/+i5./+ . - . 'ri)ny")^-ys>'-^fs.^- . . . ---ys,^.. .; 

and, therefore, 
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whioh becomes by expansiori 




l-s.S-g* 


f-h 


P'^l^i 


1 ■ 


.i... 


+ O Si S3 


1 
-1.3.3" 


-y.. 




1 , 






1 



Now, comparing the coQi&dents of the different powers of t/, 
we o"btain values for pi, ih, p^, . . . Pn, in terras of Si, Sj, . . . s,. ; 
and it may be seeai that p,- involves only s,, s^, . . . s,. in its 



Remark. — It is important for the student to ohseiTe that it 
is a perfectly definite problem to express any symmetric function 
of the roots in terms of the coefficients, or to express the coeffi- 
cients in terms of the smna of the powers of the roots ; there 
being only one solution in each case. 

We add some examples depending on the principles estab- 
lished in the preceding propositions. 



ESAIIFLES. 



1. Deteiiniiie the value ol 

Ha.,) + ^ 

where a:, aa, 03, . . . a,i are tie n 
integiTil function of 3:. 

"We liiive 



«) + ... + *w, 

its of /(e) = 0, and ^ (a:) is uny rational and 









y Google 



Examples. 373 

Performing the division, and retainiug only tlie remainders on both eides of tLis 
equation, \yii have 



and, compoiring the coefficients of s"^^ on hoth sides of tiis equation, 

2. Prove tittt Sp is the coefficient of —^ In the ([uotient of the division of /'(i) 
h7/(i') oiranged according to negative powers ol x. 

3. Pi'Oye that a^ is Uie eoeffiuient (with sign changed) of x>'-'' in flio same qiio- 
tient arranged according to posiliTe powers of x, 

i. If the degree of ^(a) does not exceed 12 — 3, prove 

vw 

where S^^denotea the sum ohtaincd hj giving >• all values from 1 to n inclusive. 
IVe have, by partial fractions, 

/W""«- a, "'"«.-=. ■■■"^-■..' 
imd, multiplying across by/(a;), and pitting x eiiual f« ai, nj, . , . in succession, 

/(:.) /'(ai) * ^ «i +/(oj) *• - a, ^ ■ ■ ■ ■ /(=,.) ^- - «,. ' 
whence 

fix) -^'/(-^)\^^ > V' 

■Wicn ^ (3;) is of the degree ra - 2 ; expressing the first side of the cq^iiation in 

■ '(:) 

terms of -J it becomes - . - ■, and Ihere is no term without - as auiuItipliM'. We 

have then, comparing ooefficieuta, 

2-^ = 0. 

And thei'efore, aa ^ may be any rational and integi'al function of degree not 
higher than w — 2, 
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5. Prove tiat the sum of all tlie homogmoous products n^, of the j'"' (I 
tlie quantities ni, a%, . . . a,,, is equal to 



m' 


(l-axj/)(l-«=S) 


. . . (1 - 


'^V) 




= 


(l+Biy4-cii=!y'^ + 


...){i-h 


aay + oa 


V + ---)---(i 


= 


l + ni!/+n2i/3 + . 


. . + n,! 


y4-... 




Also 










and tliei-efo 


VB 


m^ 


^/Wi 


^' 




m^ 


^m 


r^' 


■=7S?="' 


whoEoe, oompaimg coeflcietii 


•moiyi 


a these 1 


-WO expitnsions, 






n,. 


= .^ 


;.' 



130. Definitions. Tlieorein. — TDie. weight of any sym- 
metrie function of the roots is the degree in all the roots of any 
term in the function. For example, the weight of So/3'7^ is 
Bis. 

The order of any symmetric fimction of the roots is the 
highest degree in which each root enters the function. For 
example, the order of Sa/3^7^ is three. 

It has been proved (see Art. 28), that the weight of any sym- 
metric function of the roots, when expressed by the coefficients 
«o, rti, «2, . . . cin, is the same as the sum of the suffixes of each 
term in the expression. We now prove another important 
theorem) viz. ; 

If any symmeti-ic function be expressed in terms of the coefficients 
Pi,Pi, . ■ -Pn, i/te degree in the eoefficients is the same as the order 
of the symmetric function. For example, Sn°/3' ^p^ -^piPs + 2?^j, 
no term being of higher degree than the second in the coefficients, 
and the order of the symmetric function being two. 
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Theorem. 275 

The student may easily satisfy himself in general of the 
truth of this theorem hy observing that in the equations (3) of 
Art. 23, the value of each coefficient in terras of the roots con- 
tains each root in the first power only ; hence the highest degree 
in the coefficients will be the same as the highest degree of the 
corresponding symmetrio function in any individual root. "We 
add the following more rigorous proof, as it is in accordance 
■with the proofs of certain general propositions to bo given suh- 



Iiepla«e the coefficients ^Si, j?2, , . . Pn^yy —, —,■.-—. 
Now, if 0{tti, as, . . . a,,) denote any rational and integral 
;rio function of the roots, we have 

ffo''0(ai, ub, • . . n,,) = F[a^, «i, ch, . . . «„), 

where ts is the degree of the coefficients in F{aii, fli, «2, . . . a,i), 
which is a function integral and homogeneous in the coefficients, 
and not divisible hy a^. 

Wo require now to show that w is the Order of 0. For this 
purpose change the roots into their reciprocals, and, therefore, 
tta, a„ . . . «,i into a,i, a,,.,, . . . a,,. Whence 

"•'* (i,- i ■ ■ ■ i) ■ ^'■"•' ""-'• "•"■• ■■■"•'• <') 

also 

'/•(■■.■ -■»■■ ■■■..) 



*.-.;:. 



(". 



s the order of ^, and ip an integral function not divi- 
sible by the product of all the roots; (aiojas. . .a„)^ being the 
lowest common denominator of all the terms. Substituting in 
(1), we have 

aa^4'[aj, a:,. . . a„) = + (iJ"''F{au, a,t-i, ••■ a^', 

■wherefore p ^■m; for if not, ii" would be divisible hy rt,.''^, which 
is contrary to our hypothesis. 
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131. Calculation of iiyiniuetric Functions nf the 
Route, — Any rational symmotrio function can te calculated ty 
the method of Art. 127. In practice, however, other methods 
are usually more convenient, as will appeal' from the examples 
given at the end of the present Article, and from the following 
Articles, in which wo shall give certain general propositions 
which in many cases facilitate the calculation of symmetric 
functions. 

The number of terms in any symmetrio function of the roots 
is easily determined. !For example, the number of terms in 
Sai^aj'as of the equation of the n"' degree is «(«-!)(» -2), this 
being tho number of permutations of n things talten three 
together. If the exponents of the roots in any term be not all 
different, the number of terms will be reduced. Thus, Sa'^/By 
for a hiquadratic consists of 13 terms only (see Ex. 6, p. 48), and 
not of 24, since the two permutations a/By, ay/ii give only one 
distinct term, viz., n'/Sy, in 'S.a'^y. The student aoqiiainted 
with the theory of permutations will have no difficulty in effect- 
ing these reductions in any particular case. When two expo- 
nents of roots are equal, the number obtained on the supposition 
that they are all unequal is to be divided by 1 . 2 ; when throe 
become equal this number is to be divided by 1 . 2 . 3 ; and so 
on. In general, the number of terms in "Za^'a-^^a-s' ... of the 
equation of the n"* degree, each term containing m roots, and v 
of the indices being equal, is 

n{n'^l){n-■2)...{n-m^■\) 
1.2.3.. .1. 

When the highest power in which any one root enters into 
the symmetric function is small, i.e., when the order of the 
function (see Art. 130) is low, the methods already iHustratod 
in Art. 27 may be employed with advantage for the calculation 
of the symmetric function of the roots in terms of the cooffieients. 

It is important to observe that when any symmetric function 
■whose degree in all the roots, i. e., its weight, is n, is calculated 
in terms of the coefficients ^Ji,^i ■ . . j?b for the equation of the 
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ji'* degree, its value for on equation of any higher degree (the 
numerical coefficients heing all equal to unity) is precisely the 
same ; for it is plain that no coofficiont heyond p„ can enter into 
this value, and the equations of Art. 126, hy means of ■whioJi 
the oaloulation can be supposed to be made, have precisely the 
same form for an equation of the «*'' degree as for equations of 
all higher degrees. It is also evident that the value of the same 
symmetric function for an equation of a degree m [lower than n) 
is obtained by putting ^5,^1, pm^, ■ • -Pn all equal to zero in the 
calculated value for an equation of the n'^ degree, since the 
equation of lower degree can be derived from that of the «"' by 
putting the coefficients beyond p^ equal to zero, and the corre- 
sponding symmetric function reduces similarly by putting the 
roots a,in\, n„i+j, •..«,! each equal to zero. 

EXAJirLES. 
1. C.llculate Sai'asaa of the MOta of tlie eqiiatjoti 

Mnlfiiily together tho eiiuationa 

In the product the tena oi^osasoooursonlyonoe; the termBiaaoanioceurafoiir 
timee, arising from the product of ai hy asasoi, of 03 by Hiasni, of as hy oiajoi, 
and of ai by niosoa- Hcnoc 

therefore 

Sai^a^oa =PiP3 - ipi- (Comjiiire Ex. 6, Art. 27.) 

If the ealculalion wore conducted hy the method of Art. 137, we should ha\'e 

Sai'ojas = Jsj«i' - aio - |(a= + u, 

which leads, on substituting the values of Ai-t. 136, to the same result ; but it is 

evident that in this case the former prooaas is niuot more simple, since the values of 

si, S3, &c., introduce a numher of terms which destroy one another. 

2. Oaloulata Sei'aa' for the geneM e([iiatioii. 

Squaring 



y Google 



378 Bymmeiric Fmictions of the Moots. 

In squaring it is evident that the term 01030304 will arise from the product of 
aiBshy oaoi, or of oiajhy aiai, 01' of ai 04 by 03 03 ; hence the coefficient of oiHjaaoa 
in the result is 6, since each of these ocoura twice in the square. The result difEers 
from tie similar equatioa of Ex. 8, Art. 27, only in haying 2 beforo the term 



Hence, employing preTious reBulta, 

Sttt^aj =pi'pi - 2pi'-pip3 + ipi. 

i. Caloulale Sni^Ba'as ior the general equation. 

Tlie result will he lie Bame as if the calciilsition were mnde for the equnfion of 
the 5* degree. 

To obtain the symmeti ' fun i'on n e mtiltiply together 2hi 03 and 2ai an 03 ; and 
consider what types of terms vol ng tie five iwita ai, os, aa, at, oj, can wsult. 
Tbo term Bi'aa^m 11 u onlj e in tie pioduct, since it can only arise by 
multiplying oioj bv a b b T to of tie type oi^Esoaoi will occur, each three 
times; aiiice oi^ajB oj ^ U arL.e from the product of aias by aiasei, of aioa by 
ainsai, or of aioi bj a a a and t cannot arise in any otier way. The term 
Bias OS Bias will oceiir twitiii e n th product, since it will arise fi'om the product of 
any pair by ibe other three roots, and there are ten combinations in pairs of the five 
roots. We have then, for the general equation, 

Saiai2oia2a3 = 2Bi^as=a3+3aoi'Bsa3 0i + 10Zojasa3aias. 

[We can verify this equation when m = 5, just as in Ex, 9, Art. 27 ; for the 
product of two factors, ffiicb consisting of 10 terms, isill oontMn 100 terms. These 
ai'e made up of the 30 terms contained in SBi'as^Bs, along with the 20 terms con- 
tained in Sai^ajajBi, each taken three limee, and tie term aia^BSBios ta^n 10 
times.] 

Thus the calculation of the required symmetric function, involves tiat of 
Soi'ajBsaj; for which we easily find 

2aiSoiaiEjBi = 3ai'a2ttjai + SSaiBnajaiO;. 

Hence, finally, we obtain 

Sai'o&'ai = ~PiP3 + Spipi~5p:i. 

The process of Art. 127 would involve the calculation of sb; and many terms 
would bo introduced through the values of si, 13, &c. , wMci disappear in the result. 

5. rind the value of SBi'aa'oaEi for the general equation. 

We multiply together Saiajand Saiaa03a4, and consider what types of terms 
can ariw involving tie six roots BiasBaaiasB*. The term ai^oa'ajai can occur 



y Google 



BHoehPs Equations. 279 

only once. Terms of the type 01^03030105 ndil etich occur four times, this terai 
aiiaing from tte pi'oduct of ni ns by oi 03 Ki os, or of ni as by ni nj o* as, or of ai ai by 
oi 02 OS 05, or of 01 B) by oibjhioi. The teiiii majosojBjoB will occur 15 times, this 
butog the number of oombinatione in paiiB of Hie six roots. Hence 

2 0102201013 03 at = 2ai'nj'o3aj + 42oi'ttja3O40j + ISSoiososBiosoji. 

"We have ogaiE, for the calculation of Soi^oinsajiw, 

Hence, finaEyj 

I!. Find the value of 2oi'oa'oa' in t^Mms of the coefficients of thegenoiul cc[ua- 
Here, flquaring Soiojos, iv"e have 

from which ive obtain 

201=02=03= = ft' - 2j)2pi + 2;)ij>! - 2pe. 

133. Differential Eqnatloii between the Sams of the 
Powers nf the Roots and the Coeflficients of an Equa- 
tion.— M. Briosehi has given the following differential equation 
connecting the coefficients and eums of powers of the roots : — 

dp,:Tc 1 

-^ = --Pk- 
rfs,. r 

To prove this we have, as in Art. 128, 

and differentiating, 

ds,. ^ 

whence, comparing the coefficients of the different powers of p. 



ds,- )■' fk,- 
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280 Symmetric 'Functions of the Hoots. 

We can now express the result of difEerentlating with respef 
to Sr any function of the coefficients 

Since 

dpi d}h dpr-i 
ds,.' ds,' ' ' ' ds,- 
all vanish, 

dpr ds,. dpr-n dsr ' " dp, 
and, applying the formula given above, this redvioes to 
IfdF dF dF dF\ 

r \dpy ■' dp„, ' dprvi dpnj 

By means of Brioschi's formula symmetric functions can 
often he calculated with gi'eat facility, as will appear from the 
following examples. 

Examples. 

1. Caleiilafo the vali.10 of tJio symmfiti'ic fiiiiction 2ar nj^aa'ai^ of llie roots of 
the equation 

ar» +pia!»-' ^-pja:"-^ + . . . +pii = 0. 

Knowing the order and weight of any Bymnietric function, we can write down 
tiie literal part of its value in terms of the coefficients. Here 2 is of the second 
order, and its weight is eight ; whence 

where tti, h, i^, Sk., are numerical coefficients to he determined. 

Terms such as puPiS pspipi, papi", &o., although of the right weight, aie 
of too high an order, and therefore cannot enter into the expression for 2. Again, 
3 expressed in terms of tie sums of the poweiB of the roots ia of the foim 
^■(82, 94, Si,3s) i for, in general, Sai''xi^ai'' ■ ■ ■, espressed in terms of the sums of 
the powers of the roots, is made up of terms such as s^, Sy^i, ^fjjw, ■ . .stp, ■ ■ ■ 
all of which are sums of even powers when p, g, r, . . . are even ; therefore in this 
case none but even sums of powers enter into the expression for 2. 

Also, since t- = 0, and -^ = 0, wehave,usingtheformiJaaboveaivenfor-^, 

ifiPi-Vti.p\p\ + hp^iH + hipil'i + P=) + '^hpilh = % 
tnp\ + tip\ = 0. 
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Examples. 381 

Prom these cqualioas we infer 

U+ii = 0, (j + (3 = 0, is + (0 = 0, fi + 2ii = ; 
but ti = \, simio for a quaiiio 2 = ;;4' ; tioi'efoi'o 

<i = - 2, h = 2, h=-2, h^2; 
and, siilistitiiting tJieee values of to, ii, ti, (3, f,, 

■Sai^Bf?as^ai? = 2ps ~ ipiFi + 2peP2 - 2i>sPa +3!i^. 

2. Ciileitlate Soi'os'as^ for the same equntion. 

Alls. -2pt: + 2pip6-2pipi hPi^. (Compai'eEx, 6, Art. 131). 

3, Calculate for tlie same equation, the eymmetrio function. 2ai^ 03-03. 
Here the weight is six, and the order thi'ee ; hence 

aai'na^Bs = kpi + hPsPi + kPiPi + hPiPi' + '4^3^ + hpipipi + tspi^. 

Also S, expressed in terms of s^, tj, sj, &o., is {sec Art. 127), 



Now, ilifPcrenliating by meana of Briosclii's eqitntion these two values of S witli 
regaid to sn, suid eompaiing differential coefficients, we have 

i,|' = -*.2, or ,, = -12. 

Diflerontiating with regard to Sr, we have 

Upi + hpi = 5!i = - 5pi ; .-. ti = 7. 

Differentiating witi regaiil to sj, 

Up'' + lipi" + hpi + hpi^ = 4sj = i{pi^ - 22>s) ; 
wbence 

and hence 

(3 = -3, is = 4. 

Again, ic = ; for S vamahea if « - 2 raota vanish. And we find U and h hy 
taking the particular eaao when « - 3 roots vanish ; for in this ease 

2Bl=tt2'03 = 01 asa3 2Bi'M=-i!3(- Dili's + Spi) -PUHp-i- 3j?j=, 

and, therefore 
whence, finally. 
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282 Bymmetfk Funetions of the Roots. 

133 nerivation of new Symmeti-ie Functions tVom 
a. givun one. — From any relation such as 

ao" S'^(ai, 05, ■ . ■ o..) = F{a^ «i, a., . . . a,), 
■where Is an integral function, of tho order zs, of some or all of 
the roots of the equation 

, n{n-l) „, 

ffoa" + nchx"'' + — - ■■ n ■ «aar-+ ,..+«„ = (J, 

wo may derive a number of other symmetrio functions and their 
equivalente in terms of the coeiReients, 

For this purpose diminish each of the roots by any quantity 
X, and consequently change any coefficient a^ into Ur (see Art. 36) . 
When this is done the original relation becomes 

a,''-2'^{a,-x,(i,-w,...a,,-<c) = F{U„ IT,, IT,,... IT,,), 
and comparing the coefficients of the different powers of x on 
both sides of this equation, we have a number of symmetric 
fixnetions of the roots expressed in terms of the coefficients as 
required. It should be observed, however, that this method leads 
to no new symmetric functions when the given function ^ is a 
function of the difEerences of the roots. 

134. Equation of Operation. — We now proceed to deduce 
an important equation of operation in the notation of the diffe- 
rential calculus, which may bo apphed to furnish the results of 
the last Article. 

Let «u^^ (ai, ai, . .. a,,) = F{a„, a„ ch, . . . a,,), 

as in the last Article. Adopting the notation 

. d d d 

dax da^ aa,i 

^ d „ d ^ d d 

Jj = a- -- + 2fli -V- + o«2 ^— + . . . + na^i -^ , 

««, da-i da-i dcin 

we have the following equation of operation : — 

Sv*(oi, as, . . . «„) = DF{a(,, ai, ... a„). 
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Efiuation 


of Operation. 


88E 


To prove thiis, we have, as 


in Art. 133, 




«,'^(a,-;.,B.-x,...a„- 


-x)=F{XT„, U,, XJ„ 


... tr.); 


and, by Taylor's theorem, 






^("i-*,«.-^,.. ■«.-*)= 


= ^o + . ^2^0+1^2^'^' 


, + ..., 


■where 






0, = ^(a. 


,«=,...",.). 




Again, omitting all powere 


1 of ;e higher than the first, 


F( JIo, IT,,... U„) heeomes F{a^, 


,a^-\-%x, ai + 2(hx,.. 


. w„ + ?Jff,^,.*), 


or, when expanded. 






\ ° (hh ' dfii 


;---^)«-^ 


&0., 



j; = F(a„ (h, . . . f/„) ; 

whence, comparing ooeffioients of a: iu both expansions, we find 
the equation above written, viz,, 

Ro" S* (ai, 02, . . . «„) = i>-PK «!,... c„) . 

This equation shows that if a symmetric function be derived 
from ^ by the operation S, its valuo in terms of the coefiieients 
maybe derived from the con'esponding value of ^ by the opera- 
tion D. 

Again, since S^ and DF may take the place of ^ and F in 
this equation, Ku'S'^ becomeB S'F, &c. It may be noticed, 
moreover, that if S$o vanishes, S^^o, Z'^i,, &c., ail vanish ; and 
thus that X disappears in the expansion of 

Now this can happen only when is a function of the 
differences of ai, «:,....«„: whence we conclude that if 
cia" F{a^, ai, ch, -.. «n) is the value in terms of the coefficients 
of a function of the differences of the roots, then 

DF{a„ «„ a„ ... a„) 
vanishes identically. 
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284 Symmetric Functions of the Moots. 

This identical relation is often sufEeient to determine the 
numerical coefSeiente in a function of the differences expressed 
hy the coefHoients, when tlie order and weight ai'e kno^vn. It 
is not sufficient for this purpose when there esist more than one 
function of tho dilJerenoes of the required order and weight. 
"We add examples of functions of the differences determined in 
tidfl way. 

ESAMPLBS. 

1. Di^torniine a funcfion of the (liffereiicoa whoso order isnil iveight nro boti 
tboo. 

AsBiimo 

p = Ani^ ffs + Bii^ 111 «j + Clii^, 

those lieing the only three terms wLicli satisfy the te^uiied oondildons. It is 
evident ftom tho form of L that the operation ia performed by applyii^ to the euffii 
of any coeffioient a, the same proeeea as in ordinary differenfiatioc 13 applied to the 
index. Thus -Do,- = ('"i^i, and therefore, 

D<f, = (3^ + B]aa^at + (2B + 3C)rti=ao s 0. 
3^ + B = 0, and 25 + 3(7=0; 
and putting A = 1, we have 

B = -~Z, and C=2; 
whence, flniJly, 

ip = «(,= «3 - Srtooiira + 3rti3 s G. (See Art. 37.) 

2. Determine a fnnotion of the differencea whoso dcgroein theeoeiScientsisfonr, 
and whose weight ia aix. 
Assume 

whence 

D^ = (fi^ + S)n„'nift.j + (6ii + 3E + 2fl)ao«in-i'+ [3C+ ■ID)Bi=nj 

+ (3(^H-2£)«Dfl,SflssO. 

Now let A ~ l, whence E=-6; also 3C+ 3£ - 0, giving C = 4; and 
3C+41> = 0, givhig J) = -3; and from G-5 + 3S + 2i)= 0, we have aniUiy i= 4. 
Hence 

f = no^ffij' + 400^3' + 4a3fii' - 3ai'ni' — 6rtoaiejia- 

Compare Art. 41, where thevaliie of ipis giyen in terms of the roots. 
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Operation' involving the Sums of Poivers of Roots. 285 

135. Operation Involving the Suui!« of the P<iwui'»« of 
the Uoots. Theorem. — If 

(a„ fi2, «3 . . . On) = F{su s^, s„ . . . s„) (1) 

te any equation connecting a function of tlio sums of tlie powers 
with another symmetric function of the roots, we have then the 
difEerential equation 
cl'b dd, d<b drj, dF „ dF „ dF dF 

rtlll dai Bds ««„ «Si rfSa dSi dSr 

For, let the roots he inoreased by h ; and comparing the 
coefficients of h on hoth sides of the equation (1) when 

i'l + Aso, s-i + 2hs„ ... s,. + rA s,-.„ . . . 

are suhstituted for Si, s^, . . . s,., we have the required relation. 

Employing the results of the last Article, we have, therefore, 
the following equation of operation connecting the coefficients 
and the sums of the powers of the roots : — 

\ ' rfSi dsi ffSj ff*v/ 

where Oj represents the result of substituting s for a in the 
operator B. 

Erom this it follows that if /(«oj «i, «!, ■ ■ ■ fw) is a function 
of the dii?erences, /(s,,, Si, Ss, . . . Sn) is a function of the diffe- 
rences also ; for it is plain that when Dfifle, «j, a,, . . . «„) = 0, 
BJi&i,, s„ sj, . . . fi„) = 0, and therefore ^/(s„, s„ s., . . . s„) = 0, 
since A = - Oir^iJ. 



1. nodi — iiiiffa + 3ii3^ s J 13 -i hniti 
juSi— 4siS3 + is-r ia also a fraietion of tto tl fieitn 



aa «a «* ; 
!, therefore, n fiuietion nf tie diffei'eiices. 
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Symmetric Ftmctiom of the Roots. 



Miscellaneous Exjjipies. 



1. Prove, by aqtiaring the determinaat of Example 10, Ait, 113, llie following 
relation between the roots o, jJ, y, 3 of the biqiiadratic ;— 



-yfia-Sfin- ^)''(S- 5f{^-mi- 



Sl Si 



The student will have no difficulty in writing clown in general the coneeponding 
detenninant in teims of tbe auma ol the powers of the roofs which is et[iial to ilie 
product of the eq^iiares of the differences. 

2. Prove, for the general cquiition, 



This Eippeors hy squanng the sm-ay 
1 I 1 1 1 . 



3. Prove similaily, fov the general equation, 



= 2C3-T)M7-a)M«-^)=. 



By tho process of Art. 121, a scries of i-eliitious of this kind can be eatablishorl ; 
and when the nnniber of rows in tiie array becomes equal to the degi'eo of tho 
equation, the value of the detetnuniint is the product of the squares of llie difierencea, 
as in Ex. 1. "When the number of rows exceeds the degree of the equation tiie value 
of the oorreeponding determinant vanishes. For example, tbe value of the deter- 
minant of Ex. I is zero for equations of the second and third degi'ees. 

4. Prove from the eciuations of Art. 126 that the sums of the powers can be ex- 
pimsed in temis of the coefficients, ov me versA, in the fonn of detei'minants, as 
follows : — 
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Miscellaneous Examples. 



5. EsBolvo into feotoi-s fie determinaut 



where sq, s\, jb, &d., are the smne of The powow of tlii-ee quanlities a, ,8, - 
• This detetminant is the product of the two determmimts 



and each of the lattec can be resolved info simple factai^. 

6. If a, ,8, 7, B lie tlio roota of the equation 

calcuLilo in terms of (1^, If, J, / the value of the aymmctric function 
^2(3"-^ -7 - 8]- (3^ - 7 - S - b)M37 - 8 - B - S)-. 

wtore ii, z-i, 53, !4 aie the j-oots of fie equation 

5'+ 6iri= + 4G'i + «(,=/- 3if= = 0, (StcAit.BS.) 

Ilence, hy Es. 2, Art. 132, 

7. Prove that 






^HS. i'lj- 71^3 + oa'SI- in(?J]. 



m^- 21!. 
it of this fuiictdon of the roots ia 12, and tlio owlor C. 
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288 Symmetric Functions of the Roots. 

We now make use of a propositioiL wHoli ivai be proved subseqiiMitly, namely, 
that any even, rational, and integral flymmetiio f imetioE of tliB roots, of lie order OT, 
and involving the differences only of the roots, ia, when multiplied hy aa" , a ralional 
and Hjfe^firi f imetian of Bo, if, J", /. (Compnre Bx. 8, p. 119.) 

Heaoe, espxeasing the function whose order is 6, and weight 1!, in terms oi 
*ji S, T, J, it ia easy (o see from the tahle 



J 

I 


Order. 


WeigM. 


» 


• 


2 


• 


H 


2 


2 



;j^ + 



ivhere I find hi are numerical coefEoienta. 

Kow put an and mj equal to zero, aad n will vaiiisli, ! 
qiiarlio will Iiava equal roots ; hence 

and ra = - a? I. 

8. Calculate the sjTiiiiietric function of the lOots of a hiqv 

Since the order of this symmetric function is foiu', and if 



-* (7 -•)'(»■ 



= IHI+ maaJ. 



(1) 



"We proceed to determine I, ih hy taking two Mqiiadi'atiea whose roots aro known, 
and oaloiilatjng in each case the symmetric function hy actually Eubstituting the 
roots, and then comparing both sides of the equation wSien B., I, J are replaced by 
their values calculated from the numerical coefficients. 

Fii'st we take the hiquadratio equation 
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Procoodmg ia the same way wlti iha I)it[uadratic equation 

a;i - ea^ + 5 = 0, whose roots are ± \/E, ± 1, 
we Bad 

2 = 768, ff=-I, Z = 8, J = ~i; 
whence 

- 192 = 21 + 111, 

i = -2 >; 102, TO = 3 X 102; 
and, finally, 

<!o^2 = 192(-2irj+3B(|J). 

9, Calciilato the deteiTOiiiant 



in terms of the coefScients of a, quactio. 

This determiimnt is a f emotion of thedifferenoe5oftierools(seeEs. 2, Art. 135), 
whence ive may remove the second term of the qnartic hefore calculating it ; and if 

the equation so transf oimed lie 

I 4 -2i'3 I 

A = j -2F, -3Fi 1=4 {SFiFi - 2Pj3 - dPs-] ; 

- 2Pi - 3P3 2P? - iPi ' 
hut ftu^Pa = 6If, av'P, = iG, «o*-Pl = n^-I-ZM^. 

Substituting for Pj, Fs, J'j tieae TaluoBj we have 
B()^a = 192(- 2SI+Z(h,J) : 
the same result as in the preceding example. (Compai'e Ex. 3, p. 280.) 
1(1. If a, &, y, B be the roots of the equation 

aox^ + 4a:# 4- 6(fca:= + ia^^ + ai = 0, 
espicss S„ I„ J,, Ga of the equation 

siji* + 4sii3 + 0*2^;' + 4S31- -f SI s 2(3: -f a)» = 
in tenns of if, /, /, G. 

:^> - _ S — — - *^^' ~ ""'^ — - 3 — 
and by the aid of the i-ektions 
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Symmetric Functions of the Roots. 

B is even, prove that 



changing * suecessiyely into ni, OTj at, .. . an, und adtling tlie rcaiills on both 
Bides of the equations thus obtained, ive find 



. - psiSp.1 + SoSp, 



2(ni - aiY = scSj - isiss + 3ss^, (Compare Ex. 1, Art. 135.) 

3(ni-aa)" = SoSQ — GsiSj + ISsa^i - lOsj^, &c. 

12. I'orm the equation whose roots aiij ^'(n), i^'O), ^'(7), ^'(5), where 
a, B, 7, B aiB the roots of ti,e_ equation 

^{x) ^ Oo3^ + iOll'^ 4 6(i3a!^ + 4fi33! + 114 = 0. 

yjjjs. if ^ + — —ip 3 + — : J ; ^'i + 5 — ^ — I — i = 0. 

13. If 2(a-a)HS-7l'(7-=)n^-S)', 

wiien expanded, hecomes] 

Jfcffit + iK, »^ + 6K2X' + ilCsX + Ki ; 
prove tlmi 

(S-7K7-«)[''-» "" " «.= '■ 

A = Z= - 27 J=. 
M, Prove that 

au^^ip + 7 - a - 6)2(5 - tPI"- 5)= = 182(3flo/- 2^1). 
15, Proveth.T.t 

01)^2(3 + 7-"-*)' (3-?)^ [a~lf ^ hl2{ai,^ r - SQc^HJ -V Ull-'l). 
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CHAPTER XIII. 

ELIMINATION. 

136, nefiiiiiioiis. — Being given a system of n equations, 
homogeneous between « variables, or non-homogeneous between 
n — I variables, if we combine these equations in such a manner 
as to eliminate the variables, and obtain an equation ^ = 0, 
containing only the coefEeients of the equations ; the quantity 
R is, when expressed in a rational and integral form, called their 
Resultant or EUminant. 

In what follows wo shall be chiefly concerned with the dis- 
cussion of two equations involving one unknown quantity only. 
In this case the equation if = asserts that the two equations 
are consistent ; that is, they are both satisfied by a common 
value of the variable. We now proceed to show how the 
elimination may be performed so as to obtain the quantity R, 
illustrating the different methods by simple examples. 

Let it be required to eliminate k between the equations 
««^ + 26» + c = 0, «V + 2h'iB + c' = 0. 

Solving these equations, and equating the values of x so 
obtained, the result of elimination appears in the iiTational form 

a a 

Multiplying by aa', we obtain 

ab' - a'b = a^yh"' - a'c' - d ^/b^ - ac. 
Squaring both sides, and dividing by a a' (for R does not 
vanish when a or a' vanishes), and then squaring again, we find 
iJ - 4 («c - h') {a'c' - h'-) - {ad + a'e ~ 2hh')-. 



yGoosle 



393 Elimination. 

This metliod of fonning the resultant is very limited in ap- 
plication, as it is not, in general, possible to express by an 
algebraic formula a root of an equation Mgher tlian the fourth 
degree. Other methods have consequently been devised for 
determining tho resultant without first solving the equations. 
"We proceed now to explain the method of elimination by sym- 
metric functions of the roots of the equations. 

137. ^Elimination liy Symmetric Functions. — Let two 
algebraic equations of the ?»"' and ?("■ degrees be 

(a:) s KjiK"' + a,*"'-' + a^x^'^ + ... + «,«= 0, 
^(^) ^ hx« + b,x«-' + h'x"-^ + . . . + 5,. = 0; 
and let it be required to find the condition that these equations 
should have a common root. For this purpose let the roots of 
the equation ^{x) = be a„ nj, . . . a™. If the given equations 
have a common root'it is necessary and sujlcient that one of the 
quantities 

^M, il(a.), ..., >Ka„.) 

should be zero, or, in other words, that the product 

+ (..)+{..)*(«,)... ,1 (a.) 
should vanish. If, now, we transform this product into a rational 
and integral function of the coefficients, which is always possiHe 
as it is a symmetric function of the roots of the equation ^[x] = 0, 
we shall have the residtant required: fui'thcr, if j3i, /3i, . . . j3n 
be the roots of the equation i/- (x) = 0, we have 

>fW-M«-W(".-ft) ■■■(..-&), 
^^{..) -s.(.= -M("."ft)..-(«.-A.), 



^W-6.(<.„.-ft)(.,.-ft)...(a.-ft,). 

If we change the signs of the mn factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 

ii.-<p (..) * w . • ■ * (...) - (- 1)- *.-* m.) t m ■■■t (ft,). 



y Google 



Properties of the Resultant. 293 

"We may therefore take 

iJ-(-l)-J.-*0.).K«...*(AJ=»."*W'fW-.'f(«..), (1) 

for both these values of R are integral fiinctioiiB of the eoef- 
ficients of i^{x) and i/'(^), which vanish only when <^[x) and 
i/- {w) have a oommon factor, and which become identical when 
they are expressed in terms of the coeffiolents. 

138. Properties of the Resultant. — (1). The order of 
the resultant oftiao equations in the coefficients is equal to the sum 
of the degrees of the equations, tJie coefficients of the first equation 
enterinff JB in the degree of the second, and the coefficients of the 
second enteiing in the degree of the first. 

This appears by reviewing the two forms of R in (1), 
Art. 137 ; for in the first form ««, fli, . . . a,,, enter in the «'^' 
degree, and in the second form ha, hi, . . . '>„ enter in the m"' 
degree. Also it may be seen that two terms, one selected from 
each form, ai'e (- 1)*"" bo^'Om", ffij" V. 

(2). If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by jo*"". 

This is evident, since any one of the mn factors of the form 
oj, - (ig becomes p (op - j5q), and therefore p™" divides the result- 
ant. Prom this we may conclude that the weight of the resultant 
is mn, in which form this proposition is often stated. 

(3), Jff the roots of both equations he increased by the same 
quantity, the resultant of the equations so transformed is equal to the 
resultant of the original equations. 

For we have 

where FI signifies the continued product of the mn terms of the 
form Bj, - ^5 ; and this is imaltered when oj, and /Bj receive the 
same increment. 

(4). If the roots he ehwnged into their reciprocals, the tialue of 
R obtained from the transformed equations remains unaltered, eaxept 
in sign when mn is an odd number. 

Making this transformation in 
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394 EUmination. 

we have 

but 

....... «,.-(-l)-5i, fi,ft...ft..(-l).'|'i 

substituting, wo ol)tain 

j;' - <s.- (- 1)" n (., - p.) - (- i)-s. 

From this it follows that ia the resultant of two equations 
the coef&cients with complementary suffixes oi both equations, 
e,g. «,,, a,n ; «j, «in-i, &o., may be all interchanged without altering 
the value of the resultant. 

(5). If both equations be trm.sformed by /wmograpMc transfor- 
mation; that is, by substituting for w 
Xx -.1- n 

artd each simple factor multiplied by \'x + fi, to render the new 
equations integral; then the new resultant Sf = [X// - X'ju)""'£. 
To prove this, we have 

^(iv) " a,(a: - «,)(« - a,) ... {a; - a,,,), 

also 

a: - Or becomes (\ - X'a,) lie - , ' ■ -■ ■ > ■"], 

Multiplying togetlior all t!io factors of oaoh equation, 
rto becomes ff„{A - X'ai)(A - A'aj) ... (X - X'am), 
J. „ M\-yp,){\-Xli,)...{\-\'li,). 



X - X'ft.' 



- J3r becomes 



(X/-XV) („,-fl,) 
(X-X'a,)(X-X-ft.)' 
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Elder's Method of Elimination. 295 



ff/Jo™ n (a,. - /3,.) becomes a^''h^'^^jx - y\i'f™ Yi («,■ - j3,.), 
that is, the residtant calculated from the new forms of ^{x) and 
^(*)is 

This proposition includes the three foregoing ; and they are 
oollectively equivalent to the present proposition. 

139. Elnler's Method of Elimination, — When two 
eijuations ^{x) = 0, and '^[x) = 0, of the )»"* and »*'* degi-ees 
respectively, have any common root %, we may assume 

+(»).(» -6) *,(.), 
where 

^i(«) sj^iiK"-' +^;2K™-^ + . . . +^„, 

the coefficients being undetermined constants, as is not sup- 
posed to be known. 
Whence we have 

an identical eciuation of the (m\n- 1)*'' degree. Now, equating 
the coefficients of tho difEerent powers of x on hoth sides of the 
equation, we have m\ii homogeneoua equations of the first 
degree in the m\n constants jji, p^, . . . Pm, <1\, Ja, . . . ?« ; and 
by eliminating these constants by the method of Art. 123, we 
obtain the resultant of the two given equations in the form of 
a detenninant. 

ExAtirLE. 
Suppose the two equations 

ax" -h- ix ■¥ « = ^< "is' + Jii + u: = 
to have a common, root. We hare ideEtieally 

(fii; + Ss) (sar' + *a + c) s [pi« ■\- pz){ai^ -Y hx-bci). 
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Et[uatiag to zero all ti,e oocfflcicnfs of this equation, we have the four liomo- 
goncous cc[Ufttion3 



Sii + qm - pih - pall = 0, 
SiC + gji -Pici-pihi = 0, 



iinil eEmiiiibting ths conslants pi, jWa, gi, js, wo ottain tlio resultant as follows : 



The student nan easily verify tliat tliLs result is tie same as that of Art. 136. 

140. iSylTester's Ululytlc method of Elimination.— 

This method leads to the same determinants for resultants as 
the method of Euler just explained ; hut it has an advantage 
over Euler's method in point of generahty, since it can often be 
applied to form the resultant of equations iuTolving several 
variables. 

Suppose we require the resultant of the two equations 

ip{x) s a^x™ + HiCK'"""' + UiX'"''^ + . . . + rt,,, = 0, 

i^(») ^ 6o^ + 6,«"-' + 63®"-' + . . . + S„ = 0, 

■we multiply the 6rst by the successive po'tfers of w, 

and the second by 



thus obtaining m + 71 equations, the highest power of a^ being 
m + n -1. We have, consequently, equations enough from 
which to eliminate 



considered as distinct variables. 
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Example, 
In the case of two qiiadi'atic eqiiatione 






■ b:fi + 



fram wMoh, eliminatiiig i?, afl, a, we get tte Bsime tloteiiuiniml, iia tefocc, cohmini 
now repkoing wws ; 



141. BexoDt's Metliod of IB^Iiinlnat-ton. — The general 
niefJiod will be most easily eompreliendocl by applying it in the 
first instance to particular oases. We proceed to this applica- 
tion— (1), when the equations are of the same degree, and (2), 
when thoy are of different degrees. 

(1). Let tis take the two oubie equations 

a-x^ •{■ W -v Gx ^ d = 0, QiH? + h^x^ + e^x + (h = 0. 
Multiplying these two equations successively by 
a, and a, 



V + b. 



\-hx -^ 



and siibtraeting each time the products so formed, we find the 
three foliowing equations : — 

(«ii)a;^ + {act) x + {ad,) = 0, 

{aci)x^ + {{ad,) + {hc^)x + {M,) = 0, 

(ad,y+ +{bch)x +{cd,) = 0. 
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By eliminating from these equations a?, x, as distinct 
variatlea, the resiiltant is obtained in the form of a symmetiieal 
detorminant as follows : — 



iahi) [ae^] [adi] 

{ad,) (bch) {cck) 



To render the law of formation of the resultant more ap- 
parent, the following mode of procedure ie given; — 
Let tho two eq^uations be 

ax* -i bx^ + cs? ^• dx + e = 0, 
fl,«* + 5,fl)^ + CiiE^ -i- dix+ e,= 0; 

whence, following Cauchy's mode of presenting Bezout's method, 
we have the system of equations 

a hx^ + cx^ + dx + e 
«i hix^ + ex' + d,x + ei' 

Oic + h cur' + da! + e 



Oiic + 61 Ctfl!= + d,x + e± 
ax^ + bx + e dx + e 



«!«' + biX + Ci diX + e' 

aa^ + ha? + ex + 4 e 
aiO? + hiX + OiX + di d' 

which, when rendered integral, load, on tho elimination of 
x', if, X, to the following foi-m for the resultant : — 

(abi) {(10,) (adi) (ae,) 

(rtc,) {ad,) + {be,) (ao,) + (hd,) {beO 

{ad,) {ae,) + {bd,) {be,) + {cd,) {ce,) 

{m) {be,) (ee,) {de,) 
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If, now, we consider the two symmetrical determinants, 
(«5,) [ac] [ad) («R,) j 
(«ci) [ack) {ae,) (be,) \ I [be,] {bcQ I 

(ad,) ((M,) [be,] (ee,) |' 1 {hd,) [cd,) \' 
! [ae,] (be,) (ce,) (de,) j 

the formation of which is at onee apparent, we ohserve that R 
is obtained by adding the oonetituents of the second to the fom- 
central constituents of the first. 

Similarly in the case of the two equations of the fifth degree 

acr^ + W -i- ex' + dis' + ex +f = 0, 
aiof + 6,iK* + eiX^ + dix' + eiX +/i = 0, 

the resultant is obtained from the three following determi- 
nants : — 



I [be,] ihh] {be.) I 

I (bd,) {be,) (ee,) , (cd,), 

I (bej) [csi] {dei) ) 



[ to the six central c 



(ab,) («ft) (ad,) (ae,) (a/,) j 

(ac,) (ad,) (ae,) (af) (hf,) 

(ad,) (ae,) (af,) (hf,) [of,) 

(ae,) {a/,) (6/0 (c/0 (dfi) 

\m '(¥0 {'•A) w^) m 

by adding the constituents of the S' 
stituents of the first, and then adding tho third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 

(2). We take now the case of two equations of different 
dimensions, for example, 

axs* + bo? + ex" + dx + e = 0, chx' + b,X! + ^ = 0. 
Multiplying these equations successively hy 



a, and 



((IX H- b) x', 
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and subtracting each time the products so formed, we find tho 
two following equations : — 

{ab^x^ + {aei]a? - duix - eai = 0, 

(fle,)^;' + ({5ft) - dai]x'^- {dbi + ea,]x - ebl = 0. 

If, now, we join to these the two equations 

UiX^ -V hix' + c-iX = 0, 

«,a;^+M +c, =0, 

we shall have four equations by means of which we can eliminate 
x^, of, X ; whence we obtain the resultant in the form of a deter- 
minant as follows : — 

{ah) (aCi) da, c, 

(aci) (5ci) - da, dh, + ea, c 



This determinant involves the coefficients of the first equa- 
tion in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do ; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
m"' and «"' degrees. 

Let the equations be 

ij,[x) 3 «ti»™ + a,3f"'^ + (hce"''^ + . . . + ft„, = 0, 

!/-(,«) 3 haf + 6,a!"-' + isK"-' f . . . + ft,, = 0, 

where m> n; and let the second equation be multiplied by a;'""". 
Wo have then 

So^i'" + Sia)™-' + h^x?""' + . . . + Sb^"-" = 0, 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of ^ [x] = 0, m - n zero roots ; 
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80 that we must be on our guard lest the factor a,,,'"*" (i- e. the 
result of substituting these roots in ^(a;)) enter the form of the 
resultant obtained. From those two ec[uation8 we derive, as in 
the above cj^e (1), the following n ecLuations : — 







b^x + h hx"^^ + hx""^ + . . 


. i.nf-' 


ai,c^'-' + aii)f'~^ + ... + «„_! 1 


Jrf-- + »,„»!- 



which, when rendered integral, ai'e all of the (m - ly^ degi'ee ; 
whence, eliminating ic"'"', x'"-", ... at between these n and the 
m - n equations, 

6.!c"'-' + hv-x"'-^ + h'^''-^ + . . . =0, 



&„»;" + hi^'-^ + . . . + S„ = 0, 

we obtain the resultant in the form of a determinant of the m"' 
order, the coef&oients of the first equation entering in the degree 
H, and the coefficients of the second equation entering in the 
degree m ; whence it appears that no esfi-aneous factor can enter ; 
and that the resultant as obtained by this method has not been 
affected by the introduction of tho zero roots. 

Remarh. — If B, be the resultant of two equations, ^[x) = 0, 
1^ {x) = 0, whose degrees are both equal to 7», the resultant K of 
the system 

mx)^,xi{x)=% i'i,{x)+i/4,{x) = t} 
is 

(-V-AV)-ii; 

for each of the minors (c(,Ss), which iu Bezout's method eon- 
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Elimination. 
terminaait form of R, becomes in this case 



.(A/ -*»{«,}.); 



X«,- + lib,., X'Or + n'hr 

R' = (X/j! - X'ii)"'Ji, sineo ^ is a determinant of 
order m. 

142. "We eonclnde our account of the different methods of 
Elimination with one whidi is often employed, but which has 
the disadvantage, when applied to equations of higher degree 
than the second, of giving the resultant multiplied by extraneous 
factors. The process is virtually ec[uivalent to that usually 
descrihed as the method of the gi-eatest common measure. 

In forming by this method the residtaut of the two quadratic 
equations 

rix^ + ki! -h c = 0, «|^^ + fiiK + Cj = 0, 
we multiply thoso equations successively by 
«i and a, Ci and c, 

and subtract the products so formed. We thus fiad the two 
linear equations 

(«c>+ (S(!,)' = 0; 
from which, eliminating x, we have 

{ac,y- {ah,){bc,) =0. 

As the degree of this expression is four, and its weight four, 
it can contain no extraneous factor, and is a correct form for the 
resultant. 

To form by the same process the resultant of tlie cubic 
equations 

03? + hx^ + ex -I- d = 0, a^x^ + h^x" + c^x + rf. = 0, 
wo multiply these equations successively by 
a, and a, dj and d. 
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and subtract each time the products so formed. Wo have then 

(ab,)x'' + {aCi)x + (adi) = 0, 

(1) 
(adi) a' + {bdj) X + (crfi) = 0. 

Now, elimmating x between theee two quadratics by means 
of the formula above obtained, we find for their resultant 
I (afii) {ad^ \ ^ I (a&i) (izci) i I (ac^ (adi) I 
I (ad,) (cd,) I I (adi) [bdy) \ \ {bd,) (cd,) \' 

an expression whose degree is 8, and weight 12, in place of de- 
gree 6, and weight 9 ; whence it ought to be divisible by a 
factor whose degree is 2 and weight 3. This factor must 
therefore be of the form l{bCi) + m{ad,). We proceed now to 
show that it ia («rfi); and to find the quotient when this factor 
is removed. 

Por this purpose, retaining only the terms which do not 
directly involve («if,), we have 

(ab,){cdi){{ab,)icd,) + {ca:){bd,)}, 
which is divisible by {ad,}, since 

{bo,){ad,) + (c«0(H) + {ah){cd,) ^ 0, 
this being only another form of the identical equation 

{3-r)(„-8) + (7-<,)O-8) + (.-(3)(7^S).0. 

Expanding the determinants, and dividing off by {ad), we 
iind ultimately the quotient 

{ady -2{ab,)(cd,){ad,) + {hd,){oa,){ad,) 
+ (raO'K) + {ab,){khy - {ali,){K){cd,), 
■which, being of the proper degree and weight, is the resultant of 
the two cubies. (Compare the determinant form in Ai-t. 141.) 

If we proceed in a similar manner to foim the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, wo shall have to remove an 
extraneous factor of the fourth degi'ee, which is the condition 
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that these cubics slioiild have a common factor when the biqiiatl- 
raties from which they are derived have not necessaiily a common 
■factor; and in general, if we seek by this method the resultant 
of two equations of the n'^ degree, eliminating between two 
equations of the {n-iy^ degree, we shall have to remove an ex- 
traneous factor of the order 2n - 4. Therefore as a general 
method this is inferior to all the methods previously given ; 
and it cannot he conveniently used except when, from the nature 
of the inveetigation, extraneous factors oan be easily removed. 

143. IMscriminante. — The dmrimmant of any equation is 
the simplest function of the coefBcients, in a rational and integral 
form, whose vanishing expresses the condition for equal roots. 
We have had examples of such functions in Arts. 41 and 68. We 
proceed to show that they oome under elimiaants as particular 
eases. If an equation /{x) - has a double root, this root 
must occur once in the equation /'{te) = ; and, subtracting 
^f{x) from n/{w), the same root must occur in the equation 
«/(a,)-<M.O, 

This is an equation of the (« - 1)'^ degree in « ; and by eli- 
minating ^betweenit and the equation /'(ic) =0, which is also of 
the {n - 1)* degree, we obtain a function of the coefficients whose 
vanishing expresses the condition for equal roots. The degree 
of this ehminant in the coefficients of f{x) is 2(m - 1) ; and its 
weight is n(n - 1), as may be seen by examining the specimen 
terms given in section (1), Ai-t. 138, Expressed as a symmetric 
function of the roots of the given equation, the discriminant will 
be the product of all the differences in the lowest power which 
can be expressed in a rational form in terms of the coefficients. 
Now the product of the squares of the difforences n (m - uiY 
can be so expressed ; and since it is of the 2(w - 1)*'' degree in 
any one root, and of the n (n - 1)'^ degree in all the roots, it 
follows that the discriminant multiplied by a numerical factor 
is equal to «(,^(""'J n (tii — n;)' ; and is, moreover, identical with 
the elhninant just obtained. (Compare [6), Art. 41, and Ex. 2, 
Art. 62.) 
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Examples. 



ExiTIPLES. 
I. Find tha diacnniinant of 

anx^ + 3ai^^ + Sh^c -H13 = 0. 
We have, here to Snd the eKtnintiiit of the two equntion 
ani^ + 2sia: + Us = 0, 
<!l3:= + 2o33t + n, = 0. 



This is, by Art. 136, 



lie form of a determinunt, ss follows, by Art. 



It can he easily veiified that this valiie of the discriminant is tli( 
nlready obtained in Art;. 41. 

3. Espress as a detBrminant the discrimiEsnt of the hiqimdi'atic 



We have teie to Bliminato x from the eq^viatione 
By the mclhod of Alt. 140, the result is 



This miist be the same as I^-21J^ of Art. 68. 
3. Expi-ess tlie diacrimincmt of the t(iia]iic an a dcterm 
of elimination. 



.t by Uuzout's metliod 
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i. Prove hj oHininatiou tlmt J" = is one condition fov the (sqiiality of tlire 
roots of the biquadratic of Ex. 2. 

Since the triple root must Ijo a double root of 

Us = fioa^^ + Sflia* + 3«3* + Us = 0, 
anil therefore a single root of aix^ + 2aji + nj = ; " uml siiu^e it must also be 
single root of 

Uz = Hoa^ + 2«ia: + flj = 0, 

it follows from the identity 

that the ti'iple raot must be a root common to the three oqiiatione 
!^^,L^' + 2(iJ^ + «! = 0, 



Henee Hic condition 



That the other conditJon. for a triple root is / = may be inferred from Ex. 7, 
1>. 237 ; for when tlu'ee roots are eq^ual the discriminant must vanish, and it is of lite 
iami II' + mJ^. 

5. IVove that the disoriniinant of the product of tivo ftmefions ia the product of 
their discriminants multiplied by the square of their eliminant. 

This appears by applying the results of Art. 137 and the present Article; for the 
product of the squares of the differences of all the roots is made up of the produut 
of the squares of the differeneea of the roots of each equation separately, and the 
square of the product of the diffet«nees formed by takit^ each root of one equation 
with all the roots of the other. 

144. Setermlnatiitn of » ICo»t commoii to two 

Equations. — If Ji te the resultant of two equations 

U = ajn*™ + aHp-i*™"^ + . , . + flo = 0, 
V^b„x'' + K.a"" +... + /A, = 0, 
ami n any common root, then 

dS (ifl rfiJ 

_ rf«i dOi ^"^ _ ft. 



da^ 



da^ 
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To prove this we substitute in R, for «„ and b^, a, - U and 
ha - V, and obtain an identical equation connenting V, Fwhich 
is satisfied by every value of «, and which is oi the form 



ii- 


U^* 


FV-; 






dli 
da. 


,'i, 


dap 


* 


(la,, 




»»*> 


da„. 


; 





and when « is a common root of the equations JJ=(i, andF=0, 
we have, substituting this value for x in the preceding equations, 

dup dap+i 

■which proves the proposition, by giving^ the values 0, 1, 2, &c. 

A doiible root of an equation can bo determined in a similar 
manner by differentiating the discriminant A. 

145. iSyntmetric Fniictious of the Koots of two 
Eqnatioiis. — If it be required to calculate a symmetric function 
involving the roots m, as, a^, ■ ■ ■ am, of the equation 

<j,{x) = a^x'" H' aitr-' + a^if^^ + . . . + o,„. = 0, (1) 

along with the roots (3i, (S^, /Bj, ... /3„, of tlie equation 

^{(e) ^ boy" + &!«/""' + hf-' + . . . + 6,. = 0, f2) 

wo proceed as follows :— 

Assume a new variable t connected with x and i/ by the 
equation 

t ^ Xa: + ^ii/ ; 

and let y be eliminated by means of this equation from (2). The 
result is an equation of the n"^ degree in x whose coefficients in- 
volve A, n, and t in the n"' power. Now let x be eliminated by 
any of the preceding methods from this equation aud (1). 
We obtain an equation of the mn"' degree in t, whose roots are 
the mn values of the expression \a + /xQ. 
x2 
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If, now, it be required to calculate in terma of the coefficients 
of ipix) and 4'{^) any symnietrio fuaotion siioh as Sa''/3*, we 
form the sum of the (p + 5)'^ powers of the roots of the equation 
in t. "We thus find the value of S (Xo h nfiY^^ expressed in 
terms of the original coefficients and the several powers of A 
and n. The coeilieient of X^fi^ in this expression will fumish 
the required value of Sa^/3* in terms of the coefficients of 
0(^)and 4,[x]. 

MlSCBLTxiCJEOUS KXAJIPTjES. 

1. Eliminate x irom tiie equations 

«= + is + c = 0, 

Multiplying tlie first eqiiiition by x, ve have, since -t^ = 1, 
and luidtiplying again l)y x, we hsiYe 



Eliminating ai^ and x linearly {see Art. 123) from tlic>^ 
isult is e^ressed as a determinant 



2. Eliminate similarly x tram the equations 



Tie result is a deteiminnnt of the fifth order similar to that ii 
example. An analogous proceea may be applied in geneiiil to 



e method of Art. 139 to find the conditions tliat tie U 
<p{3:) = a^ i bx' + ex + d = 0, 
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When tkia ie the case, identical reaulta must be ottMned by multiplying p {x) hy 
the third factor of i|'(a), and ^(a;) by Uie third factor of ^(^). We have, tterefore, 

wlioie \, (L, A', !>.' iiru indeterminate ([usmtities. This identity leads to tho equations 



£limitiatiiig A', 
■hose vaniahing e; 



X'h-i-n'a -Aii'-zio' = 

\'rf+ i^'c -AiT-fu/ = 0, 

\, n from every four of Uiese, we obtain five determinants, 
ses the required, conditions. There is a convenient notation 
suit of eliminating from a number of equaldona of this Had. 
;e llie vanishing of the five determinauls is expressed us 



the deferminante being formed by omitting each column in turn. 
4. Prove the identity 

I an' nB' + a'a BS' I = (aS' - a S)'. 
I B-' 2o'3' S'' ! 

This appeal's hy eliminating x and y from lie equations 
£uc + ,ej; = 0, tt'ic + S'!/ = ; 
for fram these eqiiations we deriye 

(a:c + fli^)' = 0, (»<; + %) (a'^ + 3V) = 0, {tt'i + ffyf = 0. 
The determiuant above written is tbe result of eliminating afl, xy, and y' from the 
latter equations ; and this result must he a power of tie determinant doiivcd by 
eliminating x, y from the linear equations. 
0. Prove similarly 



+ 2aa'S' 
3n' ff 
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This appears by deriving from tio Kaeai- eqmitions tie following equatioae of 
the fMrd degree : — 

and eliniiiiatiiig a*, a'y, ij/', y^. 

6. Pi-ore the result of Ex. 12, p. 260, by eliminating the constants \, n, k', // 

connecting the varinblea in homographic transformation (cf. Art. !(!)}. 

r = ^V + 2S'»!i + CV, 
!s s aa' + 2bxi) + oj;'', 

iletuiminc the roEiJtniit of U and V considered as functions of r, ij. 
IT. ^ (■-..) (.-«.), 

if Z7 and F vanish for common valnos of x, y, some pair of factors, as u - at and 
« — «'ii must vanish ; whence forming the resultant of 

and representing the resiiltjint of it and v by S(u, w), we have 

iind miilfiplying all these i-fisultants together, we find 

JUL'., r.)=\E{U, V))^R{n, 1,))'. 

S. Prove that the eQXiation whoso roots am the differences of tlie roots of a sivcin 
oq^uation f(x) = may he obtained bj' eliminating x from the equations 

f{x) = (I, J-(.0 +/"(.] --^■- +f-(x) j-^ + &<.. = . 

and determine the dogi-oc of the eqiialion in if (of. Ait, 67). 
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CHAPTER XIV. 

rOVARIAKTS AND INVARIANTS. 

146. Bcfliiitloiis.— In this mid the following Chapters the 
notation 

(«o, Bi, Qa, . . . «„) {a>, yY 

ivill be employed to represent the qnantio 



-ia;r"' + «„r, 



which is a homogeneoua function of x and y, written with bino- 
mial coefficients. If we put y = 1, this quantio becomes P,, of 
Art. 36. 

Let ^ be a rational, integral, and homogeneous symmetric 
function, of the order cr, of the roots a„ a^, a;, . . . a„ of the 
ociuation U„ ^ («i>, «i, o^, . . . ««) (x, 1)" = 0, this function involv- 
ing only the differences of the roots ; then if 

1 1 1 



be substituted for a„ a, . . . o,,, respectively, the result multi- 
plied by Un" (to remove fractions) is a covatiant of Z7"„ if it in- 
volves the variable x, and an invanant if it does not involve x. 

From this definition of an invariant we may infer at once 
that 

is an invariant of Z7„, provided that ^ is made up of a number 
of terms of the same type, each of which involves all the roots, 
and each root in the same degree w. 
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These definitions may te extended to the ease where ^ (the 
function of differences) involves symmetrically the roots of seve- 
ral equations Tip = 0, V^ ~ 0, Ur = 0, &c., the roots of these 
equations entering ^ in the orders w, to', ci", &o. . . , respectively. 

We may suhatituie for each root a, as before, and remove 

fractions by the multiplier Up'V/'V'r'^'. . . . &c. If the result 
involves the variable a; we obtain a covariant of the system of 
quanticH Uj,, Uq, Ur, &o. ; and if it does not, f is an invariant 
of the system. 

147. Formation of €o variants and Invariants, — Wo 
proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants cal- 
culated in terms of the coefficients. With this object, let the 
symmetric function of the difEerenoes of the roots be expressed 
in terms of the coefficients as follows : — 

a.i°f{a„ Oi, ... a„) = F{aa, «i, (h, . . . fl^). 

Now, changing the roots into their reciprocals, and conse- 
quently 0(, into «„, &c., a,- into a^,-, &c. (that is, giving the suf- 
fixes their complementary values), we have 

«.-«.„ ,,„... <,„).i?{«„ «,„,...».), 

wheie i/- is an integral symmetric function of the roots, and F 
the corresponding value in terms of the coefficients. This 
function is called the source* of the covariant derived therefrom. 

Again, substituting oi-x, a^-x, . ..a,i -x for a,, oj, , , . a„, 
and consequently U,-, &c., for o,., &o., we find 

0.," ^{a>-x,a^-x,... On ' x) = F{ V„, ir,^,, ... U,, U„). 

Thus, by two steps we derive a covariant from a function of 
the differences, and find at the same time its equivalent calcu- 
lated in terras of the coelficients. 

To illustrate this mode of procedure we take the example in 
the case of the cubic 

«/S («- ,3)' =18(«,' -«„«.); 

* This ferm wss intioduced by Mr. Roberts. 
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i, changing the roots into their reciprocals, and «„, «i, rta, a^ 
into fls, «j, fli, (!(, we have 

Again, changing u, 3) y into a - a^, /3 - ic, 7 - ^, and a-i, a-i, «s 
into Fi, Ui, JJ-i, respectivQly, we find 

«„=S0 - yY {x - ay = 18 (W - Th U.). 
The second memher of this equation becomes when expanded 

This eovariant is called tlie Hes&ian of C^s- We refer to it 
as Hx, since H is its leading coefficient. 

As a second examplo we take the following; function of tho 
quartie : — 

ff.'SO - 7)=(a - 8)= = 24(«„«4 - ioiflj + 3a.=) ; (1) 

whence, changiug the roots into their reciprocals, and ai„o 1,113,(73,0, 
into (7i, «3, flj, di, Oo, we have 

«o'S(7 - p)= (§ - of = 24 («ifl„ - 4fl3«i + 3fl/). 

These transformation e, therefore, do not alter equation (1) : 
again, ainoe in this ease i/'(a, |3, 7, 8) is a function of the diife- 
renoes of the roots, 4' i^ unchanged when a - x, ^ - x, &o. . . . , 
are substituted for a, (5, 7, S. We infer that Una, - icit'h + 3«/ 
is an invariant of the quartie Ut. 

We observe also, in accordance with what was stated in 
Art. 146, since 

*, . - rf (» - S)' + (7 - «)■ O - S)- + (. - fi)- (7 - 8)', 
that each of the three terms of which tp is made up involves all 
the roots in the degree to which is here equal to 2. 

In a similar manner it may be shown that 

«'l(7-.)0-S)-(.-P)(7-S)il("-|3)(r-s) 

-(/3-7)(a-8)iiO~7)("-S)-(7-»)0-S)l 
= -432(«i,«aff, + 2c(i«-j«a - a^a^ - a,"ai - fiz) 
is an invariant of the quartie. 
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There is no difficulty in determining in any particular case 
whether ^ leads to an invariant or covariant, for if ^ leads to an 
invariant, ^ = + i/-, that is ip is unchanged (except in sign when 
its type term is the product of an odd number of differences of 
the roots, i.e. when its weight is odd) when for the roots their 
reciprocals are substituted, and fractions removed by the simplest 
multiplier (ajaaos .. . a»}^. From another point of view we may 
consider an invariant as a covariant reduced to a single term. 

I4S. Properties of Covstriants and Invariants. — 
Since ^ is a homogeneous function of the roots, the covariant 
derived from it may be written under the form 

^ /_f_ ^g r \ 

whei'e rs is the order, and k the weight of f. 

Also, as ^ is a function of the differeneos, wo may add 1 to 

each constituent such as , thus obtaining — '—. Again, 

Or - X a,- - X 

multiplying each constituent by x, we have 



which may be reduced to the form 

(- !)■ U-i!'--f ( i _ i i _ 1 1 

where 

whence it is proved that the covariant form 

ir (-— ^ ^- \ 

is unaltered when for a„ a,, . . . «„, x, their reciprocals are sub- 
stituted ; do, «i, «!,.-■ "n changed into «,„ a,,.,, . . . a 
and the result multiplied by (- 1)" a^'"-'''. 



y Google 



Properties of Covariants and Invariants. 315 

Now if any oovariaot whose dogi-ee is m be written in the 
iorm 

(&,a,A, ...&,)(»., 1)-, (I) 

chiiaiging (/,„ a„ .... a^, i^, into a„, b,h, . . , i/i,, -, we havi; 
anotlier form for this covariant, namely, 

(-l)-.»-(C., C, a,...C,.)(i, ij"; 

and as this foiin is an integral function of a: of the same type as 
(1), we haTO, by comparing the two forms, 

ffl = Bra - 2k, and -B„ = (- 1)" C„„ ...B,.-{- 1)' C,„.., ; 

thus determining the degi'ee of the oovariant in terras of the order 
and weight of the function ^, and showing that the conjugate 
coeificients, t-e. those equally removed from the extremes, are 
related in the following way : — 

1/ F ((/o, «i, rta, . ■ . a„) be any coe^dent of the covariant, 
(- l)''i^(«„, a^„ . . . cii,) is its conjugate. 

From the expression for the degree of a covariant in terms 
of ST and K, namely mra - 2k, we may draw the following im- 
portant inferences : — 

(1). If «(,"<!> is an invariant, «ot =2k. 

For, in this case ip and il are the same function, and conse- 
quently their weights k and wra - k also the same. 

(2). All 'the invariants ofquanties of odd degrees are of even 
order. 

For if n he odd, it is plain from the equation «m = 2k that 
TO must be even, and « a multiple of n. 

(3). All covariants of qtmntics of even degrees arc of ereii 
degrees. 

For in this case wffl - 2ic is even. 

(4). The resitltmit of two covariant^ -is nhrnys of an even degret 
in the eoefficienU of the original qitaidic. 
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Por, the degree of tJie resultant expressed in terras of the 
orders and weiglits of the covariants is 

^ (im' - 2k') + nr'in^ - 2k) - 2 (nzivr' - W - wV). 

"We add some esamples in illustration of the principles ex- 
plained in the preceding Articles. 



1. Show tlwt tie resultant of two equations is 

2. Show that the discrimiaaut of any quantio is 

3. Prove directly that any function of the ditfereneea of the r< 



equufed to j^eio ia a function of the differences of oi, b-j, aa . . . b-h, 
i. If a, 0, y; and a', ff be the roots of the equations 

U = ax^+3ix^ + 3ex + d = 0, 
csprcss in terms o£ tlie coefBoionts tho function 

(«-#(«-.')(«-»■) + (7-.)" (»-«'HO-n + (■-«•(»->') (r-s')- 

Denoting tMa function by ip, we euaily find 

- «=!!> = 9 JB'(M - C=) -b'(ad- be] + c'((FC - i=)}. 

Attending to the definition at the close of Art. 146 we observe (Jiat this function 
ia nn invariant of the two e([uationB ; for it involves all the roots of the cubic in the 
second decree, and all the roots of the quadiftUo io the first degree. If, in fact, we 
make the subatitutione ol irf. 146, and render the function integi'al by multiply- 
ing by U'U , the lesult will not contain ic, and is therefore an invaiiant of the 

The geometiicil mtarpretation of the equation if ^ is tiat the quadratic D" 
should form with the Heaaian of the cubic (7 a harmonic system. 
5. If o, fl, ■)< , , 3 I T be the roots of the eq^natjons 

anfl + S6z' + Sex + ^ =0, 
rt'j,' + 3JV+3e'a:+ir= 0; 

express the following function (when multiplied by aa') in terms of the coefficients, 
imd prove that it is an iuvaiiant of the system : — 

(.-•■) («-«'KT-y) + (.-s') (fl-y)h-.') + (.-y) (»-.i(t-b'), • 
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r, difiarenfly BrrBngod, 

Am. 3i(fflrf'~a'ri')-3(*c'~i'c)}. 
6. If n, ^, 7, S ; a, ff, 7', 6" fae the roots of tlie biquadmtiis 

{a, h, 0, d, i) [^, 1)' = 0, («', b\ d, <?, e") {x, 1)' = ; 



W2(B-«')(,a-0')(T-y)(B-IO = 24U«' + 
end show that this fuuotiott b a 



4(M' + S'rf) + Gfe'!, 



7 . Prove that the following function of the roots of a hiquadratic ;ind quadratic 
it of the system, and determine its geometrical intorprotation :- — 



; 1 tt' + S' a'fl' 

The geometrical interpretation of the equation ^ = is, that two conjugate foci 
of the three involutions lietermined hy the hiquadiatic form along with the qua- 
dratic an harmonic ayatem. 

8. Prove that the followioKfunctionB of the rootsof a hiquadratio and quadratic 
give invariants of the ajateni, and detemiine their values in terma of the coof- 
floients:— 

fl«J„=2 («' - a) (a' - S) (ff - 7) (B' - «), 
ao'WS(= ^ Sf {1 - a-) (8 - ff) (y - &){^ - «')■ 

9. Find the condition that one pair of roots of a cuhic should form an harmonio 
range with the roots of a given quadratic. 

10. Find the condition that the roots of twi 
in invdntion. 

The condition is expreeaed by multiplying t 
type 



cuhics should determine a system 
gether the six determinants of the 



and equating the result to zero. 

149. Formation of Covariants by the Operator D. — 

From Axt. 134 we infer that the expansion of F ( JJ^, U^^i, . . . fT'o) 
may be expressed "by means of the Differential Calculus in the 
form 



Fo + 



1.2.3... 



' D>F„ ^ 
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where Fa is the result of making x = in F{U,„ P„.i, . . . Pn), 

F,^F{a„,a^.„. . . a,}, 

d d . d d 

and i; = «o--— + 2ffi-^- + iJ«s-7-H- . . . + ««,^,-— . 

dai ckii rfrtj ffl«„ 

In forming a covariant by this prooesa, the source F„ with 
which we set out is altered hy the successive operations D till 
we arrive at the original function F{a,„ «i, . , . «„), from which 
the source was formed. Since this is a function of the differences, 
the coefficient derived by the next operation I) vanishes, and the 
covariantis completely formed. The corresponding operations 8 
on the symmetric function ^"i have the effect of reducing the 
degree in the roots by ono each step, the final symmetric func- 
tion containing the differences only. Thus the successive 
operations supply between tho roots and coeffieionta a number of 
relations equal to tho number of coefficients in the eovariant. 

The degree m of the eovariant is plainly equal to the number 
of times S operates in reducing i|/o to 0, i.e. equal to the difference 
of the weights of the extreme coefficients. And since 

,.H...,.....)-*(i.i,...i), 

the weight of ipa is nry - k, where k- is the weight of ^ (a,, oa, . . . a„) ; 
hence the degree of the eovariant whose leading coefficient is 
Uo'ip is «JT - 2k, the same value as before obtained. We add two 
simple examples in illustration of this method. 

ExAMi>ti;s. 
1 . l''orni the HesBian of the cubic 

%k' + 3ai;c^ + 3aiX + iJs = U. 
Tailing tlie iimetion S s a^in - a,\ we find, ae in Ai'l. 147, 

Operating on tlie ieft-liand side by 5, aaA on tte right-liand side liy B, wd olibiiii 
-.,•!!. (»-t)'.1S(i,.,^..»,|; 
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and operating in the sa 


me way agaiu, 




n„'S2(3-7)'=S6(fli=- 


The neit opemtion 


causes both aides of the eqi 



cles of the erjuatioii to vatiisli. Ilcnoi! thfi re- 
quired cOTttrfant is, as in Art, 147, 

Wc find at the aame time the corresponding exprSEBion in t^rnis of i- iind tin; 

2. Form the KeBsian of the hiqnadratic 

at,x* + iitiic^ + 6iisaT^ + insx + (ii = 0. 

The covariant whose leading coeffieieut is 11= ffo"2 — »i' ia called the Heeeian 
of the binnadratic. Its degree is 4, since 87 = 2, and k = 2; and .-. nts - 2k = 4. 
Chan^ng the coefficients into their complementarios, the source of the covariant is 
B4(fs — as^, and we easily find 

ff.s (noBi, - ai=)a^+ 2|aofl3 - oifljja;^ + (a,„4 + 2ffl,H3 - 3«.^)i= 

+ 2(biBj - flafls).!: + {iiiai - flfl=). 

150. Theorem,* — -In the diseussioa of covariants through 
the medium of the roots, as in the previous Articles, the following 
proposition, due to Mr. Michael Roberts, is of importance : — 

Any fimction of the differences of the roots of two covariants is 
a function of the differences of the roots of the onginal quantic. 

Xet 

(C„, ft, C„... C,){x, yy = C.{x-y,y){w--i,y) . . . {x-y„y) 
be two covariants of the quantic 

[r(u, «„ ih, . . . a„) [x, y)". 
Operating with I) or 8 on the identical equation 

• QiiBi-terly Journal of MathtmatUs, vol. v. p. ■! 
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and remembering that, in general, I>f=a„''Z^, where 

/(«„ «i, a^, ... a„) - V> («i. "J) • ■ ■ «"). 
we have 

J. (£„3,.^-' + (/>-!) ^1^,-"-= + . - . + ^^-0 (1 + S^,.) = ; 

and, therefore, 

S/3,- = - 1 ; 
similarly 

hs = - 1, 

whence 

S(/3,-7.)-0, 

proving that /3r - ys is a function of the differences of the roots 

151. llninngraphic Transformation apitlled to tbe 
Theory of Corariaiits. — Hitherto we have discusBed the 
theory of covariants and invariants through the medium of the 
roots of equations. We now adopt a different mode of treat- 
ment which will render the discussion of this subject more 
complete, and will open the way for the extension of the theory 
to quanties homogeneous in any number of variables. It is 
through the medium of such functions that the most important 
geometrical applications of this theory are carried on. With this 
object we give in the present Article two important proposi- 
tions. 

Prop. I. — Let any qnantic U„ be iransformed by the homo- 
graphic transformation 

- ^^ + i" . 
AV + n' ' 

if T and I' he corresponding invariants of the two forms, we hare 

To prove this, lot 

/.«.-S(.,-„,)-(.,-c)'... („.-.,)', 
each root entering in the degree vs. 
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Now, tpansforming the similar value of /', since ,«' = ^ — -j^, 
we have 

Again, tranaformiag U,„ and rendering the result integi'al, 
U^ takes the form 

where 

a: = a,{\ - A'ai){X - X'o,) ... {A - A'„,j ; 

making these suhstitutions for all the diUerences, and for «/, 
the denominators of the fractions which enter by the transfor- 
mation disappear ; and we have, finally, 

Prop. II. — If <p{x) be a covariaiit of i/te quantio f„, the new 
■value of^{x), after komographic tramformation, is {tchen rendered 
integral) 

The proof is similar to that of the preceding Proposition. 
We have 

which expression for $ (a^) is obtained by substituting 

W - ai, « - Oj, . . . 3; - o„ for a,, Oa, , . . o,, 

in the source of the covariant (x) expressed in terms of the 
roots. Now, transforming, as in the previous Proposition, the 
value of ^{a;) thus derived ; since the factors A - \'a„ A - A'os, . . . 
all enter in the same degree w in the denominator (for each root 
enters the source in the degree cr), they will all be removed by 
the multiplier «„'", and the transformed value of iji{w) is 

(A,l'-A»-'J,(;^'). 
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152. Reductiaii nf Ho mo graphic Transformation to 
a double Iiinear Transformation. — With a view to this 
reduction let the quantie be writton under the homogeneous 
fonn 

U^ = a^af + naiSK"'' 1/ + -^ — ^ a^x"''^'(f' + . . . + o„j/" ; 

and, in plaoe of putting as before *■ = -^t—, — ~,, and removing 

fractions to make Z7„ integral, let now - = .r-;-; — ^-t-„ where - 
y \x + uy y 



mation may therefore be reduced to a lineai' transformation of 
both the variables tv and y, and can be oifoeted by putting in 
the original quantie 

x^-Xx ^- fiy, y = \'x' + ii'y', 

the introduction of fractions being in this way avoided. 

Thus we pass from a homographic transformation of 
funetJonS of a single variable to the linear transformation of 
homogeneous functions of two variables. 

The quantity A/i' - A'// is called the modulus of transfor- 
maiion. 

"We are now enabled to restate Propositions I. and II. of 
Art. 151, in the following way: — 

Prop. I. — An imariant is a function of the coefficients of a 
quantie, suek that when the quantie is tran^ormed, by linear trans- 
formation of the vanables, the same ftnetton of the new coefficients is 
equal to the original fimction multiplied by a power of the modulus 



Prop. II. — A comriant is a function of the coefficients of a 
gmntit!, and also of the variables, such that when the quantie is 
transformed by linear trattsfomiation, the same Junction of the new 
variables and coefficients shall be equal to the anginal function mul- 
tiplied by apower of the modttlus of transformation. 
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EXAMPLKS, 

1. Performing tto linoav tjansformatioii 

if 

prove thnt 

^(?-B» = (V, -^,^)=(«^-S=)- 
2. Fcrfoimlng the same tfangfoi-mation, if 

|«, i, c, d, ^){x, yt={A, B, C, ]\ B){X, r}\ 
pTOTe that 

Ai: - 431) + 3C' ={\lii^!\ili)'{ie-iid+ 3c'). 

3. Perfomiing the same tmnsfoiinatioii, if 

ax'' + l.hicy + cg^ = AX^ + 2BXF 4- C¥', 
and 

prove that 

ACi + A,G - 2B3i = (A./., - \,f.)^ (flc + aic - Sih). 

This foIlowH from Es. 1, applied to the quadratic forms 

{a + Ka,)^ + 2{i+Kh):ty+(o + Kc{ly^ = lA + «A,)X^ + 2{£ + ,.n{)XY+{C+„C,)¥\ 

by comparing the coefficients cif k on both sides. 

Whence we may infer tliat, if two quadratics determine a harmonic system, the 
new qnadratics obtained by linear transformation also form an harnionic system. 
For their rootE being a, and ai, J3|, we have 

flOi{(a-<«](S-eO+(''-fli){3-''()) = 2(««l + fll<!-2M:). 

153. Properties of Covai'iaiits dei'ived from Eiisiear 
Transformation. — We proceed now to show, taking the seooud 
proposition of Art, 153 as the definitioa of a eovanant, that the 
law of derivation of the coefficients given in Art. 149 imme- 
diately follows ; that is, given any one coefficimit, all the rest iiviy he 



For this purpose, performing the linear transformation 

a; = X + hY, 
II = OX + F, 
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whose modulus is unity, the quaiitio 

(«o, au a-i, . . . «„){.?:, ;/)" becomes {A^,Ai,A-., . . . -4„)(2,F)", 
where 

A^ = a„, J, = a, + ff„A, A^ = a., + 2a,h + a,h% Ac. (See Art. 36.) 

Now, if ip(c!„, rti, Oi, . . . a„, X, y) be any covariant of this 
qimiitio, we have by the definition 

^ («„, rti, «3, . . . ff„, X, y) = (ji{Ao, Ai, Ai, . . . A,,, X, F), 
or 

fj){a^, ci„ c, . . . a,„ tv, y) ^ 0(^0, Ai, A^ . . . A,i, x-hy, y). 

Expanding the second member of this equation, and con- 
fining OUT attention to the terms wliich multiply h ; since also 

— rr^ = ra,:i, when terms are omitted which would be multiplied 
ah 
in the result by /*', h'', &a., we have 

$ +/([- |/^ + i><fi) -t /i' ( ] + &G. . . . = ^, 

which must hold whatever value h may have ; honce 

and, substituting for ^ the value 

{B„B„B^...B,.){i,,,y, 
we have 

mB^:i:"'~'^y-km(m-l)}iiW"'~'y--r . . . ^ mBi„-\y"' 

^ BB.af" + m DB, a;'"-' y + , . . + DB,„y'" ; 

whence, comparing coefficients, we have the following equations : 

DB, = 0, DB, = 7f„, i>S, = 25„ . . . DB,„ = mB„^„ 
which determine the law of derivation of the coeificients from 
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the sotiroe B,,,; the leading coeiBeient Bi, beinj;; a function of 
the differences, since DBa = 0. 

The oaloulatioa of the coefficients is facilitated by the follow- 
ing theorem which haa been proved already on different prin- 

Tioo coefficients of a coeariant equally removed from the extremes 
beaoine equal (plus or minus) when in either qf them, a^, «i, , . . a„ 
are replaced hy ei,„ «„_,, . . . a„, i-espeotiveli/. 

To prove this, let tho quautic be transformed by the linear 
substitution 

,r = OX -I- Y, // = X + Y, whoso modulus = - 1. 
Thus 

(«., «„ «.,... «„]{^, yY = («,„ «,.„ «„., . . . a„){X, Yf, 
and, by definition, tiny covai-iant 
^K, ««-!, ff,^-!, ... «« X, F) ={-!)" $(«„,«„ «„. .. %, a^>, »/} 

whence the coefficients of the covariant equally removed from 
the extremes ai-e similar in form, and become identical (except 
in sign when k is odd) when for tho suffixes their complemen- 
tary values are substituted. 

We may infer similarly that a oovariaut satisfies the diffe- 
rential equation 

d^ 

% 

as well as the equation (1) already given. 

Again, if ^((T„, Ai, iTs, . . . «„) ho an invarLaiifc of the quautic, 
the former transformation of tlie present Article gives, employ- 
ing the definition of Art. 152, 

•P (rtn, «i, (h, ... a„) = f{A„, A„ A-,, . . . A,i) ; 

and proceeding as before in the case of a covaiiaut, we prove 
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that an invariant must satisfy both the differential equations 



df 
""d^.^ 



23^ 



rf«B- 



dti„^ 



- = 0, 



either of which may beregtirded as contained in the other, since 
if we make the linear transformation x = Y, y = X (whose 
modwlus = - 1), we have from the definition of an invariant 



!?(««, «.i-l 



)^{-lY^{a,,a 



proving that an invariant is a function of the coefficients of a 
quantio which does not alter (except in sign if the weight fee odd) 
when the coefficients are written in direct or reverse order. 

Having now explained the nature of Covariants and Inva- 
riants of quantics, and the connesion between the two modes in 
which these functions may be discussed, vre proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Covariants and Invariants of quantics transformed 
by a linear substitution. The student who is reading this sub- 
ject for the first time may pass at once to the next chapter, where 
the principles already explained are applied to the eases of the 
quadratic, cubic, and quartic. 

154. Prop. I- — Let any Jiomogeiwoim quantic of the n^^ degree 
f{x, p) become F{X, ¥) by the Unear transformation 
x = \X + /tY, 9/ = yX + fi'Y; 

nliio let any function ii of x, y become Uhy the same tr»mformatioH ; 
then we have 



M' 



^/(|.-^)-(S-S). (') 



here M if> the moduhia of transformation. 
To prove tliis proposition, solving the equations 

x = \X + nY, f/^yX^uY, 
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wo havo 


h; 




whenoe 

„dX , „dX dY 
'^IH''-' **"""• '*-^' 


d) 


. X. 


Again, 






fill dUdX dUdY 1 ( , dU 
dm " dX cli: * dY dx ' my" dX' 


'^ dYJ' 





which equations may be put uudor tho form 

1 dU\ 



du_ li_dU\ l}^tiU\ 
iii,^ \MdYj*l^\ MdXf 

_(iu_,niin\ ,(_^du\ 

and since 

/tiX+^F, XX*^Y).F{X,Y), 

changing X and Y into -^ -j^, and - -^ j-., respectively, 
tile proposition is proved. 

In an exactly similar manner, ehangiug X and yinto 

i_ Jl_ _l^_d_ 
M dY' 'Mix' 

it may be proved that 

■^ \dti' dxj \dY' dXj ■ ' 

The results (1) aud (2) may be applied to generate oova- 
riants and invai-iauts, as we proceed to show. 

Suppose /(a^,!/) aud u to be covariauts of any third quantiozj, 
where v may become identical with either as a partieulaj: caae. 
Also, denoting by F„{X, T) and U^ the same covaiiants in 
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X, Y, variables, -we have, from Propa. I. and II., Art. 152, the 
identical equations 

Mt'F{X, Y) - F,{X, Y], and WU ^^ U,; 
whence, substituting from these equations in (1), 
~,,,Jdn dw\ „ fdUo dZro\ , 

proving that /( —, - -r- ) is a eovariant of r. 

And in a similar manner it is proved from (2) that 



leads to an invariant or eovariant of «, according as tt is of the 
»"' or any higher order. 



1. If — , - "be substituted for sand 5/ in the qiiLirtiu {ii,i,i:,ti, e){x,}/)'s U, 

dy dx 
imd tbe resulting operation performed on the quaitio itself, stow that (he inTariant 
I is obtMned. 
We find 

'•■'.■•"■•'(I'-i)'"-"'"-""*'*''' 

2. Prove, by performing the aame operation on He, the Hessian of tlie quartie 
(seeEs. 2, Art. 149), that the invariant J" is obtained. 

Hero we find 

3. Vrove that 

\dy dzj ' 

where Gi is the enbic eovariant of tho eubic («, i, c, A) {x, >j)\ 

4. Find the value of 
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155. Prop. II. — If ^ {a„, a„ Oa, . . . «„) be an inmriant of 
the quaniic {mo, ai, a^, . . . a^ (x, yY, and u a covanant of the «** 
or any higher degree, including the quantic itself; then 

* [daf"' tl<^-'dy' da'^'df' '" ' dp") 
is an inmriant or comriant of the quaniic. To prove this, lot 
«: = \X +^lF, w'^KX' +^,Y', 
p=X'X-f-it'Y, f = \'XU i/Y'; 
and, transforming as in the last Proposition, 

"^ dx'^'^ dy" dX^ dT' 
also, transforming m, we have 

whence 

V dX dYj \ dx ^ dyj ' 

and writing this equation when expanded under the form 

(A, A, A, . . . D,.> {X', Y'Y = M" {d„ d„ d,, . . . d,,) {w', y'Y, 
we have, from the definition of an invariant, 

^(A, A, A, . ■ . A) =Mi^{d„ rf„ d^... d„), 

showing that ^ {d,,, d„ d^, . . . d„) is an invariant or oovariant. 
When X, y and «', y' are transformed similarly, as in the f 
Proposition, they are said to be cor/redieid variables. 

1 . Let tlie quadratic 

Ofix'' + 'i/iixit + "ly^ booomo Ai,X'' + 'iAiXT+ yhY-. 
We have then, ae in Ex. 1, Art. 133, 

A..A^. ~ Ai^ = MH«t,a^ ■- a{'). 
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To apply Uiis, let V = M.''k, as in the laet Article ; sind sineo 

it follows from the last result, cousiiiering X', Y' and a!*, ?i' as vaiiaWes, tJiat 

This covamnt ia called tte Sessian of (7. 
2. Wten M has the values 

(a,h,^,d)(^,yf, and (a,*, c, rf,.}(^,^)S 

what covariants are derived by the process of the last csample ? 

Am. (1). {tK-b')x'-\-(ad-hi,)x!f+{bd-o'>)y^. 

(2). (fl,;-i=)3^ + 2(arf-ie)iV+(ae + 2W-3«=)2=2/^ 

15(j. Pitor. III. — If any invariant of the quantie 
71+ k{xy' - ^y)" 

be formed, the coefficients of the different powers ofh are covariants 

of JJ; x', y' being the variables. 

For, transforming fby linear trsinsiormation, let 

K «„ a„... a„){x, yy = {A,, A,, A„ . . . A„) (X, F)" ; 

also if IP, y and of, / be cogredient variables, 

Wheuee 

(«„, a„ a,, ... a„){x, y)" + lc{x^ ~ «>)" 

becomes when transformed 

(A, A,, A„... A„) [X, Yf + kM" [XT' - X'Y)" ; 

and forming any invariant ^ of both those forms, we have 

proving that 

^. = ir« *,., 

or that ^^ is a eovaiiant. 
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When {^y - a;'yY is replaced by (&c, 61, h, . . . b„){x, y)", the 
preceding PropoBition becomes by extension the following : — 

If ^ (ao, «!, (h, • ■ ■ a„) be an invariant of {on, fli, Hs, . . - ««) («, y)", 
a// Me coefficients ofk in 



(p («„ + kbo, «1 + A61, . . . Un + kb„) 

are invai-iants of the system ofquanties 

K, «i, «2, . - . a»)(iK, ^)", (?'d, ii, fts, . . . b„){a:, y)'\ 
Or, which is the same thing, 

[b^l.+b,-^^...b„^)\,&c.,&c., 
\ «a„ «fli aa„J ' 

are invariants of the si/stem. 

If, further, ij> be replaced by a covariant, we may in like 
manner generate new eovariantfl, a similar proof applying in 
this ease. 

157. Prop. IV. — ^ $ («, */) and 1^ («, p) arc homogeneous 
quantics, the determinant 



dj! 


d<p 
di 


di, 


# 


dx 


dy 



is a comriant of these quantics. 

For, transforming and 1^ by the linear substitution 

x = \X +,iY, tj^yx+iiY, 
we have 

■3>(X, Y) = i>{x, y), '^{X, Y) = 4,{x, y), 



-\7- 



d(p 



dX dx %' 4X 

f/* _ d^ , r/$ f/^ _ 
Jf ^dx '^ ^^f dY' 



dy' 



,d4, 
' dp' 
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dy' '^ dw 
dp' 



/iij..,-l* 



'7, 



which reduce a to 



Ml 



dx dy 



dip d4,\ 
dy dxj 



and the proposition is proved. 

This coYariant is called the Jaeohian of ^ and ^, and is often 
written under the form J{^, iff). 

We now conclude this Chapter with some examples selected 
to illustrate the foregoing theory. The student is referred for 
further information on this suhject to Salmon's Lessons Intro- 
ductory to the Modem Sigher Algebra, and to Olehsoh's Theorie 
Der Bindren Algebraischen Formen. 



MisCELLAiTBOire Exaufles. 

1. From, the dcilnitione. Art. 146, prove that all tlie ii 
!7(lf/' — sfy) are coTarianta of U, iJie variable beicg }^ : y'. 

If F is a ciibie, what oovatianta are thiis derived P 

2. If Ji, h, h, . . 
■Pi") *W_ iw 



t for each of tlie qualities 
of the order ■m, where a\, as, . . . a„ arc the 



roots of <p (x) = 0, prove that 



Bs be Hie roots of the eqiiatioi 



(here ^i, ^j, , . . ^,„ iire all the values of a ratiomil and integral function of some 
ir all the roots obtained b}' subslJtiitioii, find the ct^uatioii wboso i-oots aiH tho 



n values of — ^, ^wna. S'lj) = 
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I the raote of the cubic eq^uat 

it of tie syEtem 



i. Let a, 6, 7 ; aiid a', ff, 7' b 
and prove that tiie following covaiia 

irma of the coefficients is 
. Express the identical relation oomiecting three qiiodralioa iu terms of theiv 



Let 



17 = 






niiltiplying together the two detern 



Expanding this dctci'minont we hitvc 
(fc ias- /13-) P= + (733 -fii - Jsi^) TH (/ii ^23 -/!!=) rn 2(/3L-ria - Ju /=j) FJr 

+2(/!3/i2-/sj-r3i) riTt 2(&i-3i -/ajZij) pr= 0. (i) 

There are two partioular cases ivotth noticing ; — 

(1). Wheii the three qtiadratics are mutuaUil luH-mom'e. — In this c:ase 
J!3= 0, -Tbi^O, Ji2= ; and making these quantities vanish in equation (1), 

j^^+j^ + ^^0- 

(2). When one of tlie guadratia W =■ detei'minea the foci of the iniiolutimi ef 
the points given /»/ the other two, V= 0, and V = 0. In this case la = 0, and 
/ss = ; and mating this reduction in the general equation (1), we have 

{h-i' - In hil W-' = hsihi IP - 27,3 P"F + T„ F^) ; 
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tut from ths equatiOTia I13 = 0, and lis = 0, we find. 
whence 

and I'oducing, when k - 1 

6. Prove that the qimrtics 

{a„x^ + 2b^xi/ + o„t/^)(aiX^ + 2b2X!f + ay^)- {'iir' + 2hx!) + Cit/')'^ = 0, 

have Its same invariants. 

7. Prove that the condition that fonr roots of an equation of tie n"' degi'ee 
should determine on a right line a harmonic system of points may ho expressed by 
equating to zero an invariant of the degree — — ~-^ . 

8. If p (b(i, a\, Bs, . . . fl„) he any rational, intcgial, imd homogeneous function 
which depends on fie diffei-ences of the roots of the qnantic (ao, "i, oa, . . . a„) {x, 1)"; 
prove that — ^ depends on lite differenoos of the roots also. 

8. Prove (hat (io functions 



noas-m', HuB4-4ain3+3os=, oo-na-Sffofii 


fli + 2flA 






K«i,a,, ...«„) (^,1)" = 0, 




give rise to covarittnts of the degrees 




2m -i, 2« - 8, 3.t - 6. 




squares of the differences of any qiionlic Icada to a covariani 
fourth degree in the variahles. 

1 1 . Prove that the product of two covariant^ whose BOuii 
written under the form 


in the equation of the 
t of tiat quanlic of tie 

;cs are <p and ip may be 


fl.^ + ^i> (^v) + 1^ -»' {n) + &c . . . 


Mr. M. Roberts. 



12. Prove that the in"' power of tie quantiii 

K"., «=,... a„)(^,l)" 
lay be represented hy 
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13. Prove from toth di'GuitionB of a covariant that any coyaiiaiit of a covariant 
a coYariaiit of the original quanlio or qualities. 

... ft, be the roots of the equa- 



14. If 






rr=(Bo, Hi, ns, ...Bm)K 1)'":=0, snd rH{&), ii,ii, . 
■rom the simplest function of the differences of their roots, vii 
■equii-ed to derive a covariant of the system TJiXidi V. 
This question will he solved if We express 






UV% 



■/.)(='- 5,) 



in tenns of the coefEcienta of 0"and V. 
For this plumose we have 

nnd if f/ and F he written as homogeneous functions of x and p, 

^ 1 _dhgU ^ a d log F „ 

^ x-ay gts ' ^ s-ay dy ' 

Whence, substituting these values in the last equation, we have 
.^^ ^-Bq _dU dV dUdV_ 

which is tie Jaeebian of U and V. It should be noticed ulso that the leading coef- 
ficient of /( P, r)isBoJi -aiV 

15. To reduce, by the linear transformation. 



f^ (», 4, e, d){^, y)\ r- («', i-, ^, d'){«, yf 



_ldF_ 
~ idX' 



_ldF 
~4d¥' 



Let F = {A, B, C, 3, S) (X, ¥)< ; 

then rr s (b, J, c, d) («, ;,)' = {J, S, C, B) (X, Y]\ 

r= (a',b',c\d'){^,yf=(B, C,D,E)(X, r>\ 

How, substitutiiig the differential symlxilB I),,, — Dx for x, y, and ■=; .B r, - -^ Dx 
for X and Y in the Hessian of both forms of U, we find the operational equation 



Dl^ Sl, Sli 






J)', 
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■whence, operating on 1joth forms of V, ivc have 

\ a b' & . \ !/ ^' d' \ 

Li. j:, + | « /, , ', = :^ 

I i ,; ^ i I * c ^ j 

Similaiiy, 

\ a b e \ b e d 

^(:.,;,)^| «' b' c- ^+! «' * <! !/=—, 

y d ^ '■ h' J d' 

where / is the teroniy iavftriiiiit of F. 

^[I>„'J'.).i^,Jly, ml -tlIl„-D.)-fpII,. 
lierfornimg the operation 

^{J),,--n,)<^[:^.y), or ^[D„ -B.) ^[x, ,j), 
on equivalent fomiB, we have 



u b c ¥ c- d- a' // c' bed 

a' b- e' abc^labo a' b' c' 

b- c' d' bed \ b i: d b' e' d 



fioienlB of (7 and T. 

For wa have from former equntions 



// 



Qi/ = - a b c ^ + «' i' / ^■, 

ivhenoo, substituting those values of x and y inV and F, we tind 
<^.U= (^(,, Bo, C Do) (-f, fi\ 
Q^.r -= {B„, C„, D^, E„) (4,, 1^)', 
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aud, tleirfore, 

4 oA i dx 

Aii~ Ba~ 'Gf,^ Sii~ F-a" J^' 
16. Detemiine ths invariantB of Jo ia tlie pwoeding esample. 
We have fi-om tlie eq^uations of Ei. 15, 

Ji« = M^Jo, and J'X^M^Iti; 

imd, subfltitutii^ diiferential symbols for x, !/ and X, Y in lioUi foiius of V, and 
operating on 77, we find 

P s ndi - fliiE - 3 (ici - Sic) = ^, 



wMch et[iiatioii, along with the eq^uation Q = ~, eoalilos us 
espiesa Jo and Jo in teiius of J" and Q in tho following way : 



f pi-evioits results f( 



Wg iidd certain oTisorvations. In the Erst ploci 



/(,= J" Q' 
when P = 21J-, we hare neceasaiily i"^ = 27Q ; but the first rcLiliou liolda wlien 
Fhnsa square factor, whioh neoeaaitatea I'' and F having a common factor ; whence 
we infer that J^ - 276 is the lesultant of the cuhica U and V. 

Again, if Q = 0, this transfommtion of XT and V fails, for the vduea of X and T 
hecome identical. It is, moreover, easy to show that if k can be deteraiined so that 
f+ kK heft perfect cube, Q = 0, for ia this case the derived functions with regard 
to 3! and J/ hecome identical ; whence we have the equations 



I + kL' 



t,+ K,/ 



Equating these fractions Beparately to - «', we find the equation 



T- KC* + Kd 



■ KS!^ = 0, 
JfK'rf' = 



and Bolring for k, k', rk', we may eliminate them, and thus find the condition that 
IT" -I- K.V heaperfent cuhe in the form 
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Or, eliminating k una k= without introilnciiig k', wo liave fi'om the ahove equa- 
tions another iiixm foi' Q, i. c., 

I n= - *= c</ + a'c - thh' b's' - y= 

ad -hi: ad' + a'li - id' - I'd a' A' - Vd 

I M-e^ hd' + iW - 2ce' i'd' - e" 

17. Prove that the quaitie 

may be reduced by the linoM ti-iiusfoi-mation 



■where 



/(A, A') X' +/[m, ;<■) F' + 6pJ/=.X= r=, 
4p3 ^ Jp -I- J = 0, J/ s A/l' - ^V. 



Dr. Sylve 



18. Prove that the fiommon factora of two qiiomtioB ai-e double factors of theji' 
JacoWan JiJJ, V), when the qimntics are of the eame degree. 

IS. Piure that the 2(f!—l) double factors of W+ n(F, obtained by vaiying 
? and Mi, are the fnctora of J{JJ, F), where 77 and F me both of the !<"■ degree. 

20. Find the reBultant of two eubics 11 and F by eliminaldng between 



aj{V, F) _ dJ{U, V) _ 



11=0, V = 
21. l>i-ove that evojy double faotor of Uis a double factor of its Heasdan 



d^ dy^ \dxdyj 
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CHAPTER XV. 

COVARIAMTS AJJD ISVARIASTS OF THE aUADEATIC, CUDIC, 
AND QUAETIC. 

158. The Qnailratic. — The quadi'citic has only one inva- 
riant, and no eomriant other than the quadratic itself. 

For, if a and ^ be the roots of the quadratic 
U ^ ax^ -v ^bx + c = Q, 
the only functions of theu' difference which can lead to an inva- 
riant or eovariant are powers of « - /3 of tho type (a — /B)''' ; tho 
odd powers of a - /3 not heing expressible by the coefficients in 
a rational form. Whence, expressing 

by the coef&eients, we conclude that the quadratic has only tho 
one d^tinct invariant av - 6', and no eovariant distinct from U 
itself. 

159. The Cubic and Its Covariante. — In the present 
Article tho covariants of the cubic will be disclosed as examples 
of the principles already explained, and in the following Article 
the definite number of covariants and invariants will be deter- 
mined. 

In the case of the cubic, a eovariant is obtained from a 
function of the differences of the roots most simply by sub- 
stituting 

jS-y+oiE, -ytx+lix, o/3 + 7.« for - «, -/3, -y, 

and thus avoiding fractions ; for, transforming a - /3, wo have 

1 1 _ - (/3t + ax) + {ja + ^jx) 

a^x'-^-x'- {w-a){x-li)^X-y) ' 
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and when fractions are removecl we aiTive at the above trans- 
formation (the order being equal to the weight in the case of 
eithei- function of the differences S ot G). This mode of trans- 
forming functions of the differences will now be applied to the 
covariants of the cubic. 

(1). The Quadratic Cmanant, or Hessian, Sx. 

Transfoiraing both sides of the equation 

we have 

=< {{a + i^'0 H- wt) x+l5y+<o'ya + a,a(3j = 9 (W - U, U,] ; 
thus showing that 

£x + L, and ifo + if, (see Art. 59) 

are the factors of 

-2]t ^ («o 'i'j — «i°) »' + (flj, «a - «i (h) a; + («! «3 - fla^), 
where 

Li = j3y + wya + b»=aj3, Jlfi = /3y + w^ ya + wn/S. 

!Froni the form of the Hessian in terms of the roots in Ait 147, 
or from the relations of Art. 42, we conclude that when a mUc 
is a pm-feet cube, each of the coefficients of the Hessian mmshes 



(2). The Cubic Cotariant, Gx- 
We have, by Ex. 4, p. Ill, 

Oo' {[a + i^(i + w' yf + {a + •J' (i + utyY)"- 27 {a^"" a: + 2 a,' -Sa,a,ch). 
"Eransforming both sides of this equation as before, wo find 

a^'{{Lcc + Liy-^-iMx + M,y]=-27{U'U„ + 2n,-<-SmU,r/) 
-~27(?^, 

where Gx denotes the covariact formed from the function of dif- 
ferences Cf; and by tlie method of Ai't. 149, by means of the 
source «sV«o-3a3(i:2«i + 2fl3=, we easily obtain 

(?a;= {aoaa-3aoaia-^ + 2ai^) a;' + 3 (koKjUs^- ai'ai-2auai)ie^ 
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Besolving [Lx + ii)' + [Mx + itfi)', we may obtain the factors 
of Gx ', or, more simply, since the factors of G are (3 + y - 2h, 
j + a-2^, «-i-3-2y, the factors of ff.v arc 

1 J^ 3_ J_ J^ 3_ J_ J^ 2_ 

when fractions ai-e removed. 

We have obyiously the following geometrical interpretation 
of the equation G,? = : — If we take three points on a line 
A,B, determined by TT= ; and three points ^', J?*, C, siich 
that ^ is tho harmonic conjugate of A with regard to B and 
C; H fAB with regard to C and A ; and C" of with regard 
to A and £ ; the points ^i', B", C" ai'o detormined by (7^ = 0. 
(Compare Ex, 13, p. 86, and Ex. Ai-t. 65.) 

(3), Expression of the Cubic as the difference of two tnibes. 

This can be effected, by means of tho factors of the Hessian, 
as follows : — 

{La: + L,y - (Jfe + M^Y - 27 i7 ^^ . 
For, from Ex. 2, p. Ill, we have 

L'-M'= y^27 - t) (7 - «} (« - /3)- 
Transforming this equation as before, the first side becomes 

(La; + L>y-{Mxi-M,Y, 
and the second side 

•■^270-T)(y-.)(a-3)(«-.)(»!-/3)(a!-y). 
Substituting from previous equations, we have 

{Li» + L,f - {Mx + M:f = 27-, yWXVm = 27 ^^ ■ 
(Compare Art. 58.) 

(4). Melation hehveen the Cubic and Us Covarianfs, 
The following relation exists : — 
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For, from Ex. 2, p. Ill, 

and transfonning tliis equation ae before, 

whence A C^ = Q.^ + ^Hi. 

(5). Solution of the Ciihie. 
The expression 

is a Hnear factor of U. 

For, fi'om Ex. 2 and Ex. 3, we have 

a,' (Lx + L,Y = 27 (?7v^A - ff^, 

-a,>(J!f^+JIf;}' = 37(i7/A + (?^); 
and since 

is a factor of V, the proposition follows. 

This form of sohition of the cuhio is due to Prof. Cayley. 
160. Nunilter of CovnriaiBts slemI Invariant of tlie 

Cnblc. — The following method of determining the nnmher of 
covariants and invariants of the cubic is virtually equivalent to 
that proposed by Professor Cayley : — 

The cubic has only two covmiants, their leading terms hcing 
B. and Q; and only one invariant, viz., its diserimtnant A, ickere 

ffl''A = G^ + 4H=, or Ar'aV + 4ac>-6«5e(? + 4rf&^-3i'c=. 

To prove this, lot ^ (a, j3, 7) be any integral function of the 
differences of the roots (of order to), expressible hy the eoef&cients 
in a rational form. 

We have then (see Remarli, Art. 37), 

^,i.[a,^,-i)=F{a,H,G) (1) 

(where )■ remains to be determined) ; and, in the first place, if ^ 
bo an even function of the roots, G can enter this eqiiation in 
even powers only, since H is an even fimction of the roots. 



y Google 



Numher of Covanants and Invariants of Ciibie. 343 

Now, eliminating tbe even powers of G- by means of the 
relation 

eq^uation (1) takes the form 

^'■^(«, ^, 7) = F{a, R, A) ; 
and, therefore, 

«-^(a, /3, 7) = ^.('^, //, A) + S^^^f^, (2) 

where w is the order of ^ (a, /3, 7), and F^ an integral function. 
It is now necessary to prove the following Lemma : — 
Nofimotion of W and A exists that is divisiblo hy a. 

For, suppose F^ {H, A) to he divisible by a ; then making a 

vanish, we have 

-P^(j?', A')-0, 

where H' = - ff, A' = 4rf5' - 35'c°, the values of 7^ and A when 
a vanishes. This equation is plainly impossible ; for, eliminat- 
ing 5 by means of the equation Il'= - b', o and d remain in the 
equation connecting JI' and A'. 

Wherefore equation (2) must assume the form 
<.-f(a,ft7)=J?,(«,ir,4)i 
for the first side of the equation is expressible as an integral 
function of the coefficients; therefore so must the second side 
also, and consequently the fractional part disappears. 

Now, to extend this result to odd functions of the roots, we 
have only to multiply the first side of the equation hy 

«-(2<.-P-7)(23-7-«)(27-«-P), 
and the second side by 27 G, for G must be a factor of every odd 
function, since H is even. 

Wo are now in a position to prove the original proposition 
as to the number of invariants and covanants. For since oFiji is 
of the form 

GFia, H, A), or F{a, H, A), 

according as ^ is an odd or even function of the roots, it follows 
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in the first place that there cannot be an invariant of an odd 
degree in the roots, since GF(a, S, A) does not remain the 
same function when a, h, c, d are changed into d, c, h, a, 
respectively j and the only invariant of an even degree must be 
a power oi A, since if F{a, II, A) contained a or // besides A, it 
eonld not remain the same function when the ooeffidenta are 
similaiiy interchanged. 

Again, the cubic has only two distinct covaj'iants ; for it has 
been proved that every function of the differences fl^0 is of one 
of the forms 

F{a,H,^), or GF{a, II, C). 

Now, considering; these forms as the leading terms oi cova- 
riants, every covariant must be expressible as 

F{ U, H„ A), or G^^F{ U, ZT^ A) ; 

that is, every covariant is expressible in a- rational and Integi'al 
form in terms of IIi and Gx, along with C and A ; or in other 
words, there are only two distinct covariants. 

161. The ^iiai'tic. Iti§ Covariants and Invariants. — 

"We have shown already that the qnartio has two invoiiants, I 
and J (see Art. 147). iFromthe functions M and G of the diffe- 
rouees of the roots we can derive two covariants H^, and Gx, 
whose loading coefficients are H and G ; for from the relation 

we derive, by the process of Art. 147, 

fl.'s(a-/3)=(^-7)'(^- 8)' = 48 (p;p; -?/,=); 

and, expanding Po Pis - Xli, we have 
H^ - {da «2 - «i^) a;* + 2 (flo«3 - ai ffj) a;' + («, a, + 2a, a^-S a-/) a? 
+ 2(ai«(- «j«3}ic + [a^ai - at). 
In a similar manner, since 

G " aj' a-i + 2("f i'' - ^a-g (h ch, 
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we oTDfcain tho co variant 

■which reduces to the sixth degree ; and if it be written as 
follows : — 

(?3, = -i^uif" + ^ifli' + Ai3^ + A^^x^ + Ai^ +AiX + Ac, 
we find, by expanding the above, or more simply, by forming 
the source A^, and performing the successive operations of 
Art. 149, the following values of the coefficients : — 
At = Ui a, -Zaia^ai-i- 20^, Ai= a^ at, + 'ZaiO^a, + Ga^ch-Qaiai', 
Ai = 5fl433(?„ + 10(r3'«i-15«4%ai, A^ = 10 a„(h^- 10 a^^ai, 
^3 =-5ffo«i«(-10«i'«3+15«off2ff3, Ai=^-a„^ai-2aoaia3-Qaihi3i-9ckCh', 
Aa =-00^03+ 3ffl,ffli«j-3B,'. 

Here it will be observed that, after A^i is determined, 
Ai, A„ and Aa may be obtained from A„ A„ and A^ by 
changing tho suffixes into their complementary values, and 
altering the sign of the whole, in aooordaaee with what was 
proved in Art. 148. 

We proceed in tho following Ai'ticles to discuss the leading 
properties of these two covariants of the qiiartio. 

162. d^iiadratic Factors of thet @i!xtic Covarlant,* 
Gx- — As the c[uadratio factors of Gj, enter prominently into the 
following discussion, we proceed in the first place to find thoae 
factors expresBed in terms of the roots of the quartic, and to 
deduce their principal properties. 

Since the factors of &, expressed in terms of a, /3, y, S, are 
fi + y-a-3, y + a-l5-S, a + fi-j-S, 

the factors of G^ are obtained from these by si^hstituting 
, , ■ -, ■ ^, for a, /3, 7, S, respectively, and mul- 
tiplying each factor by — to remove fractions. 

* Sae a Paper by Prof. Ball, Quarlei-ln Journal ef Mathematics, vol. vii, p. 368. 
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Whence, denotiiig these factors by jf, v, w, we have 

„/ 1 1 1 1 \ 

\x-^ x-y ai-a x-hj 

r/(J— + -1 ^ ^-] 

which values of «, v, w, arranged in powers of cc, are 

„ = (p+^^._8)»,--30y-.8)«, + Py(„+8)-„8{p + r), 

»-(y + .-(3-S)a?-2(y«-/3S)a: + Ya(/3 + S)-/3S(T+a), (2) 

»= (a + /3-y-8)j!'-2(a/3-78)«+a|3(v + S)-7S(a+P); 

and, consequently, 32 Gr = a^min. 
From formulas (1) we easily find 

f=(.-S)(^-(3)(^-,)-0-7)(«-«)(».-S), 

». (a-8)(«-|3)(»=-T) + (f5-7)(«^-a)(»-8); 

and from these and similar equations we have 

and, Goneeciuentiy, 



(3) 



Since, as this equation shows, tho factors on the second side 
■e both perfect squares, we may assume 

w -v/X -fi + i> -/X- V = 2 Ui^, 

to v\ -u- »;v A - V ^ 2 Ml' : 
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■we have, therefore, 

I = tii^ - th^, 

from which yaluee we conclude that u, v, w, the quadratic factors 
of Gx, are mutually harmonic. 

163. Expression of the Hc»4sian by the Uuadratic 
Factors of G^. — Since 



combining the terms in pairs, and noticing that 
SO-7)(a-8)(7.0, 
S(a-/3)' (».-•,)■ («-«)• 

the quantities between brackets being «, v, w, we have 

- 48 — ■„■- = w ■!■ «" + ^f^, 
which is the required expression for H^,. 

164. Expression of the ftuartlc itself hy the Una> 
(Iratic Factors of Gx- — iProm equations (3) a eymmetrical 
value may be obtained for U; for, substituting in those equa- 
tions in place of \, n, v their values in terms of the roots 
pi, pi, Pz of the equation ip^ - Ip + J^O, wo find 

a'(v'-w') = lG{p^-p,)U, B=(«^'-«=) = 16(p3-p,)Cr, 
a^u^-i>') = lQ(p,-p;)U, 
from which equations, by means of the value of Rx in the pre- 
ceding Ai'ticle, we obtain 

(«»)'. 16(p,£^-a), (»-)'-lGte!7-//.), (4) 

(«f.l6(p.F-7t). 
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We now make the assumption 

■whero 

i, = _(X_^)(A-^), A. = -(,t-v)(,u-X), A,= -(^-A)(v-^). 

The objeob of this transformation is to replace ?(, y, jf by 
three quadratics whose disorimiuanta are each ec[iial to unity, 
The quadratics X, Y, Z determined by the above equations are 
of this nature, for if Ai be the discriminant of u, we have 

i,-0 + 7-«-S) IPt{« + 8)-7« ((3 + 8)1 -Or-«8)'. 

which may be put under the form 

((3 + t) (. + S) (ft + «8) - (t- + /3S) (a/3 + yS) - (/3r + «S)-, 
from which we easily find, as above, 

Ai = - (X - /t) {\- v), with similar values for Aj and A^j. 
MaMng these substitutions, the preceding eijuations become 

(p,-p.)(p.-P.)i'-a-p.p-, (5) 

{p,-p,){p,-piZ-.B,-p,Xr; 

from which are easily deduced the following values of U and 
flr, and the identical equation connecting X, F, Z: — 

E:,^pi'X' + p^'Y'' + p^'Z\ 

~U=prX'^p,Y' + p,Z\ 

^ X' + Y' + Z' ; 

whero, as has been proved, X, Y, Z are three mutually harmonic 
quadratics whose discriminants are reduced to unity in eaoh ease. 
The value of Gi may be expressed in terms of X, Y, Z as fol- 
lows. Since 

32 G^ =a'uvw, 
and 

tc'vV = (w - vfiy - A)=(X - fif X' Y' Z" ^^{P -27 J']X'Y'Z\ 



yGoosle 



Resoliiiion of the Quartic. 349 

we have ^_^____ 

G^= \yr~-21J'.X¥Z. 

165. Resolution of the auai-tlc. — From the equations 
- U ^ p,X' + P~Y' + p,Z\ 
we nnd 

tr-(p.-p,)F-+(p,-p.)Z-, i7=(p,-p.)Z'+(p=-p,)Z', 
Tr-Sj.,-,„)X'*{f,-p.)Y'. 

Now, substituting forX^, F^^"^ from equations (5), and brealc- 
ing up these values of U into their factors, we have three ways 
of resolving U depending on the solution of the equation 

4p=-7p + J"=0. 

The resolution of the quartie has hcen presented differently 
by Professor Cayley, in a symmetrical form, which may be 
easily derived from the expressions already given for U and Hx- 
For, since in general 

is a perfect square, when 

IX + mY + «^ is a perfect square when I'' + m^ + ss^ = 0, 

X, Y, Z being mutually harmonic, and the discriminants of each 
reduced to unity. 

The resolution of JI is therefore reduced to finding values of 
I, m, n such that IX-i- mY+ nZ, or 



+ n -y pi- P-, >/ H:c- PiU, 

being a perfect squai'e, may vanish when U vanishes ; or ii 
to satisfy the two equations 

^v''f'i-p3 + «»\/jCa-|0i + 'i-ypi-p2 = 0, P + ni'-i-n' = ( 
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These equations are plainly satisfied ii 

l m '* . 

•/p2-p3 -v/pa-pi ■/'pi-pa 

whence, finally, 

(p. - p.) yw-T^* (p. - pj ./a.-pjj* (p, - p,) yH~ff 

is tho square of a lineai' factor of the quartic Tf. 

If it he reijuired to resolve the quartic kU- XIT^, it appeal's 
in a similar manner that 

I y pi- Pi yil^, -pi'U+m v^/>, - Pi •/ Hj, -pJJ 
+ n v^/ai - ^3 •/M-^ - pJJ, 
being a perfect square, must vanish when kJJ - XH^ vanishes; 
or, values of I, m, n must he determined so as to satisfy the 
equations 

/' + m^ + n.^ = 0, 

These equations are plainly satisfied if 

I ^ m n 

/(Pi-P.)(«-P.^) ^ y(p.-py(K-p=A) "^y{pi-p.)(«-p,A)' 
whence 
(p.-p3)y^^^^y-H.-pif^+(p3-pi)/ic-p.A/:ff^^^ 
+ (pi - p,} v^r-7A ■/R.-p.U 
is the square of a linear factor of kXI- XH^- 

166. Tlie Invariants and Covariants of kU - \Hx. — 
From the equations of Art. 164, viz., 

piX^ + PiY^ + PiZ^ =-P, 
■ X'+ Y'+ Z' = F=0, 

we may, by adding ■■ -t^ V io \II^-k U, reduce it to the form 
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R,X^ + E,Y^ + It,Z\ where iJ, + B^ -f- B, = 0. When this ia 
done, we have the following reduced valuea of Ri, B-t, B, ; — 

35l = K(2p,-p2-/)3) +X(2pip3-p3pi-f)lP!), 
3JJs= K{2pi-p3-ps) + X[3pS|0l-pIp2-|O!p3), 
3^3 = K{2pi-pi.-pl) + X {^pip-i-piPz-ptpi\. 

On account of the similai-ity of the forms 

PiX'^ + PiF' + pa^- and R,X^ ^ B^^ + B'.Z\ 

which are of a fixed type, we calculate the invariants and cova- 
riants of kU~ XHx by simply changing pi, pi, pi into iSi, B,, B, 
in the expressions for the invariants and covariants of V. 
Therefore, since 

/=I|(P.-P.)=+(P.-P.)' + (P>~P=)1' ^=-4p,p,p„ 
and 

B,-B, = (py-p,){K-\p.), 
W6 find the following values for the invariants of kU- \Sx '• — 



r „ IJ ,„ 54J'~1= 
K'A + --7- kA' - 



"(<,A) "" 6 4 216 ■ 

If we form tho covariants iTj^.A), and G'[^,a), of 

y ii - 4k^ - 7kX= + J\' 

(the reducing cuhio rendered homogeneous in k, X), we fin 
as M. Hermite has remarked, 

Again, to calculate the Hessian of kU- XIln, we reduce 
Bi'X' + B.'Y'+B.'Z' 
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353 Covariants and Invariants of Quadratic, ^c. 
by the substitutions 

pi'X' + p^Y' + p,'Z' ^-iiIU+ JV) = - \IV, 

p,'x^ + p.'Y' + p,'Z' ^ Um^ + JU), 

the first of which follows from the eciuations 

Pi' = pips + i-?") Pi = PiPi + i^> pi' = Pip= + i-^> 
mialtiplying by p^X^, p^Y^ ps^, respectively; and the second 
from the first by ehangiiig X'', Y^, Z^ into piX^, ^2^, ps-2^- 

In this way we find tho following foim for the I 
«)7-Air^:- 



IL (4k^ 


-¥)^ 


uQm^a' 


■which may be expressed in Uie form 


Again, since 


if da 


da\ 
" A)- 

»J'(p.~pJ"(p.- 


and G.C 


-i-ZF^' 


-27 jKxrz. 


Transforming ^i, p^; 


, fji into 


Il„ A, a, we 



"We have therefore expressed the invariants and covariants 
of kU - \R^ in terms of the invariants and covariants of JJ. 
167. i^umbei' of Covarlant>« and Invai-iants of the 

dnartic, — "We proceed to prove the following proposition, 
which determines the number of these functions: — 

The qiiwrUo has only the two distinef inmrianta I and J, and 
tdco distinct covariants tchose leading eoeffidents are S and G. 
This proposition aeserte that every invariant is a rational and 
integral function of / and J, and every covariant a rational and 
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integral function of JJ, Ss-,, Gx, I, J- The following disoussion, 
like that hefore given in the case of the cnhic, is the same in 
prineiplo as that proposed by Prof, Cayley. 

Attending to the observations in Arts. 37, 38, it is plain 
that if (a, /3, 7, S) be any integral function of the difEe- 
renoes of tho roots expressible by the coefficients m a rational 
form, -we have, in general, considering the equation with the 
second term removed, 

rf>(o, /3, 7, §) = i^(«, if, 7, (?}, 
where i^is a rational and integral function, and r remains to be 
determined. 

And if, in the first place, ^ be an odd f imction of the roots ; 
changing their signs, and subtracting the two values of ip, we 
find 

2a'- ^{a, /3, 7, g) = F{a, H, I, G) - F{a, S, I, - G). 

This value of plainly vanishes with G ; whence, eliminat- 
ing the powers of G beyond the first by the identical equation 

- G'^4.H'-a^III+a'J, 
we have 

a-^ {a, p, 7, 2) = GF, (a, S, I, J). 

It follows that every odd function ij, of the dii!orenees of 
the roots is divisible by 

0+^_„-S)(7 + .-;j-S)(.+|3-7-S); 
and removing this factor on the first side of the equation, and 
32 — on the second side, wo have 

«'-^^i(a, /3, y, S) = F,{a, H, I, J), 
where <pi is an even function of the roots, and Fi a rational and 
integral function. 

We proceed to prove, in the second place, if ^ (a, /3, 7, S) 
be any even integral function of the diiferences of the roots, of 
the order w, expressible by the coefficients in a rational form, 
that ffl"^ («, 3, 7, 8) can be expressed as a rational and integral 
function of a, H, I, J. 

3a 
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To prove this, the foUowing lemma is neoeesary : — 
Thei-e exists no function of M, I, J which is divisible by a. For, 
suppose F{H, I, J) to he divisible by a. Making a vanish, we 
have F{H', I', J') = 0, where 11' = ~ b\ 7' = - 4 M + 3c=, 
J' = 2 bed - el' - c^ (the values of If, I, J, when « = 0) ; and as 
it is impossible to eliminate b, c, d, e, so as to obtain a relation 
between JI', I', J', we conclude that no relation such as 
F{H', r, J') - exists ; and therefore there is no function of 
the form F{]I, I, J) which is divisible by a. 

We now proceed with the proof of the proposition ; and 
since, as has been already proved in the ease of an even function 
of the roots, 

«'>(«, /3, 7, S)^F{a,II,I, J), 

we have, dividing by a'''", 

»-<,(«, ft r, 8) - F.{„, R. I, J) + ^ZSlAI}. 

Now, since the first side of this equation is espressible as a 

rational and integral function of the coefficients not divisible by 

a, the second side must be a similar function of the coefficients ; 

and this, by the lemma just established, is impossible unless such 

FJH,I,J) ,. 
terms aa S — — — disappear. 

Wherefore 

a^if.(a, j3, 7, S) = j;(«, if, /, J); 

and, finally, we have proved that cfipia, (i, y, S) may be ex- 
pressed by the foims 

GF[a,H,I,J], or F{a, E, I, J), 

according as $ is odd or even. 

We 'are now in a position to prove the original proposi- 
tion aa to the number of invariants and covariants. For, if 
F{ci, II, I, J) be' an invariant, a and .ffmust disappear, ainee 
'.f they were present this function could not remain the same 
when the coeifioients are written in direct or reverse order. Simi- 
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larly, no odd function such as GF(a, IT, I, J) can give an in- 
variant. It follows that every invaiiant is a function of / and J. 
Again, the quartic has only two distinct oovariants ; for we 
have proved that every function of the differences a" <p is of one 
of the forme 

F{a,H,I,J) or G F{a, II, I, J) . 

Now, GOneideiing tliese forms as the leading terms of oova- 
riants, it has heen proved that every covariant is expressible as 

F{ U, 11,, I, J) or G.,F{ U, II,, J, J) ; 
that is, every covariant is expressible in terms of J/a; and Gr, 
along with U, I, and J; and this is the proposition which 
was required to be proved. 

MlSCHLLAHBOirS ExAKIPlES. 

1 . If 17 be any cubic, and Ct it6 cuWc coraiimt, prove that file Heasian of 
\U + nGx has tto same roots as the Heeaian of V, \ aud ,ii being conatanfe. 

2. If 01, 01, 71 be tie roots of A = 0, prove tiat 

f il d d \ , , I il d d\ , 

(;^ -' m "- <h, I *' '"" ^" ^'' = (r.+d0-^ dj) * ^■" ^' ^'■ 

*(a, ft7) = ^i(i.l, Si, 70; 
and also that 

Bai= S^i = 571 = — 1. 

3. Given 

Vs{a,b,^,d}{x,i,)^ and V^{a', i\ c, d'){^, ,jy, 

find the relation, which connects the coefficients of lieae cnbica when it is possible 
to determine the ratio \: /i, bo that 

should be a perfect cube. 

In this case the Hessian of K7f + jiV must vanisb identically ; and wntlng it 
under the two forma 

A=H^ + KiiKx 4- ft^H^' s iss -1- Mxy + Nf, 
wbei-e 

Ex^(sa' ^a'G-1bb')x^^(ad' ^a-d-h^ -h'c)ie!i-^{ld' -ib'd-ice')p\ 

Z = 0, Jf=0, Jr=0i 
and eliminating \^, A/i, i^? fiom those equations, the conditioii ia obtained in the 
following form : — 

aa - i^ ad- he Id- c^ 

i ac'4ii'c ~'M' ad'-\-a'd~bii--h'c id' + b'd ~2i:<:' = 0. 
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4. If a quarUo have a square faofor, prove liiat the ssane sqiiaie factor ent«i'3 
ifs Hessian ; and deteiiniiie the relations between the coefficients when the ^uartio 
and ifa Hessian ai'e identiml. 

5. Prove that the sextic cDvariant ffiof the q^uaitic ^(r) may be written under 
tiie ioYm 

and that, when the [[uartio has a doiibU factci', the covaiiont 0^ has that factor 
as a guadruple factor. 

6. Find the value of the deteiminant 

-7-B-S Bv-aS 0y(a + S)-aS{S + 7) j 
-a-S-S Ta-^B yn [y3 -1- B) - ySS (r + a) |, 
■3-7-8 "S-yS b3(7 + S)-7B(b + B) i 

whose consfituenta aic the coefficients in the ([uadi'iitio f autore of the seslio covai-iaut 
of the qiiarlio (aw Art. 162). 

If these constituents be represented by ai, h, fi, "a, h, cs, &e., and thcicvevse 
eoastituents by Ai, 5i, fl, &c., we find 



Si 


ft ; 


-Si 


C-i 1 = 


2f3 


c^ 



- Am 2Abi 



-Csi 



2Ch 






-Cai 



wliero 
henoe 



;a-o-)(«-S), B^{y-a){,B-5), C={a-B){7-S}; 
A^- = -2JJ)C'A, 
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TBAHSFOEMATIONS. 

168. Tschirnhausen's Transfbrmatloii. — Theorem, — 

The most general rational algebraic tram/ormaiion of a root of an 
equation of the «.** degree can be reduced to an integral transforma- 
tion of tJie degree n — \ at most. 

For every rational function of a root a,- of the equation 
f{x)=0 ia of the form 

xM 

■where x and Tp are integral functione ; also 



xM 



xM 



'I'M 



■■^ (».-.) .^ (-,.)■ 



■J^ 



'>fW*W *{.„)^(«„)' 

and the denominator ip (oi) i/' (a^) . . .ip (««)) being a eyinmetrio 
function of the roots oi f(x) - 0, can be expressed as a rational 



function of the coefficients. Whence 44"^ is reduced to a 
tegral form. 

Moreover, the numerator of the former fraction is a sym- 
metric function of the roots of the equation — ^^-^ = 0, and may 
consequently be espresaed as a rational function of the coef- 
ficients of that equation ; that is, in terms of a^ and the eoef- 



Now, denoting by F{ar) this integral form of 






by division 

ii-W -«/(.,) + *(«,.)-*{".■), 

where (a,) does not exceed the degree m - 1 ; which proves the 
proposition. 
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This transformation, in which, from the ec[iiataon / (w) = 0, a 
new eCLuation in ?/ is formed by means of the substitution 
y = iji{x) (where ^(a;) is a rational integral function of degree in- 
ferior to that oif{x) ), was first employed by T&chirnhausm. 

169. Formation of the Transfoi'ined S^quation. — We 
proceed to explain the method of forming the equation whose 
roote aro 

?(".), *W, 0(«3). ■ ■ ■ ■ ^(«»)' 

where ^[x] is a rational and integral function of x of the degree 

Let ^[x)=a,^ + ttix + aix^ + . ■ . -h «n-i»""'- 

Raising sueoessively ^ [x] to the different powers 3, 3, , . , n, and 
reducing the exponents of x in eaoh case below n (by dividing 
\iyf[x) and retaining the remainder), we have 

i^^^ha^-hiX + hx^ + . , . , +S„_,iE"-', 



Substituting for x in these equations eaoh of the roots of the 

equation /(a;) = 0, and adding, we find, if S„ S^, Sj, &c., donote 

the sums of the powers of the roots of the required equation, 

)8i = w», + aiS, + «!iSs+ .... +«„_,s„_i, 

(S3 = «6o + 5iSi + SaSj+ .... + S^iS,M, 

yS„ = W?o + ?iS, + ^aSa + . . . . -V la-iB,i--\- 

Now, expressing si, sj, . . , b„.i in terms of the coefiicients of 
f[x), we have 8^, Si, . . . 8n determined in terms of the coeffi- 
cients of ^(j:) and/(a^); we aro also enabled by Ai't. 129 to 
express the ooefficients of the equation whose roots are ^ (oi), 
$ [ai), . . . $(«n) in terms of Si, 8^, . . . S„, and therefore finally 
in terms of the coefficients of ^ (») and/(a:) ; thus the transfor- 
mation is completed. 
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170. iSccond Method nf fon'tnlng dlse I'l-ansfni'iraft^ 

Equation.— There is anotlier way of finding the final equation 
in ^ by elimination, which we now give. Since 

if this ec^uation be multipUed by », aj°, . . . .i;""', and the expo- 
nents of « roduoed below n by means of the eqnation/{») = 0, we 
have in all n equations to eliminate dialytioally the n-\ quan- 
tities x,x^,... af'-'. We thus obtain the transformed equation 
in the form of a determinant of the n"' order, ij> entering into the 
diagonal constituents only. For example, ii f{x) = ai^-l, we 
obtain the tranaformed equation in the following fonn : — 



at 



(!» - <l> I 



Although these methods of performing Tschirnhausen's 
transformation appear simple, yet if they be applied to par- 
ticular oases the result usually appears in a complicated form. 
Professor Oayley, by choosing a form of the transformation 
suggested by M.. Hermlte, waa enabled to take advantage of 
the theory of covariants, and thus to complete the transforma- 
tion for the cubic, i^uai'tie, and quintic. We shall content oui'- 
selves with showing in an elomentaiy way how Professor Oayley's 
results for the cubic and quai'tio may he obtained. 

171. Tschirnhausen's TramsSbg'nraatl^ii a|9|illed to tlic 
CuMc. — Let the cubic equation 

a^' -\- Six' + Sex -hd = 
bo written under the form 

z'-hSITs + G^O; 
and let it be transformed by the substitution 
« = A + ks + li'. 
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If Si, Si, Sa te the roots oi the cubic, and i/„ y-,, t/i the correspond- 
ing values oi y, we have 

y. - 2/3 = («. - s.) (« - ^i), 

y.-y^ = ^ - s,) (« - s.), (1) 

2/l-«/2= (s, -Ba) (k-%), 
and, consequently, 

2)/i-i/2-&'3 = (2si-Si-S3) K + {2sjS)-S3Si-SiSi), 

2;/2 - ?/3 - 3/1 = (2S2 - Sa - Si) K + (SsjSi - SiSj - SjSa), (3) 

3^3 -1/1-^2= (3S3 - Si - S,) K + (3KiS3 - ZjSj - SaSi). 

Wherefore, if the equation in y with the second term removed be 
■we have from equations (1) and (2) 

w^m, *?'=<?., 

■where H^ and ft are the Hessian and cubic covariant of 

k^ + 37/k-i- G; 
and the transformation is therefore completed, since yi-^-yt^ y^ 
can be easily determined. 

173. Tschirnhaiisen's Ti-aiisformation appUeil to 
the ttnai-tic. — In this case ■we do not attempt to form directly 
the transformed qnartie, but prove the following theorem, which 
shows how this transformation may be resolved into two others. 

Tbeorem. — TseAiniAaaseM's transformaUan changes a quarUe 
JJ into one having the same mvarianis aslU + mSx, and therefore 
in general reducible to the taiterform by Imear transformation. 

To prove this, let the quartio 

«' +pix' + piU)' +PjX -{■ pi = 
be transformed by the substitution 

y - ai) + aia; + aix' + a3ar\ 
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If tfi, iBa, Xi, Xi be the roots of the quartic, and yi, Pi, 1/3, Vt 
the corresponding values of y 



X-i-Xi 



From these equations we 



y, we have 
proceed to show that 



where Pa and Q„ involve the roots of the quartic symmetrically. 
In the firfit place, we find 

(a^j' + XiXi + xfj [x^ + Xi_Xi + X.}) = pi ~ pip^ +2h -Pi^, 
where A has its vmual value, i.e. xjXi + xiXii and secondly, since 

xj' + X^Xs + Xs' = (a^s + XsY - XiXs, &c., 

we find again 

{Xi + Xs){Xi''+XsXi + Xi') + {Xi +3^4)(a^2^ + X^Xi + X^'^) ^ ih-pijh+PiX. 

KnaUy, since the other terms in the product are obviously of the 
same form as Pu + QoA, we have proved that 

(y^-ys](yL--j/.) _ 

[Xi - X-^) [Xi - Xi) 

whence 

Now, introducing pi, p^, p^, in place of X, ju, v, this and the 
similar equations preserve their forms ; whence, altering _Po and 
Qa into similar quantities, we obtain the equations 

ip.-y.){y.-y.) - Hp,-Pdi^- Qfi>), 
(j/i - 2/0 itf-^ - J/.) = 4 (p. - pO (P - Qp,), 

which lead at once to the invariants of the transformed quartic ; 
and comparing then' values with the invariants of jcf - Xff^ 
given in Art. 166, the theorem follows at once. 



( = Po + 



w. 



+ XiXs) ; 
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173. RedurlioiB of tlie €ul>Ic to a, Qinomial form Ity 
Vseihimltanseii'!^ Traiisfoi'iiiatiou. — Lot the cubic 

ax' + Qbx^ + Sex + d 

be reduced to ths form y^ -V by the transformation 

y = q -^ px + x^. 

If «!, Wi, 3^3 be the roots of the given cubic, and iji a root of 
the transformed cubic, we have the following equations to deter- 
mine p and q : — 

Xi +pxi + 5 = ^1) 

^i" + pivi + 5 = aiiji, 

Xi + p)^i + U - <^'yii 
from ■which we find 



Adding a^i + a^a + a^a to this value of p, we have 
XiXi + ax^Xi + bf^XiXi 



p + X, + Xs + 



iBi + tOiCa + to 



it follows [soQ Ex, 23, p. 57), that there are only two ways of 
completing this transformation, as the values of p, q ultimately 
depend on the solution of tho Hessian of the cubic, 

174. Tsclilrnbauseii's Transformation applied to 
Reduce tlie 4luartic to a Trinomial Forna, in ^vliicb 
the Second and Fourtli Terms are absent. — Let the 
(juartio 

««' + 'iha? + Qc^ ^ 4:dx + e 

ba reduced to the form ■)/ + Pif + Q by the transformation 

y = q-vpx + a?. 
If x„ X'^, Xi, x^ be the roots of the quai'tie; also )/i, y-i iir,o 
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distmct roote of the transformed quartic, we haye tlie follow- 
ing ec[uations to determine |3 and q :— 





3;i= + 21^1 + q -- 


= ?/i, 


xi ^pxi + 5 = y., 






X.:- + fx,. + 2 = 


= -yi) 


xl-v'[jx,^q^-y.; 




from which we find 










Xy>TXi- 


-Xi-Wi 


-, q--^-i{h+ps{). 




And, 


. adding a^i + *j + iUj + x,^ 


to tliisTalue oip, we 


have 




}) + x, + x^. 


+ iCi, + a 


2{x,x,-x,x,)^ 





hence, by Ex. 7, p. 126, it follows that there are three ways of 
reducing the quartio to the proposed form, the determination of 
whioh ultimately depends on the solution of the reducing cubic 
of the quartic. 

17d. Removal of the Seconil, Third, and Fourth 
'B'erins froiii an Mquation «f the Ji"' Hegree. — Wo com- 
menoe by proving the following proposition, which we shall 
subsequently apply : — 

A homogeneous function V of the second degree m r quantities 
^i, ^1 %, ■ - • ^n ^(^n be ewpt-essed in general as the sum qfn squares. 

To prove this, let V, arranged in powers of a'l, take the fol- 
lowing form : — 

V^P,x,' + 2Q,xy + Ri, 



whore Pi does not contain Xi, *■.,.... «„; also Q, and Ei are 
liaear and quadratic functions, respectively, of %, x^^, ... x.,^. 


Again, 


-(^-^J--S^ 


also 


F,. S, - * . Ak" + 38,^. + a, 
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where Fi is a constant, and Qi and -Ka do not contain x, and x,; 
and similarly 

so that 

Qi" 

Troceeding in this way we arrive ultmiately at Bn-i - p— i 
which is equal to pBiC,,' ; and the proposition is proved. 

It may happen that P,j vanishes, in which case Vis reduced 
to the Slim of « - 1 squares. (Compare Ex. 25, p. 143.) 

Now, returning to the original problem, let the equation be 

a;" + piOf'~^ + PiX^^ + . . . '1- p„ = ; 
and, putting 

J/ = a^ + ^x^ + yxr + Sa: 4 f , 

lot the transiormed equation he 

where, by Art. 169, Qi, Qi, . . . Q, , . . . are homogeneous functions 
of the first, second, . , , r"* degrees in a, /3, y, S, e. 
Now, if a, (3, y, S, t can he determined so that 

the proHem will be solved. For this purpose, eliminating s from 
Qs and Qi, by substituting its value derived from Qi = 0, we 
obtain two homogeneous equations, 

K, = 0, B, = 0, 

of the second and third degrees in «, (i,y,S; and by the pro- 
position proved above we may write Bi under the form 

which is satisfied by putting u = i) and w = i. From those 
simple equations we find y = la + mfi, and S = lia + m^fi ; and 
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substituting; these values in Q3 = 0, we have a cubic equation to 
determine the ratio (3 : a. Whence, giving any one of the 
cLuautities a, (i, 7, S, e a definite value, the rest are determined, 
and the equation is reduced to the form 

^" + Qj!/"-' + Q^i/""" + . . . + Q„ = 0. 

In a similar way we may remove the coefficients Q„ Qi, Q,, 
by solving an equation of the fourth degree. 

Applying this method to the quintic, wo may reduce it to 
cither of the trinomial forms* 

c^ + fa: +Q, 

or again, changing o-- Into ~, to either of the forms 

^= + Px' + Q, 

x' + Pa^+ Q. 

In this investigation we have followed M. Serret (see his 
Cowfs d'Alg^h'e Sup^ieure, vol. i., Ai't. 192). 

176. Reduction of tbe 4luintic to tlie Sum ofTliree 
Fiftli Powei's. — This reduction can be effected by the solution 
of an equation of the third degree, as we proceed to show. Let 

[<h, Bi, «3, H3, Bj, ai){a,yy'hx{x\^iyY+ 6s(n;+ ^.^yY + hi{x + ^yyY, 

where ^„ ^2, jSs are the roots of the equation 

PzO^ -i-pi^ + PiX +p>,i = 0. 

Now, comparing coef&olents in the two forms of the quintic, 
B„ = h, +l>, +h , «, = &ii3i + hS^ + h&,. 
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whenoe 



Pi<h +^"2 +Pi(h +Ps(li = 0, 
Pi,a2 +Pian +pii^i +P3«s = 0. 

When these equatioiis ai-e taken in conjuaction with the 
equation 

Pr, + Pl^ + P^^^ + Pi^ - ^> 

we have the following equation to detonnine /3i, /Bj, /Bj : — 



Also, bi, !h, bs are determinod by the cijuatio 



■whence the question is completely solved when fit, ji^, /3a are 
known. 

This imporianfc transformation ,of the quintie is a pai-tloulai' 
case of the following general theoTem due to Dr. Sylvester : — 

Any Jiomogeneom function ofx, y, of the degree 2n — 1, cmi be 
reduced to the form 



6,(^ 



3i&')'"-' + S,(a^ + /3,j'f'-'+ . 



'I of an equation of the n"' degree. 
The proof of the general theorem is exactly similar to that 
ahove given for the case of the quintie. 

177. ftaartics Transformaltle into each other. — We 

proceed to determine under what conditions 'wo quaitics oan he 
tranafoi'med, the one into the other, hy linear trausf orma^ [^n. 
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Let the quai'tica be 
n={a, b, c, d, e)(x, yf = a{x-aij){x-(iy){^c-yy)[^-hy), 

V = («', b', c', /, e') {x\ rf - «' ¥-aV)¥-^'y')¥-iY){^'-^'!/") ; 

and if they become identical by the transformation 
we havo, by Art. 39, 

(/b'-t')(»'-5') (t'-.');p'-s') (.'-P'XT '-y) 

(/3-7)!«-S) ^ (7"«)0-S) " («-fl)(r-S)' 

showing that the sis anharraonie ratios determined by the roots 
must be the same for both equations. 

BVom these equations we have also the following relations 
between the invariants of the two forms : — 

(1) 



J"^ J 



(2) 

Or, what is termed the absoluis invariant of the quai'tics is 
the same for both. 

The conditions expressed by the equations (1), (2), are 
always necessary ; but not always sufficient, as we proceed to 
illustrate by two exceptional cases. 

Suppose, in the first place, 

Us u^-Bw, V ^ u"'v"', 
where u, v, w, w', «/, are of the linear form Ix + my. 

I' r^ 

Although the condition — = -p; is satisfied in this case, the 
common value of these fractions being 27, it is impossible to 
transform U into V, since it is impossible to mate I'w a perfect 
square by linear transformation. 

Secondly, if U^uH, V^ti'; 

although the equations r=r'I, J'^r^J aro satisfied, dnce 
7' = 0, / = 0, J' = 0, J" = 0, it is, nevertheless, impos? ible to 
transform 17 into V. 
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In both these caaoa it would ho impossible to identify the six 
anharmonic ratios depending on the roots of the c[uartic3. And, 
in general, it is impossible to transform one quantic into another 
by linear transformation, when any relation exists between the 
invariants oi one of tbem which does not exist between the in- 
variants of the other (see Olehseh's Themie dar Sinaren Akje- 
bramhen Fonnen, Art. 92). 



i Examples. 
1. If tlic EoeDicients of tlute qiiailiiitits 

be comiected by the relafion 

h Ci I 



prove that they may ba reduced by linesir tnmaformatioii to tlie f oi-ms 

AiX'^'+CiT', AiX'^+CiT", AaX^'+C^T'. 

2. Prove that the most general rational tiausfoiinfttiou of a, quEuli(;/(i) may ho 
reduced to lie tranafoimatiou 



When F = E/(j>) f{s), and (3 = - je/(j)/'0-),' show that the sccoud ti 
of the transformed quartic is absent 
3. PiDve that ttie tiimsformatioii 



''■ ...■H-2«„tr. 

may be resolved into the tbree snccessive ti'ansformalions— (1) a boraograpbic 
tronsfonnation ; (2) a transfoimation of the roots into theii' Et^uarcs; (3) ahomo- 
grapMc ttansfoimalion. 

4. If j> he any iuteger, pvove that 



(gi!'-j^')(a:3P-a!iP) __^ 



i symmekic funetions of *:j 



+ (a;ii2 + .-r9iBi)2,, 
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a. Kedune [a, b, e, d) {.c, i/)' to the sum of two cnbes by flio mcthoii of 
Alt. 176. 

6. Show how to transfomi two quadratics to the forras 

Bii= + IhP, a'ifi + b'v^, 

whet's » and V are liuaar f unctionB of » and y. 

7. PxOTe that two cuhiea can in general be transformed, the one into the ofhcr, 
hy linear transf onnalion, when their disociminauta do not vanish ; and dpterminf! 
the tcansformation. 

8. Prove that the three roote of a cubic may he expressed as 

.■, fl{.r), f{?'), 

*(■'■'= £t^' ^"'-^'"-i. '+"''=1, 

and 9^{x) = l. (Compaie Art. fiO.) 

The meaning of the notation here employed 13 that e'(.c} is deiived from 9{x), 
ande'(3:) from9^-(3!), infhosame wayas S{x) is from x. 

9. If (a, b, c, i, e) (.r, 1)' become [A, B, C, J), S) t^p, l)i hy tlie tra.is- 
formation 

find the iiivaiiaijts of the latter fonu, 

10. Show that the quai-tie .JI= {rf, !i, f, d, e)[s;, y'f may be reduced to the 
form 

where the modulus of transformation is equal to miity. 
By Article 164 we have 

-(JspiZ' + psFi + ps^^ 
and making the substitutions 

2 = 2JJj,, Y=i{i---ii'), Z=l-^ 1,-, where .^ = - \, 
wo obtain the reqnh-ed form. These subslitiitions are allowable, for f, and 17 aris 
proportional lo Mi and ut (Art. 162) ; and, putting for |, ij the values 



we End that X, Y, Z have the same disei'iminant {hrnn ~ l^in)''. 
Is unity, it is proved that the modulus of the liansformation 
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CHAPTER XVII, 

THE COMPLEX YAUIAEt.i:. 

178. Graphic jKestresentAtlon of Imaginary j^uan- 
titles. — The imaginary expression « + i ^/- 1 may be written 
in the form 

^(cOSa V fiillo V^~ 1), 

where 

/( = -/'«* ,+ V, and tan « = -, 

It may be regarded, therefore, as determined by the linear 
magnitude /i, and the angle a ; ^ being called the nwdukis, and 
a the argimeiit of the imaginary quantity. 

Let rectangular axes OX, OY (fig. 7) be taken ; and a 
point A Bueh that 
XOA^<,,aTidLOA^H. 
We have then OM = 
fi cos a = «, and AM 
= /* Bina = 6. The 
expression a-\-b ^/— 1 
may therefore be re- ~~ ~ 
presented graphically 
by the right line 
drawn from to a 
point iu a plane whose co-ordinates referred to the iixed axes 
are a, 6 ; the distance OA of this point from the origin being 
equal to the modulus, and the angle XOA equal to the argu- 
ment of the imaginaiy quantity. 




f!g. 7. 
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The magnitude of an imaginary quantity is estimated \>y 
the magnitude of its modulus. "When the imaginary quantity 
vanishes (that is, when a and b separately vanish) its modulus 
vanishes ; and, conversely, when the modulus vanishes, since 
then «' + 6^ = 0, a and b must separately vanish, and thoreforo 
the imaginary quantity itself. Two imaginary quantities a-^ib 
and a'+ib', are equal when « = a' and b = b', i.e. when the 
moduli are equal and when the ai-guments either are equal or 
differ by a multiple of 2n-. 

In what follows we shall for hrevity represent the modulus 
and argument of « + 6 y/— 1 by the notation 

iv.od: {{I + lb), (irg. [a + ih), 

where i as usual represents «/- 1. 

179. Addition and Subtraction of Imaglnaries. — 

Let a second imaginary quantity a' + ib' be represented by the 
right line OA', so that 

OA' ^mod. [a'^ib'), XOA' = (w)/. (a +ib'). 
We proceed to determine the mode of representing the sum 

a + ih + u' + ih'. 

Writing this sum in the form a -^ a + i\b + b'), we observe, 
in accordance with the convention of Art. 178, that it will be 
represented by the line drawn from the origin to the point 
■whose oo-ordinates are a + a',b + b'. To find this point, draw 
AB parallel and equal to OA' ; since AP, BP, are equal to 
(/, b', S is the required point, and we have 

OS^mod. {a+a'+i{b + b')l, XOB^arg. \a + a' +i{h^b')\. 

To add two imaginary quantities!, therefore, we draw OA to 
represent one of them ; and, at its extremity, AB to represent 
the second (that is, so that its length is equal to the modulus, 
and the angle it makes with 0-T equal to the argument, of the 
second) ; then OB represents the sum of the two imaginary 
2 h2 
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quantities. Since OB is less than OA + AB, it follows that 
the modulus of the sum of two imaginary quantities is less than the 
sum of their moduli. 

This mode of representation may be extended to the addition 
of any number of imaginary quantities. Thus, to add a third 
a" + ib", represented by OA", we draw BC parallel and equal to 
OA", and join 00. Then 00 represents the sum of the three 
imaginary quantities OA, OA', OA". It is evident also that we 
may conclude in general that the modulus of the sum of any 
number of imaginary quantities is less than the sum of their 
moduli. 

Subtraction of imaginaries can be represented in a similar 
w;ay. Since OB represents the sum of OA and OA', OA -will 
represent the difference of OB and OA'. To suhtract two 
imaginary quantities, therefore, we draw at the exti'emity of 
the line representing the first a Hne parallel and equal to, the 
second, but in an opposite direction (i. e. a direction which makes 
with OX an angle greater by n- than the argument of the first]. 
We join to the extremity of this line to find the right line 
which represents the difference of the two given imaginaries. 

180. Multiplication and Division of Eniaginaries. — 
To midtiply the two imaginary quantities a + ib, a' + iV, wo 
write them in the form 

«+ !5 = /i(eos B + isina), a' ^ ib' ^ \i {am a ^ isin o'). 
We have then, by De Moiyre's theorem, 

(« + «)(a' + a>^/(cos {« + «') +*■sin(a-^«')), 

which proves that the product of two imaginary quantities is an 
imaginary quantity of the same form, whose modulus is theproduet 
of the two moduli, and tchose argument is the sum of the two argu- 

In the same way it appears that the product of any number 
of imaginary factors is an imaginary quantity, whose modulus is 
the product of all the moduli, and whose argument is 'the sum 
of all the arguments. 
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To divide a + ib by a' + ib', we have similarly 

a + ib fi^ I _ '\ A. • ' I ^ '\\ 

which proves that the quotient of iwo imaginary quantities is an 
imaginary quantit// of tlie same form, whose modulus is the quotient 
of the two moduli, and whose argument is the difference of the two 
arguments. 

It is evident from the foregoing propositions that any power 
of an imaginary q^uantity, e.g., (a + ih)'", can be expressed in the 
form A + iB, where A and B are real quantities. And, more 
generally, if in any polynomial 



whose coeffioieuts are either real or imaginary quantities, an 
imaginary quantity a -i- ib be substituted for the variable s, the 
1 enult can be ex^ i e sed in the standai'd form of imaginary quan- 
tities 1 e A + B 

It was assumed n the proof of the theorem of Art. 16 that 
when a pioduet of iny number of factors (real or imaginary) 
Tinishes one of the factors must vanish. This is evident when 
the factors aie all rexl. From what is above proved the same 
C^ncli ion h lis nhei the factors are imaginary; for, in order 
thit the mo lulus of the product may vanish, one of its factors 
must vanish and tl erefore the imaginary quantity of which 
that fa toi 11 the m iulus. 

fSl l.fip (omplex. Vai'iahle. — In the earher Chapters of 
the present work the variation of a polynomial was studied cor- 
responding to the passage of the variable through real values 
from - <xi to + CO ; and the mode of representing by a figure the 
form of the polynomial was explained. Such a mode of treat- 
ment is only a particular ease of a more general inquiry. Given 
a polynomial 

f{z) ^ chz" + «is""' + a^E"''^ + . . . + «„-iS + «„, 
we may study its variations corresponding to the different values 
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of s, where s has the imaginary form a + iff, and where « and y 
both take all possible real values. This form x+ iff is called the 
compien^ variable. All possible real values of the vaiiable ai-e of 
course included in the values of « + iff, being those values which 
arise by varying x and putting ff = 0. In accordance with the 
principles of Art, 178 we may represent the imaginary quantity 
« + iy by the Hue OP [fig. 8) drawn from a fixed origin to , 
the point whose eo-ordinatee are x, y. Or we may say, a: + *^ is 
represented by the point P. Thus all possible values oi x + iff 
will be represented by all the points in a plane. Since for any 
particular value of z,/(z) takes the form A + iB (Ai-t. 180), the 
values of /(s) may be represented in a similar manner by points 
in a plane. We confine ourselves in the present Article to the 
representation of the variable 
x + iff itself. We conceive the 
variation of « + iff to take place 
in a continuous inanner; for ex- 
ample, by the motion of the 
point X, y, along a curve. If OP 
and OP" represent two consecu- 
tive values of the variable, we ■ 
writ« the corresponding values 
X + iy, / + iff', as follows :— Fig. s. 

%^x + iff^r{ms,Q -vismS), z ^ x -v iy' -^ r' {ao^ iy + I sm B'). 

Since OP' represents the sum of OP and PP' (Art. 179), it 
follows that PF represents the imaginary increment of s ; aud if 
^' =- z + h, h may be written in the form 

h - p (eos ^ + J sin ij), 

where p = PP', and. is the angle PP' makes with OX. 

The variation of the modulus of z is OP' ~ OP or r' - r ; the 
variation of the argument of z is FOP or fl' - tf ; the variation 
of z itself is A or /J (eos ^ + « sin if), as ]i^t explained. 

Ijet the point be supposed to describe a closed curve. Wlien 
it returns to P the modulus takes again its original value ; aud 
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the argument takes its original value if the point is exterior 
to the curve, or is increased by 2;r if is interior to the 
curve. 

If the complex variable describes the same line iu two oppo- 
site directions, the variations of its argument are equal and of 
opposite signs, i. e. the total variation is nothing. From this we 
can derive a property of the variation of the argument of the 
complex variable, which wiU be found of importance in our suc- 
ceeding investigations. 

Let a plane area be divi- 
ded into anynumber of parta 
by lines BB, AF, EC, &o. 
(fig. 9) ; then the mnation 
of the argument relatively to 
the perimeter of the whole 
area is equal to the sum of iis 
mriatiom relatively to the pe- 
rimeters of the partial areas : 
all the areas being supposed to be described by the variable 
moving iu the same sense. This is evident ; for when the 
point is made to describe all the partial ai'oas in the same sense, 
each of the internal dividing lines will be desci'ibed twice, the 
two descriptions being in opposite directions ; and the exter- 
nal perimeter will be described once ; hence the total variation 
of the argnment relatively to the dividing lines vanishes, and 
the variation relatively to the external perimeter alone remains. 
In the figure, for example, when the point describes the areas 
ABF, AFB in the sense indicated by the arrows, the total 
variation relatively to the Kne AF vanishes- 

182. Continuity of a Fun4;tiun of the Cnniiilex 
Variable.' — ^Suppose the complex variable %, starting from 
a fixed value \, to receive a small imaginary increment 
h = p (cos 1^ +i sin $) ; we have then, if / (s) be the given 
function, 



Fig. 9. 
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and the iuciremeiit of/{z), being equal to/{\ + h) -/(so), is 



/'(=.)'. 



1.2 






In this expression the coefficients of the powers of k are all 
imaginary expressions of the usual form ; and if their moduli be 
n, b, c, &o.,themoduUof the suocessiTe terms are af>, bp', c/i^, &c. ; 
and since, by Art. 179, the modulus of a sum is less than the 
sum of the moduli, it follows that the modulus of the increment 
of/(s) is less than 

ap + bp" + cp^ + &e. 

Now a value may be aasigned to p (Art. 4), such that for it, 
or any less value of p, the value o£ this expression will be leas 
than any assigned quantity. It follows that to an infinitely 
small variation of the complex variable corresponds an infinitely 
small variation of the function ; in other words, the function varies 
contintioudy at the same time as the complex variable itself. 

1S3. Variation of tbe Argument of /(s) corresponding 
to the Itescription of a small Closed Carve by tlie Com- 
ities Variable. — Corresponding to a continuous series of values 
of s we have a continuous aeries of values of /(s), which can be 
represented, like the values of z itself, by points in a plane. 
We represent these series of points hy two figures (fig. 10] side 




by side, which, to avoid confusion, may ho su] 
on different planes. To each point P, 



to be drawn 
i^, cor- 
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)ne determinate point P' representing f{z). When P 
describes a continuous curve, P" describes also a continuous 
curve ; and when P returns to its original position after describ- 
ing a closed curve, P' returns also to its original position. 

Our present object is to diseuee tlie variation of the argument 
of /{z) corresponding to the description of a small closed curve 
by P. Let A be any determinate point whose co-ordinates are 
s'„, ?/(,, i.e. s„ = fl^u + «'(/(,. We divide the discussion into two 
cases : — 

(1). When a^^ + i'i/t, is not a root of/(3) = 0, !.(?. wben/(3,) 

is different from zero. 
{^2). When x^+i>/^ is a root oi/{s) = 0, or/(sJ = 0. 

(1). In the first case, to the point A corresponds a point A' 
representing the value of /(ko), and (XA' is different from zero. 
Let s = So + A, where h = p (cos ^ + * sin ^) ; and suppose P, which 
;, to describe a small closed curve round A. Let P' 
; then -4'P' represents the increment of /(s) cor- 
Ldiug to the increment AP of %. By tho previous Article 
it appears that values so small may be assigned to p, that the 
modulus of the increment of /(s), namely A'P", may be always 
less than the assigned quantity O^A' ; hence P may be supposed 
to describe round A a closed curve so small that the correspond- 
ing closed curve described by P" will be exterior to ff. It fol- 
lows, by Art, 181, that cot-responding to the description by P of a 
mnall closed cures, tchiah does not contain a point satisfying the 
equation /(z) = 0, the total mriation of the argument of f{z) is 
nothing. 

(2). In the second case, suppose ifo + iy^ is a root of the equa- 
tion f{z) = repeated m times, and let 

/(s).(.-«.)-^W; 
then 

/(sj = h"'^{z) =p'"(eosm^ + J sin m^) \p(s). 

In this case O'A' = ; and when P describes a closed ciure 
round A, P'describesaclosedcurveroimdO', and the a 
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oif{z) will be increased by a multiple of 2ir. To determine this 
inorementj we have from the above equation 
arg. /(s) = m^ + arg. ^ {z) ; 

and the increment of arg.f{£) will be obtained by adding the 
inei'ement of m^ to the iuerenieut of arg. jp (z). Now the latter 
increment is nothing by {1), since the curve described by P may 
be supposed to contain no root of ■/• (s) = ; and since the incre- 
ment of ip is Stt in one revolution of P, the increment of mip is 
2ffJ7r. It follows t/iat when P describes a small closed curse con- 
taining a root of the equation f{%) = 0, repeated m times, the argument 
off{s) is increased by 2 niic. 

184. Caixchy's Ttaeorem. — "When s describes the same 
line in a plane in two opposite directions, _/'(s) describes the cor- 
responding line in its plane in two opposite directions, and the 
arg.f{s) undergoes equal and opposite variations. It follows 
that if any plane area be divided into parts, as in Art. 181, the 
variation of the arg. f{z), corresponding to the description in the 
same sense by s of all the partial areas, is equal to the varia- 
tion of arg. f[z] corresponding to the description by £ of the 
external perimeter only. Now let any closed perimeter in the 
plane XY be described ; and suppose, in the first place, that it 
contains no point which satisfies the equation f[z) = 0. It can 
be broken up into a number of small areas, with respect to each 
of which the conclusions of (1) Art. 183 hold ; and by whathsa 
been just proved it follows that the 
variation of arg.f{%) corresponding 
to the description by % of the closed 
perimeter is nothing. Suppose,inthe 
second place, that the closed perime- 
ter contains a point which is a root ' — 
of the equation /(s) = repeated 7h 
times. Let a small closed curve 
PQB8 be described round this Fig- "- 

point. The variation of arg. f{s) corresponding to the descrip- 
tion by s of the whole peiimeter, is equal to the sum of its 
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Tariations correspondiDg to the desoription of the areaa 
ABCPSR, OBAEQP, PQRS. The two former variations 
vaniah hj what is above proved ; and the latter is, hj (2), 
Art. J83, etjual to 2 mir. The total variation, therefore, of /(s) 
is 2 miT. Similarly, if the area includes a second, third, &o., 
points which represent roots repeated m', ni", &c., times, the 
total variation = 3 (j» + m'+ m"+ &o.)ir. Hence we derive the 
following theorem due to Oauchy : — 

The number of roots of any polynomial, comprised within a given 
plane area, is obtained by dividing by 2v the total variation of the 
argument of this polynomial, corresponding to the complete descrip- 
tion by the complex variable of the perimeter of the area. 

185. Siuniber of Roots of tbe General E^quatlon. — 
We are enabled by means of the principles established in the 
preceding Articles to prove the theorem contained in Arts, 15 
and 16 ; namely, every rational and integral equation of the «'* 
degree has n roots real or imaginary. 

In the former Articles the reasons were given why the 
proof of this theorem, whioh may be regarded as the fundamen- 
tal theorem of the Theory of Equations, was deferred. 

Let 

be a rational and integral function of s. Without making any 
supposition as to the existence of roots of f[z) = further than 
that/(3) cannot vanish for any infinite values of the variable, 
we can suppose s to describe in its plane a circle so large that 
no root exists outside of it. If, tlien, 

/(z).»"|«. + «,s' + ,m"+...+«,.s'"| 

s', wLose modulus is the reciprocal of the modulus of s, will 
describe a small circle containing a portion of the plane cor- 
responding to the pai't outside of the circle described by s; and 
no root of iji (s') = will be included within this small circle. 
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Hence, corresponding to tlie description of the whole eirola by z, 
the variation of arg. ip (/) = 0, and, therefore, 

variation of arg. f[z) = variation of arg. z"; 
and if 

3 = r[eos B + ismB), or s" = »■" [cos «0 + J minB), 

6 is increased by 27r, and, therefore, arg. z" is increased by 2 nir- 
It follows from Cauehy's Theorem, Art. 184, that the number 
of roots comprised -within the circle described by z, i.e. the total 
number of roots of the equation f[z) = is n; and the theorem 
is proved.* 

• Up to the period of logrange it appears to have Tieen taken for granted that 
every equation must haTe a root. In his Traiii de la SJioMion des Egiiationa Ifnnic- 
riqms,aotsS.., Lagraage has an iaveBtigafion, the object of which is to prove d priori 
the possibility of decomposing any polynomial info reel factors of the first or second 
degree. Gauea alsogave a proof of the proposition. Cauohy occupied himself with 
the problem, and gave two forma of demoostation, one of which we have followed 
in the test. A simple investigation of this problem will be foimd in. a Paper by Mr. 
John C. Mfllet, M.A., "On a Proof that every Algebraic Equation has a Eoot," 
Trails, of the Soyal Irish Aeiideuty, vol. xsvi, p. 453. 
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soruTioN OP neuAiiona. 

The BOiufion of the quadratic equation was known to the Arabians, and is foumi in 
the works of Mohammed Ben Musa and other writers published in the ninth century. 
In a treatise on Algebra by Omar Althayyami, which helongs prohably to tie iniddle 
of the eleventh century, is found a classificatiou of cubic equafiouB, with metJiods 
of geometrical ccnslruction ; but no attempt at a general solution. The study of 
Algebra was introduced into Italy fiimi the Aialnaii writeia by Leonardo of Pisa 
early in the thirteenth century ; and for a long period the Italians were the chief 
cultiTators of tlie science. A work, styled L' Arte Masgiore, hy Lucas Paciolus 
(known aa Lucas de Burgo) waa published in 1494. This writer adopts the Arabic 
olassiflcation of cubic equations, and pronounces their solution to be as impossible 
in the esieting state of the kiience as Ibe qiiadrature of the circle. At the same 
time he signalizes this solution as tbe problem to wbicb the attention of mafbemati' 
dans should be nest directed in Hie deTelopment of the eeienoe. The aolnlion of 
the equation :^ -y mx ~n was effected hy Soipio Ferreo ; but nothing more is 
known of bis discovery than that he imparted it to his pupil Floiido in the year 
1505. The attention of Tartaglia waa directed to the problem in the year 1535, in 
conseqnencs of a question proposed to bim by Oolla, whose solution depended on 
that of a cubic of the form x' + jia* = g. Florido, learning that Tartaglia had ob- 
tained a solution of this equation, proclaimed Ms own knowledge of the solution of 
the form 3? + mis = n. Tartaglia, doubtjcg the truth of his statement, challenged 
bim to a disputation in the year 1535 ; and in the mean time himself discovered the 
solution of Ferreo's form n? -i- mx = n. This solution depends on aBBuming for x 
an expression i/F- ^/u consisting of the differenoe of two radicals ; and, in fact, 
constitutes the solution usuiGly known as Cardan's. Tartaglia continned bis labours, 
and discovered mis for the solution of the various forms of oubics included undei' the 
classification of the Arabic writera. Cardan, aniiouB to obtain a knowledge of these 
rules, applied to Tartaglia in the year 1539 ; but without success. After many 
solicitations Tai-taglia imparted to him a knowledge of tiiese niles ; receiving from 
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Mm, however, the most soleran and sacred promiaas of secrecy. Regardless of his 
Iiromises, Cardan, published in 1545 Tartaglia's rales in his great wort styled Are 
Magna. It had heen lie intention of Tartaglia to puhlish W^ rules in a wort of his 
own. He commenced the publication of (his work in 1556; but died in 1559, before 
he had reached the cenmderation of cubic equations. As his work, therefore, con- 
tained no mention of his own rules, these rules came in precess of time to be regarded 
as the discovery of Cardan, and to be called by hie came. 

The solution of equations of the fourth degree ■was the nest problem to ei^age 
the attention of algebraists ; and here, as well as in the case of the cubic, the im- 
pulse was given by Colla, who pi*posed to the learned the solution of the aqiiation 
X* + 63:' + 36 = 60 a:. Cardan appears to have made atfempi* to obtain a formula 
for equaiioos of this kind ; but tJie discovery was reserved for hia pupil Ferrari. 
The method employed by Ferrari was the introduction of a new variable, in such a 
way S3 to make both sides of the equation perfect squares ; this variable itself being 
determined by an equation of the third degree. It is, in fact, virtually the method 
of Alt. 63. This solution ia sonietiineE ascribed to Bombelli, who published it in 
bis treatise on Algebra, in 1579. The solution known as Simpson's, which waa 
published much later {about 1740), is in no I'espect eBsenfially diffei'ent from that 
of Fen'ari. In liie year 1637 appeared Descartes' ti'Oatiso, in which are found many 
improvements in algebraical science, the chief of which are his recognition of the 
negative and imaginary roots of equations, and iiis "Rule of Signs." His eipres- 
eion of the biquadratic as the product of two quadratic factors, although deducible 
inunediafely from. Ferrari's form, was an important contribution to the study of this 
quantio. Euler's algebra was published in 1770. His solution of the biquadratic 
(see Ari;. 81) is important, inasmuch as it brii^ the treatment of this form into 
harmony with that of the cubic by means of the assumed irrational form of the root. 
The methods of Descartes and Euler were the reeiilt of attempts made to obtain a 
general algebraic solution of equations. Throughout the eighteenth century many 
mathematicians occupied themselves with this problem; but their labours were 
unsuccessful in the case of equations of a degree higher than (he fourth. 

In the solutions of tiie cubic and biquadratic obtained by the older analysts we 
observe two distinct metiiodB in operation ; the first, illustrated by the assumptions 
of Tartaglia and Euler, proceeding from an assumed eiplioit irrational form of the 
root ; the othei', seeking by the aid of a transformation of the given function, to 
change its factorial character, so as to reduce it to a form readily resolvible. In 
Art. 55 these two methods are illustrated ; together with a third, the conception of 
which is to he traced to Vmidermonde and Lagrai^e, who published their reeearcbes 
about the same time, in the years 1770 and 1771. The former of these writers was 
the fiist to indicate clearly the necessary character of an algebraical solution of any 
equation, via., that it must, by the combination of radical signs involved in it, repre- 
sent anyroot indifferently when the symmetric functions of the roots aie substituted 
for the functions of the coefflcients involved in the formula (see Art. 94) . His attempts 
to construct formulas of this charaoter were successful in the cases of the cubic and 
biquadratic ; but failed in the ease of the quintic. Lagrange undertook a review of 
the labours of his predeeesBorB in the direction of the general solution of equations. 
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and traced all tlieii' results to one uniform priuoiple. This principle consiala in 
reducing the solution of the given equation to that of an equation of lower degree, 
whose roots are linear functions of the roots of (he given equation and of the roots 
of unity. He shows also that the reduction of a qnintie cannot be effected in this 
way, tlie equation on which its solutdon depends heing of the sixth degree. 

All attempts at the solution of equaticms of the fifth degree having failed, it waa 
natural tliat mathematicians should inquire wheHier any sueii aolutioa was possible 
at all. DemoMtrationa have heen given by Abel and Wantael (see Serret's Conn 
d'Algebre SupMeure, Art. 516) of the impoBsibUity of resolving algebraically 
equations nru'estricted in form, of a degree higher than the foui-th. A transcendental 
solution, howerer, of the quinlichas been given by M. Heimite, in a form involving 
elliptic integials. Aniong other contributions to the discussion of the qiiintio since 
the researches of Lagrange, one of leading importance is ita espression in a 
trinomial foim by means of the Taohirnhausen transformation (see Art. 175). 
Tachirnhausen himBeU had succeeded in the year 1683, by means of the asHump- 
tion y = F + Qx + x^, in the reduction of the cubic and qnaitic, and bad ima- 
gined ttat a similar process might be applied to the general equation. The 
reduction of the qiiintic t« the trinomial form was published by Mr. Jernird in 
his Mathetnatieal Researches, 1832-1835 ; and has been pronoimced by M. Hermite 
to ha the nioBt important advance in the discussion of this quanlio eince Abel's demon- 
stration of the imposisibility of its solution by radicals. In a Paper published by (he 
llev. Eobeit Harley in tlie Quarlerly Jbmiial of Matheiiiatica, vol. vi p S8, it Is 
shown that this reduction had been previously effected, in 1786, by a Swedish 
mathematician, named Bring. Of equal importance with Bring's reduction is 
Dr. Sylvester's transfoimation (Art. 176), by means of which the quint ic is espressed 
as the sum of three fifth powers, a form which gives great facility to the treatment 
of this quantic. Other contributions which have beenmade inrecent years towaids 
the discussion of qnanties of the fifth and higher degrees have reference Lhiefly to 
the invariants and covarianis of these forms. For an account of these researches 
the student is referred to Clebsoh's Thearie dm- Binarm AlgebmUekm Foriam, and 
to Salmon's Lessons jntrod'astory to the Modsiii Sigher Algebra. 

There has also grown up in recent yeaiB a very wide field of invest^ation rela- 
tive to the algebraic solulionof equations, known as the "Theory of Substitutions." 
This theory arose out of the researches of LagraiLge before refeii'ed to, and has re- 
ceived lai^ additions from the labours of Cauohy, Abel, Galois, and other writers. 
Although many important results have been arrived at by these investigators, the 
subject is of suoh vast eitent and difficulty that it must he considered as only in its 
inikncy as yet. The reader desirous of information on this subject is referred to 
Serret's Caiirs d' Algkhre Sapemure, and to the Traiti dea Substitutions el dea 
Equatiom AlgehHques, by M. Caiuille Jordan. 
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The fliat attempt at a general solution by approsimaljon of nnmeiioal equations 
was puUisJiedra the year 1600, by Vieta. Caidan had prewously applied the rule of 
"false position." (called by him "legula aurea") to the cubic; but the results 
ohtamed. by this method were of little value. It oeciirred to Tieta that a particular 
numerical root of a given, equation might be obtained by a process Bnalogous to the 
ordinaiy processes of extraction of square and cube roots ; and he inquired in what 
way these known praceeees sliould he modified in order to afioid a root of an equa- 
tion whose cootEcients are given numbers. Taldng the equation /(a:) = Q, where Q 
is a given number, and f{x} a pcdynoniial containing different powers of x, with 
numerical eoefflcienta, Vieta showed tbat, by substituting 10/(3!) a known approxi- 
mate value of the root, imother figure of the root (expreaaed as a decimal) might be 
obtained by division. When this value was obtdned, a repetition of the process 
furnished the neit figure of the root ; and eo on. It wUl be obsei'ved that the prin- 
ciple of this method is identical with the main piinciple involved in the methods of 
approximation of Mewton and Homer (Arte. 100, 101). All that has been added 
since Vieta'a time to this mode of solution of numerical equations ia the arrange- 
ment of the ealenlation so as to afford facility and security in the process of evolu- 
tioa of the root. How great iias been the improvement in this respeot may he 
Judged of by an observation in Montucla's HiBtoire dea Matliimatiyues, vol. i. 
p. 603, where, speaking of Vieta's mode of approximarion, the author regards the 
calculation (performed by Wallis) of the root of a biquadrarie lo eleven decimal 
places as a work of the most extravagant labour. The same oalcularion can now be 
conduol«d with gieat ease by anyone who has mastered Horner's process explained 

Newton'smethodofapproximaldon was published in. 1009; but before this period 
the method of Yieta had been employed and simplified by Harriot, Oughtred, Pell, 
and others. After the period of Newton, Simpson and the Bemouillis occupied them- 
selves with flie same problem. Daniel Bemouilli expressed a root of an equation 
in the form of a recurring series, and a similar expression was given by Euler ; but 
both tJiese methods of solution have been shown by Lagrange to be in no respect 
essentially different from Newton's solution (Traite de la Sesolation tfes Equations 
Sumli-igHee). Up to the peiiod of Lagiange, therefore, there was in existence only 
one distinct method of approximation to the root of a numeiical equation ; and this 
method, as finally perfected by Homer, in 1819, remains at the present tim« the 
beet practical method yet discovered for this purpose. 

Lagrange, in the work above referred to, pointed out the defects in the metliods 
of Vieta and Newton. With I'eferenoe to the former he observed that it required 
too many tiials ; and that it could not he depended on, except when all the teims on 
the left-hand side of the equation /(i) = Q were positive. As defects in Newton's 
method he signalized — first, its failure to give a commensurable root in finite terms ; 
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seoondly, Uie inseoiarity of the process wMoh. leavea doubtful tJ 

fresh eolrection ; and lastly, the failure of the methc 

with roots nearly equal. The problem, Lagrange proposed ft 

lowing :— " Etant dounee une eqrialion numSiique eans aucu 

la grandeur ni de I'esp&ce de aea raeines, trouvec la valeuc num^rique 

est poBsihle, on aiiasi approch^ qu'on Toudra de choomie de see lacines." 

Before giving an account of his atlempted solution of this prohlem, it is neces- 
sary to review what had been iJready done in (his direction, in addition to the 
methods of approsimation above described. Harriot discoyerod in 1631 the com- 
position of an equation as a product of factoi'S, and the relations between the roots 
and coefficients. Vieta had already observed this relation in the case of a cubic ; 
but he feiled to draw the conclusion in its generality, as Harriot did. This discovery 
was important, for it led to the observation that any integi'al root must be a factor 
of the absolute term of an equation, and Newton's Meliod of Divisors for the deter- 
mination of such roots was a natural result. Attention was next directed towards 
findii^ limits of the roots, in oMer to diminish the labour necessary in applying the 
method of divisors as well as the metiods of approximation previonsly in existence. 
Descartes, as ali'eady remarked, was fte first to recognise the negative and ima- 
ginary roofs of eqaations ; end the inquiry commenced by tiim as to the deteimi- 
nation of the number of real and of imaginary roots of any given equation was 
continued by Newton, Stirling, De Gna, and othera, 

Lagrange observed that, in orfer to arrive at a solution of the problem above 
stated, it was first necessary to detennine the number of fie real roofs of the given 
equation, and to sepai'afe them one from another. For this puipose he proposed to 
employ the equation whose roofs are the squares of the diSerences of the iirots of the 
given equation. Waring had previously, in 17fl2, indicated this method of sepaiBt- 
ing the roots; but Lagrange observes (Equations Nitmii-iqises, Note iii.), that he was 
not aware of Waring's researehes when he composed his own memoir on tbis subject. 
It is evident that when the equation of differences is formed, it is possible, by 
finding an inferior limit to its positive roots, to obtain a niunber leas than the least 
difference of the real roots of the given equation. By substituting in succession 
numbers differing by this quantity, the I'eal roots of the given equation will be sepa- 
rated. "When the roots are separated in this way Lagrange proposed to defenmne 
each of them by the method of continued fractions, esplainedin the text {Art. 105). 
This mode of obtaining the roots escapes the objections above stated to Newton's 
method, inasmuch as the amount of error in each snecessive approximation is known; 
and when the root is commensurable the process ceases of itself, and tti© root is 
given in a finite foim. Lagrange gave methods also of obtaining the imaginary 
roots of equations, and observed that if the equation had equal roots they could be 
obttuned in the first instance by methods already in existence (see Art. 74). 

Theoretically, therefore, Lagrange's solution of the problem which he proposed 
to himseU is perfect. As a practical method, however, it is almost useless. The 
foimation of the equation of differences for equations of even the foui'th degree is 
very laborious, and for equations of bigiier degrees becomes weU nigh impracticable. 
Even if ihe more convenient modes of separating th( 
2o 
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